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Indefinite LQ Problem for Singular Systems
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Abstract The indefinite LQ problem (i.e., the weighting matrix in the quadratic cost has

some negative eigenvalues) for singular systems is discussed. First, it is pointed out that

the problem is solvable, and the sufficient and necessary condition that the problem can

be transformed into singular LQ problem for singular systems is given. Then, based on

the equivalent singular LQ problem, the sufficient condition that the problem has a unique

optimal control-trajectory pair is given. Finally, an example is given to show the validity of

the proposed conclusion.
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2 \En1�XCdfq}�^J

Eẋ = Ax + Bu, Ex(0) = x0 (1).X6lG�
J(u, x) =

∫ ∞

0

[

x

u

]T

Q

[

x

u

]

dt (2)aDf�IJZC�5Q�x ∈ Rn S[=�u ∈ Rr SIJ.��E, A ∈ Rn×n, B ∈ Rn×r,

E )M�0 < rankE = p < n. Q ∈ R(n+r)×(n×r) S T):6�Sv0#-�$���0X6lG�ZCSZC P, ���uDIJ�wfT�S
J = {(u, x)|(u, x)aSXw�jd(1), �−∞ < J(u, x) < ∞} (3)21ZC P �(|�f�IJ�wfT (u∗, x∗) ∈ J , !B

J(u∗, x∗) = min
(u, x) ∈ J

J(u, x) (4)� 1. �X#��^J (1) D<2q��#�� sE − A jd det(sE − A) 6≡ 0, �#��G� (2) Q�
:6 Q DÆ<Lq�� 2. ( Q aL�Q =

[

Q11 Q12

Q21 Q22

]

, {Q Q22 ∈ Rr×r. � Q > 0 � Q22 > 0, 2G� (2)SX [2] QD�n�� Q > 0 � Q12 = 0, 2G� (2) SX [5,6] QD�n�
3 U�0zC'ZC P DE1q��S 0 < rankE = p < n, s9._}�:6 M, N ∈ Rn×n !B

MEN =

[

Ip 0

0 0

]

(5)h�I��
MEN =

[

A11 A12

A21 A22

]

, MB =

[

B1

B2

]

, Q̄ =

[

NT

Ir

]

Q

[

N

Ir

]

, x = N

[

x1

x2

]

(6){Q A11 ∈ Rp×p, B1 ∈ Rp×r, x1 ∈ Rp, #(^J (1) }k^JG� (r.s.e.) #
ẋ1 = A11x1 + A12x2 + B1u, x1(0) = x10 (7a)

0 = A21x1 + A22x2 + B2u (7b)



2 z h2xH
��`LF%N~Y7mH�h�KL[D 273G� (2) �GIY�S
J1(u, (x1, x2)) =

∫ ∞

0

[xT
1 x

T
2 u

T]Q̄[xT
1 x

T
2 u

T]Tdt (8){Q x10 = [Ip 0]Mx0. �
J1 = {(u, (x1, x2))|(u, (x1, x2))aSXw�jd (7),−∞ < J1(u, (x1, x2)) < ∞} (9)��^J (7) .G� (8) aDf�IJZCS P1, dÆ�P G�# P1, alCd P1. S4��4dVX6G� J̃1(u, (x1, x2)), Ĵ(u, x):

J̃1(u, (x1, x2)) =

∫ ∞

0

[xT
1 x

T
2 u

T]Q̃[xT
1 x

T
2 u

T]Tdt (10)

Ĵ(u, x) =

∫ ∞

0

[

x

u

]T

Q̂

[

x

u

]

dt (11){Q
Q̃ = Q̄ + α0[A21 A22 B2]

T[A21 A22 B2] (12)

Q̂ = Q + α[A B]TΨ
T
Ψ [A B] (13)#Q α0, α S�� 3�Ψ ∈ R(n−p)×n S E Di℄�^�� Ψ jd

ΨE = 0, rankΨ = n − p (14)Æ} 1.

J1(u, (x1, x2)) = J̃1(u, (x1, x2)) = Ĵ(u, x) (15)���� (7b), (12) C,EB J̃1 = J1. � ΨM−1 = [Ψ1 Ψ2], Ψ2 ∈ R(n−p)×(n−p), �
ΨE = 0 B

ΨM−1MEN = [Ψ1 Ψ2]

[

Ip 0

0 0

]

= [Ψ1 0] = 0 (16),� Ψ ojM� Ψ2 _}��8W
ΨM−1 = [0 Ψ2], rankΨ2 = n − p (17)2� (6), (17) MB

[

NT

Ir

]

Q̂

[

N

Ir

]

= Q̄ + α[A21 A22 B2]
T
Ψ

T
2 Ψ2[A21 A22 B2] (18)#(� (7b), (18) MB Ĵ = J1. ���O 1, �9. 3 α  α0 !B Q̂ > 0  Q̃ > 0, 2ZC P  P1 �EY�S}�

LQ ZC�1�aln1 α � α0 9.DG&�y� 1.

rank

[

0 E 0

E A B

]

= n + p (19)� 3. �� 1 +UG�#:6 [A22 B2] ojM�?^J (1) <2��4�^J (1) i0uID.�G&[1]
.
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1) a) Φ̄ ∈ R(n+r)×(r+p) S [A21 A22 B2] D�� ℄�^�� Φ̄ (jd

[A21 A22 B2]Φ̄ = 0, rankΦ̄ = r + p (20a)D��:6�
b) Φ̄ !B

Φ̄
TQ̄Φ̄ > 0 (20b)

rankΦ̄TQ̄Φ̄ = rankQ̄Φ̄ (20c)

2) 9. α0 > 0 !B Q̃ > 0.

3) Φ ∈ R(n+r)×(r+p) � Φ̄ [jMSjd
Ψ [A B]Φ = 0 (21a)D��:6�!B

Φ
TQΦ > 0 (21b)

rankΦTQΦ = rankQΦ (21c)#Q Ψ � (14) ;%�
4) 9. α > 0 !B Q̂ > 0.���$g A.� 4. �O 1 G1ZC P G�#^J (7) .G� (10) aDf�IJZC��G�#^J (1) .G� (11) aDf�IJZC�<(}�^JD5�>3.r�K�!B}�^JD#L} LQ ZCDE1q+SEu�' ���}�^J (1) .X6G�

J(u, x) =

∫ ∞

0

[

x

u

]T

Q1

[

x

u

]

dt (22)aD}� LQ ZC�1�#Q Q1 > 0, 2T�� 3 α′, }�^J (1) .��X6G�
J(u, x) =

∫ ∞

0

[

x

u

]T

(Q1 + α′[A B]TΨ
T
Ψ [A B])

[

x

u

]

dt (23)aD LQ ZCR�1��S α′ D��q� (23) �Eu(#L}X6G��LO 1 2G1Y�> Q̂ > 0  Q̃ > 0 D�iG�G&�5kG&(T�D�<((#L} LQ ZC P G�Y�S}� LQ ZCDu%��LO 1 DG&�jd�2E�LO>oQn1D^Zx� α, 	�> Q̂ > 0. `
Q̂ = [C D]T[C D] S Q̂ D��a1��� CN = [C1 C2],

J2(u, (x1, x2)) =

∫ ∞

0

[xT
1 x

T
2 u

T][C1 C2 D]T[C1 C2 D][xT
1 x

T
2 u

T]Tdt (24)��^J (7) .G� (24) aDf�IJZCS P2, 2��O 1 � P G�# P2.��� 1 � [A22 B2] ojM�s9._}�:6 P ∈ R(n−p+r)×(n−p+r) !B
[A22 B2]P = 0. 4�&��

P =

[

P11 P12

P21 P22

]

,

[

A12 B1

C2 D

]

P =

[

Ā12 B̄1

C̄2 D̄

]

(25)
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��`LF%N~Y7mH�h�KL[D 275T^J (7) j_}�fq�� [

x2

u

]

= P

[

x̄2

ū

]

, {Q x̄2 ∈ Rn−p, ū ∈ Rr. 2^J (7) G�IY�S
ẋ1 = (A11 − Ā12A21)x1 + B̄1ū, x1(0) = x10, x̄2 = −A21x1 (26)^J (7) Y�S^J (26) D��S





x1

x2

u



 =





Ip 0

−P11A21 P12

−P21A21 P22





[

x1

ū

]

(27).4��a�G� (24) �GIY�S
J3(ū, x1) =

∫ ∞

0

[

x1

ū

]T [

Q11 Q12

QT
12 Q22

] [

x1

ū

]

dt (28)

Q11 = (C1 − C̄2A21)
T(C1 − C̄2A21), Q12 = (C1 − C̄2A21)

TD̄, Q22 = D̄TD̄ (29)�^J (26) .G� (28) aDf�IJZCS P3, 2 P2 G�# P
[5,6]

3 .Æ} 2. ��� 1 +U�2 Q22 > 0 D.�G&S
rank





0 E 0

E A B

0 C D



 = n − p + r (30)Æ} 3
[5]

. (A11 − Ā12A21, B̄1) uYD.�G&S
rank[sE − A B] = n, ∀s, Res > 0 (31)Æ} 4. (Q11 − Q12Q

−1
22 QT

12, A11 − Ā12A21 − B̄1Q
−1
22 QT

12) u"D.�G&S
rank

[

A − sE B

C D

]

= n + r, ∀s, Res > 0 (32)�O 2, �O 4 D>oN7# [5,6] QD^Z�se	�� 5. G& (30), (32) & C, D �u�<( α D��!B Q̂ > 0, 8W� Q̂ Da1����> (30), (32) �T+iD α +U�2T+<D α �+U�s�LO 1 QDG&�jd�2Ex+<D α r1 Q̂, �>G& (30),(32) (+U�X��ZC P3 (<([=H!^JD LQ ZC��G& (30)∼(32) +U�2p=fq^JDX6f�IJOf[7]
, P3 9.Q�1 (ū∗, x∗

1)

ū
∗ = −Lx

∗
1, L = Q−1

22 (QT
12 + B̄T

1 X), ẋ
∗
1 = (A11 − Ā12A21 − B̄1L)x∗

1, x
∗
1(0) = x10 (33){Q X (a0>3 Riccati ^-

X(A11 − Ā12A21 − B̄1Q
−1
22 QT

12) + (A11 − Ā12A21 − B̄1Q
−1
22 QT

12)
TX−

X B̄1Q
−1
22 B̄T

1 X + Q11 − Q12Q
−1
22 QT

12 = 0 (34)DQ�Æ<L1�� A11 − Ā12A21 − B̄1L YL�f�G�DS J3min = x
T
10Xx10.



276 b Q � { � 32�T#ZC P, p= (27) � (6) EMBf�IJ�wfT (u∗, x∗) S
[

x
∗

u
∗

]

=

[

N

Ir

]





Ip

−P11A21 − P12L

−P21A21 − P22L



x
∗
1 (35)( u

∗ �S[=[M
u
∗ = Kx

∗ = K1x
∗
1 + K2x

∗
2, K = [K1 K2]N

−1 (36)�� (35) EB
K1 = (−P21A21 − P22L) + K2(P11A21 + P12L) (37){Q K2 S!B A22 + B2K2 _}�D��:6�q} 2. � (19), (21) � (30)∼(32) +U�2ZC P Df�IJ�wfTQ��f�IJE�S[=[M�[M4Æ6#Q��f���<2�℄i0r�YL�

4 :TCd�a}�^JD#L} LQ ZC P:

Σ :

[

1 0

0 0

] [

ẋ1

ẋ2

]

=

[

0 1

1 0

] [

x1

x2

]

+

[

0

1

]

u,

[

x1(0)

0

]

=

[

1

0

]

J =

∫ ∞

0





x1

x2

u





T 



0 1 −1

1 1 0

−1 0 −1









x1

x2

u



 dt6�>��� 1 �LO 1 DG&�jd�sZCEY�S^J Σ D}� LQ ZC�� E Di℄�^ Ψ = [0 1], �� α = 1, 2� (13) B Q̂ = [1 1 0]T[1 1 0], #( P G�#^J
Σ &G�

J1 =

∫ ∞

0

[x1 x2 u][1 1 0]T[1 1 0][x1 x2 u]TdtD}� LQ ZC P1. " (30)∼(32) �+U�� P =

[

0 1

1 0

]

, 6{�� (27), P1 G�#�a
LQ ZC P2

ẋ1 = ū, x1(0) = 1, x̄2 = −x1, J2 =

∫ ∞

0

[

x1

ū

]T [

1 1

1 1

] [

x1

ū

]

dt1 P2 Bf�IJ�wfT (ū∗, x∗
1) S�ū∗ = −x∗

1, ẋ∗
1 = −x∗

1, x∗
1(0) = 1. #(ZC P Df�IJ�wfTS [x∗

1 x∗
2 u∗]T = [1 − 1 − 1]Tx∗

1, u∗ D[=[M�S u∗ = x∗
2, 2f���<2�℄i0r�YL�f�G�S Jmin = 0.

5 0(�X>fY}�^JD#L} LQ ZC�+bn1YZCG�Y�S}�^JD}�
LQ ZCD.a��G&��LO 1, 5(�XDfu%D.f�4.�G&�O�(�}�^JD��D>3.r�9ALD�54�&5o}�^J&<([=H!^JD�O
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(1)→(2). �T�� 1 ,V�� [A22 B2] pkN�t rank[A21 A22 B2] = n − p, $)�:/`~�;7

P̄ ∈ R(n+r)×(n+r) "C
[A21 A22 B2]P̄ = [In−p 0] (A1)� Φ̂ = P̄−1Φ̄ =

[

Φ1

Φ2

]

, |R Φ1 ∈ R(n−p)×(r+p), Φ2 ∈ R(r+p)×(r+p), � (20a), (A1) NC
[A21 A22 B2]Φ̄ = [In−p 0]

[

Φ1

Φ2

]

= Φ1 = 0 (A2)$)
Φ̂ =

[

0

Φ2

]

(A3)�� rankΦ̄ = r + p C Φ2 `~���
P̄TQ̄P̄ =

[

Q̄1 Q̄2

Q̄T
2 Q̄3

]

(A4)|R Q̄1 ∈ R(n−p)×(n−p), 3� (20b) NC
Φ̄TQ̄Φ̄ = Φ̂TP̄TQ̄P̄ Φ̂ =

[

0

Φ2

]T [

Q̄1 Q̄2

Q̄T
2 Q̄3

] [

0

Φ2

]

= ΦT
2 Q̄3Φ2 > 0 (A5)�� Φ2 `~�C Q̄3 > 0. � (A4), (A5) � Φ2 `~�
FNC

rankΦ̄TQ̄Φ̄ = rankQ̄3, rankQ̄Φ̄ = rankP̄TQ̄P̄ Φ̂ = rank

[

Q̄2

Q̄3

]

(A6)



278 b Q � { � 32�-W_ (20c), (A6) C
rankQ̄3 = rank

[

Q̄2

Q̄3

]

(A7)�T Q̄3 > 0 � (A7) ,V�Fa T3 ∈ R(r+p)×(r+p) T`~�;7�"C
TT
3 Q̄3T3 =

[

Q̂3 0

0 0

]

, Q̂3 > 0, Q̄2T3 = [Q̂21 0] (A8)$)� (12),(A1),(A4),(A8) NC
[

In−p

TT
3

]

P̄TQ̃P̄

[

In−p

T3

]

=

[

Q̄1 + α0In−p Q̂21 0

Q̂T
21 Q̂3 0

0 0 0

]

(A9)� (A9) � Schur "A�It�
α0 > |λmin(Q̄1 − Q̂21Q̂−1

3 Q̂T
21)| (A10)�F�? Q̃ > 0 ,V�$R λmin TU*;7EgjA:E�

(2)→(1). e��
(3)↔(1). � (17) F
NC

Ψ [A B] = Ψ2[A21 A22 B2]

[

N−1

Ir

]

(A11)

rankΨ [A B] = rank[A21 A22 B2] = n − p (A12)�5�ke (21a) E\kN7 Φ ∈ R(n+r)×(r+p) T Ψ [A B] E!^�_��� Φ ' [A21 A22 B2] E!^�_
Φ̄ ke Φ̄ =

[

N−1

Ir

]

Φ. 5P�$tB2
ΦTQΦ = Φ̄TQ̄Φ̄, rankQΦ = rankQ̄Φ̄ (A13)t (3)↔(1).

(4)↔(2). �T Ψ2 `~��t ΨT
2 Ψ2 > 0, 3

Q̄ + αλmin(ΨT
2 Ψ2)[A21 A22 B2]T[A21 A22 B2] 6

Q̄ + α[A21 A22 B2]TΨT
2 Ψ2[A21 A22 B2] 6 (A14)

Q̄ + αλmax(ΨT
2 Ψ2)[A21 A22 B2]T[A21 A22 B2]W_A (18), $)�	� Q̂ > 0, F� α0 > αλmax(ΨT

2 Ψ2), 3 Q̃ > 0; \B�� Q̃ > 0, F� α >
α0

λmin(ΨT
2 Ψ2)

,3 Q̂ > 0. �


