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Abstract Based on the relationship between the discrete-time difference equation and its

observable state-space canonical form, the explicit solution to Diophantine equation in gen-

eralized predictive control is derived. Thus the recursive solving of Diophantine equation can

be avoided and applications of generalized predictive control becomes much more convenient.
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A(z−1)y(k) = B(z−1)u(k − 1) + C(z−1)ω(k)/∆ (1)�o {u(k)}
�

{y(k)}
ÇÿÙÚÔ������q|{ω(k)}�������|∆ = 1− z−1 ÙÚÆÇx	|A(z−1) = 1+a1z

−1+ · · ·+ana
z−na, B(z−1) = b0+b1z

−1+ · · ·+bnb
z−nb , C(z−1) =

1 + c1z
−1 + · · · + cnc

z−nc .àº¦rstuvw¯|°±º»æç� Diophantine ·¥[1]

C(z−1) = Ej(z
−1)A(z−1)∆ + z−jFj(z

−1) (2)

Ej(z
−1)B(z−1) = Gj(z

−1)C(z−1) + z−jHj(z
−1) (3)�oEj(z

−1) = e0 + e1z
−1 + · · ·+ ej−1z

−j+1, Fj(z
−1) = f j

0 + f j
1z−1 + · · ·+ f j

n̄a
z−n̄a , Gj(z

−1) =

g0 + g1z
−1 + · · · + gj−1z

−j+1, Hj(z
−1) = hj

0 + hj
1z

−1 + · · · + hj
n̄b−1z

−n̄b+1. j = 1, · · · , N, n̄a =

max{na, nc − j}, n̄b = max{nb, nc}.
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a1 − 1, i = 1

ai − ai−1, 2 6 i 6 na

−ana
, i = na + 1

0, i > na + 1

, b̄i =







bi, 0 6 i 6 nb

0, i > nb

, c̄i =







ci, 1 6 i 6 nc

0, i > nc

n = max{na + 1, nb + 1, nc + 1}, ��æç��
��[3]
.
ÄÅÆÇ·¥�Ñ (1)

�ÉÊËÌÍÎÏÐÑ��à
x(k + 1) = Ax(k) + b̄∆u(k) + ḡω(k) (4)

y(k) = c̄Tx(k) + ω(k) (5)�o
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B̄(z−1) = b̄0 + b̄1z
−1 + · · · + b̄n−1z

−(n−1), C̄(z−1) = 1 + c̄1z
−1 + · · · + c̄n−1z

−(n−1), Û�
B̄(z−1) = B(z−1), C̄(z−1) = C(z−1). }n� [1] �|rstuvw¯�ÙÚà

∆u(k) = pT[Yr −
F

C̄(z−1)
y(k) −

H

C̄(z−1)
∆u(k − 1)] (6)

�o pT � (GTG + λI)−1GT
����|G, λ, Yr, F , H � [1]. } (4), (5)  Ü�¦

Y = G1U + f + Ē (7)
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�o Y = [y(k+1), · · · , y(k+N)]T, U = [∆u(k), · · · , ∆u(k+Nu−1)]T, f = Φ[(Ā− ḡ c̄T)x(k)+

ḡy(k)], Ē = [Ē1, Ē2, · · · , ĒN ]T,Ēj =

j
∑

i=2

c̄TAj−iḡω(k + i − 1) + ω(k + j) � k
�'z(���

��¬
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(7) Ü|�¦�ÉÊËÌÍÎÏÐÑØ´ÙÚ�vw¯à

∆u(k) = pT
1 {Yr − Φ[(Ā − ḡ c̄T)x(k) + ḡy(k)]} (8)

�o pT
1 � (GT

1 G1 + λI)−1GT
1

����¬*} (4), (5)  Ü�
x(k) = [M + αβT]−1[b̄∆u(k) + ḡy(k)]
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* 1 + βTM−1α = C̄(z−1) 6= 0,



γT = [z−1, z−2, · · · , z−n], } [4] o Sherman-Morrison +Ü¦
(M + αβT)−1 = M−1[I −

αγT

C̄(z−1)
], ,z} (8) Ü¦

∆u(k) = pT
1 {Yr−Φ[U(z−1)+

A(z−1)∆

C̄(z−1)
R(z−1)]y(k)−Φ[V (z−1)−

B̄(z−1)

C̄(z−1)
R(z−1)]∆u(k−1)} (9)
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V (z−1) =
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R(z−1) =
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�~¶��v��|��ÄÅÆÇ·¥ (1)
��ÉÊËÌÍÎÏÐÑ

(4), (5)
�Ø´,ÙÚ�vw¯«�-l|.� (4), (5)  Ü�Ô´/0��1Ø´�Ñ�23« g0, g1, · · ·ÒÌ�ÓÔ� gi = c̄TĀib̄ (i = 0, 1, · · · , N − 1), ,z G = G1. 4� (6) Ü� (9) Ü¦

F = Φ[C̄(z−1)U(z−1) + A(z−1)∆R(z−1)], H = Φ[C̄(z−1)V (z−1) − B̄(z−1)R(z−1)] (10)

¡

C̄(z−1)U(z−1)+A(z−1)∆R(z−1) =(SāTc̄ + Sc̄Tā)
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Qā =
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ān 0 0 · · · 0
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5®x¦ SāQc̄ + Sc̄Qā = O, 67 F = Φ(SāTc̄ + Sc̄Tā)


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¶� H = Φ(Sb̄T̄c̄ − S̄c̄Tb̄)
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}n [1] � e0 = 1, ej = f j
0 = Fj(0) (j = 1, 2, · · · , N − 1), 8¦


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





e0

...

eN−1








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
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* gi = c̄TĀib (i = 0, 1, · · · , N − 1), ,z










g0

...

gN−1











= Φb̄.

9:�¦
;�¬mrstuvwo|�ÄÅÆÇ·¥ (1)
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


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...
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




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
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


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c̄1

...
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
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
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...
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
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


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= Φ











b̄0

...

b̄n−1





















f1
0 · · · f1

n−1

...
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fN
0 · · · fN

n−1


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


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= Φ(SāTc̄ + Sc̄Tā),











h1
0 · · · h1

n−2

...
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0 · · · hN
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






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= Φ(Sb̄T̄c̄ − S̄c̄Tb̄)

<=¬mrstuvwo|> C̄(z−1) = 1
�|�ÄÅÆÇ·¥ (1)

Ø´ÙÚ� Dio-

phantine ·¥»�Ô´/0à
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...
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0 · · · fN
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


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









h1
0 · · · h1

n−2

...
...

hN
0 · · · hN
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









= ΦSb̄
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