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Abstract In general, we can not guarantee the convergence of the common LS method. A

recursive least-squares algorithm with slowly decreasing weights for linear stochastic systems

is found to have self-convergence property, i.e., it converges to a certain random vector almost

surely irrespective of the control law design. Such algorithms enjoy almost the same nice

asymptotic properties as the standard least-squares. With adaptive control, the closed-loop

system is globally stable and the adaptive controller may converge to the one-step-ahead

optimal controller.
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1 � D �N�)S;.��f3iK�KOFis 141qJga�:�'Q��e2^hJMDgq��8-�[2∼4]
, CKd�~Æ[K7(5*-qk�� $Cs[�pK��TJ'9m<�;w[gqw!�NM Riccati l44TJz�z|l6gq�pJDHky� b�gqB=�l
_ “:%/" ” MDgq�Jt��[5] � [6] wh8| “W:�� ” lh�E�pJ �{��i��z_�pW:J1V��JRK[�Jgq�JZ^w �N Riccati l4� $��FO�p���}J7(�[��w���_ “:%/" ” b*�pP"t�� $Cs|'Q WLS ^hJ “:%/" ” MDgq��%G|9�JK��

1) z8|h_ “:%/" ” b*�p�ZH WLS ^hP"�p)[�DJQu$t�	
2) #:7�J-qk�����j���pK/Z�TJ	
3) MDgq�)RQ “:%/" ” �JMDgq��

2 WLS ajLTw'u�b�9�J�$b*�p�
A(z)yn = zB(z)un + wn (1)dp A(z) = 1 + a1z + · · · + apz

p, B(z) = β + b1z + · · · + bqz
q, yn, un, wn t�K�pJW8�W:�^?�A(z), B(z) wJa�H�[|l�p, q <l�β 6= 0.��E�pz�1��e2J$�!H

yn+1 = θτϕn + wn+1

θ = (−a1, · · · ,−ap, β, b1, · · · , bq)
τ , ϕn = (yn, · · · , yn−p+1, un, un−1, · · · , un−q+1)

τ (2)z|P:%�Z WLS ^h���BP9�J:x�[/��
F = {f(·) : f(x) K#�Q`J�[� _
�M > 0�
 ∫ ∞

M

dx

xf(x)
< ∞} (3)dp�f(·) K:xr>�[�D x ,J6t�B��
 f(x2) = O(f(x)).I�m���z8QvJ WLS ^h9��

θn+1 = θn + Ln(yn+1 − θτ
nϕn) (4)

Ln =
Pnϕn

c−1
n + ϕτ

nPnϕn

(5)

Pn+1 = Pn −
Pnϕnϕτ

nPn

c−1
n + ϕτ

nPnϕn

(6)dp7n θ0 � P0 = δI, (0 < δ < 1) e=b�+,�e=+,-n)} {cn} 9��
cn =

1

f(rn)
, rn = ‖P−1

0 ‖ +

n
∑

i=0

‖ϕi‖
2�wJ f(·) 2z (3) wdT�J�[�



142 � Z � / � 32`P:%e=z8�
c−1
t = O(logL rt), L > 0 (7)z|t� WLS ^h���N9�J<>�

A1) {wn, Fn} K:x�,)}� $�
�sup
n>0

E{|wn+1|
r|Fn} < ∞ a.s.(3�::1s)

r > 2.

lim
n→∞

sup
1

n

n
∑

i=1

w2
i = R > 0 a.s.

A2) un K Fn e+J	6�z|�j^hJQu$���+,�,)}Æz6W^?��℄J4X)b[7∼10]
.M Borel-Cantelli Bo���sfe=GF

|wn+1|
2 = O(nε0 ) a.s. ∀ε0 ∈

(

2

r
, 1

)

(8).! 1. >�p (1) �
k� A1)–A2), ��M (4)∼(6) d�ZJ WLS ^hN9�J$u (? [7])

1) ‖P
− 1

2
n+1θ̃n+1‖ = O(1) a.s. (9)

2)

∞
∑

n=1

cn[(ϕτ
nθ̃n+1)

2] < ∞ a.s. (10)

3)

∞
∑

n=1

(cτ
nθ̃n)2

c−1
n + ϕτ

nPnϕn

< ∞ a.s. (11)dp θ̃n , θ − θn.�! 1. >�p (1) �
k� A1) � A2), ��M (4)∼(6) d�ZJ WLS ^hN9�J�Qu$u�θn QuQ:x4TJ�z θ̄ ( #:T7T θ �M).3%�?)b�� [11].

3 
LPGjt!>1�s� 1\�VMQ WLS ^hKQuJ�d= βn :TKQuQ
:x4TJn�#oE�>z β̄

( #:TT β �M), 2 lim
n→∞

βn = β̄.<>
β̄B(z) + λA(z) 6= 0, ∀z : |z| 6 1, λ > 0 (12)_Q�p (1), � {y∗

n} K:xzTJ $NNJ)b �)}� $ y∗
n+1 K Fn e+J�b�9�J$�o�

J(un) = E{|yn+1 − y∗
n+1|

2|Fn} + λu2
n, λ > 0 (13)d5�l
���$�o� (13) =0 [12], e=GF “:%/" ” �Jgq

u∗
n = β(β2 + λ)−1(y∗

n+1 + βu∗
n − θτϕn) (14)nB�9e=GF'HQv^h(GJ�p (1) JMDgqz

un = βn(β2
n + λ)−1(y∗

n+1 + βnun − θτ
nϕn) (15)
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nθ̃n, MBo:sfe=GF9�JK�

N
∑

n=1

z2
n = o(rN ) (16)3%�M |c−1

i +ϕτ
i Piϕi| = c−1

i |I + ciϕiϕ
τ
i Pi| = c−1

i |P−1
i + ciϕiϕ

τ
i ||Pi| = c−1

i |P−1
i+1||Pi|, eG

ϕτ
i Piϕi =

|Pi| − |Pi+1|

|Pi+1|
c−1
i (17)PM (6) eG�

ciϕ
τ
i Pi+1ϕi =

ϕτ
i Piϕi

c−1
i + ϕτ

i Piϕi

(18)	� (17) � (18), eG
t
∑

i=1

ciϕ
τ
i Pi+1ϕi =

t
∑

i=1

ϕτ
i Piϕi

c−1
i +ϕτ

i Piϕi

=

t
∑

i=1

|Pi|−|Pi+1|

|Pi|
=

t
∑

i=1

∫ |Pi|

|Pi+1|
dx

|Pi|
<

t
∑

i=1

∫ |Pi|

|Pi+1|

dx

x
=O(log rt)

(19)
M (6) �n℄To 1 wJj�el�D i → ∞ B�Pi − Pi+1 → 0, �eG
t
∑

i=1

ϕτ
i (Pi − Pi+1)ϕi = o

(

t
∑

i=1

‖ϕi‖
2

)

(20)d=�	� (19) � (20), N�H1s�
t
∑

i=1

ϕτ
i Piϕi =

t
∑

i=1

ϕτ
i Pi+1ϕi +

t
∑

i=1

ϕτ
i (Pi − Pi+1)ϕi = O(c−1

t

t
∑

i=1

ciϕ
τ
i Pi+1ϕi)+

t
∑

i=1

ϕτ
i (Pi − Pi+1)ϕi = O(c−1

t log rt) + o(

t
∑

i=1

‖ϕi‖
2) = O(c−1

t log rt) + o(rt) (21)
MQ (7) w c−1
t JT�� K� (21) sfe=GF�

t
∑

i=1

ϕτ
i Pnϕi = o(rt) (22)d=P:%eG

ϕτ
nPϕn = o(rn) (23)rH (11) eG

∞
∑

n=1

(ϕτ
nθ̃n)2

rn

< ∞,2 ∞
∑

n=1

z2
n

rn

< ∞ (24)Mk� A1) � (8) eG�n = O(rn), M Kronecker Bo� (24), sfG (16). �6�M (2), eG
yn+1 = θτϕn + wn+1 = (θ − θn)τϕn + θτ

nϕn + wn+1 = zn + θτ
nϕn + wn+1 (25)
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βnA(z)zn = (β̄B(z) + λA(z))un + (1 − A(z))βnwn+1 − βnA(z)y∗

n+1 + (βn − β̄)B(z)un (26)no9e=GF�
βnB(z)zn = (β̄B(z)+λA(z))yn+1− (λ+βnB(z))wn+1−βnB(z)y∗

n+1 +(βn− β̄)B(z)yn+1 (27)b�F (12), (26) � (27) ���:T?[:x.z s ∈ (0, 1), GG�H1s
u2

n = O(

n
∑

i=0

sn−iz2
i ) + O(

n
∑

i=0

sn−iw2
i ) + O[

n
∑

i=0

(βn − β̄)sn−iu2
i ] + O(1) a.s. (28)

y2
n = O(

n−1
∑

i=0

sn−iz2
i ) + O(

n
∑

i=0

sn−iw2
i ) + O[

n
∑

i=0

(βn − β̄)sn−iy2
i ] + O(1) a.s. (29)M=<yH�sfeG

‖ϕn‖
2 = O(

n
∑

i=0

sn−iz2
i )+O(

n
∑

i=0

sn−iw2
i )+O[

n
∑

i=0

(βn − β̄)sn−iu2
i ]+O[

n
∑

i=0

(βn − β̄)sn−iy2
i ]+O(1)

(30)Az lim
n→∞

βn = β̄, �eG
N
∑

n=1

‖ϕn‖
2 = O(

N
∑

n=1

n
∑

i=0

sn−iz2
i ) + O(

N
∑

n=1

n
∑

i=0

sn−iw2
i )+

O[

N
∑

n=1

n
∑

i=0

(βn − β̄)sn−iu2
i ] + O[

N
∑

n=1

n
∑

i=0

(βn − β̄)sn−iy2
i ] + O(1) =

O(

N
∑

n=1

z2
n) + O(

N
∑

n=1

w2
n) + O(1) (31)�! 2. 9��p (1) �
k� A1), A2) � (12), ��_QM (4)∼(6) � (15) dT�J�MDgq��e=GF9�JK�

1) lim
N→∞

sup
1

N

N
∑

n=0

(u2
n + y2

n) < ∞ a.s. (32)

2) lim
N→∞

sup
1

N

N
∑

n=0

(un − u∗
n)2 = C a.s. (33)3%�1) l
 (16) � (31), eG

rN =

N
∑

n=1

‖ϕn‖
2 + r0 = O(

N
∑

n=1

z2
n) + O(

N
∑

n=1

w2
n) + O(1) = o(rN ) + O(N) a.s.M<Hea8

rN = O(N) a.s. (34)d= (32) 1s� �
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2) �	X βn 6= 0 � βn = 0 t�g�9� βn 6= 0, ��rH (14) � (15), eG
λβ−1(un − u∗

n) + λ(β−1
n − β−1)un = zn (35)d5��e=P:%GF

|un − u∗
n|

2 6 |λβ−1|−2(|zn|+ |λ(β−1
n − β−1)un|)

2 6 2|λβ−1|−2(|zn|
2 + |λ(β−1

n − β−1)un|
2) (36)9� β = 0, M (15) el�un = 0, M (14) � (15) eG�

|un − u∗
n|

2 = |λβ−1|−2|zn|
2� βn = β̄ + dn, (β − β̄)2 = M , MQ lim

n→∞
βn = β̄, � lim

n→∞
dn = 0.rHBo 2, (34) � Kronecker Bo�e=GF

lim
N→∞

sup
1

N

N
∑

n=0

(un − u∗
n)2 6 2|λβ−1|−2( lim

N→∞
sup

1

N

N
∑

n=1

|zn|
2 + lim

N→∞
βn 6=0

sup
1

N

N
∑

n=1

|λ(β−1
n −

β−1)un|
2) = O( lim

N→∞
βn 6=0

sup
1

N

N
∑

n=1

|(
β − βn

ββn

)un|
2) = O( lim

N→∞
βn 6=0

sup
1

N

N
∑

n=1

|(β − βn)2u2
n|) =

O( lim
N→∞
βn 6=0

sup
1

N

N
∑

n=1

|(β − β̄n)2u2
n|) + O( lim

N→∞
βn 6=0

sup
1

N

N
∑

n=1

|d2
nu2

n|) = O(1) (37)�;BGFJMDgq�z<Jgq�� �+#�9��p (1) �
k� A1), A2) � (12), _QM (4)∼(6) � (15) dT�J�MDgq��9� β̄ = β, _MDgq� un QuQ�Jgq� u∗
n.JC<�M (37) JvEGF

lim
N→∞

sup
1

N

N
∑

n=1

|(β − β̄)2u2
n| = o(

1

N

N
∑

n=1

|u2
n|)M (34) � (37) 2eGFv�K��

4 qgM	U
�z|j� WLS ^hJQu$���z89�JpfC4"�+,�p
yn =

z−1(β + b1z
−1)

1 + a1z−1 + a2z−2
un +

1

1 + a1z−1 + a2z−2
wn (38)dp��D�pJfC)[z�a1 = 0.3, a2 = −0.4, β = 0.1, b1 = 1.W: � {un} KMl"g��d-�J�{wn} K:xl,z 1 J�^?)}�{y∗

n}K:xzTJ)b �)}�{yn} K (15) dT�JMDgq {un} ÆH�JW8)}�E�p�1��e2!H�yn+1 = θτϕn + wn+1, dp ϕn = (yn, yn−1, un, un−1)
τ .+,�^?l,z 0.01, (12) wdT�J λ 9K 0.01.



146 � Z � / � 32`Mt 2 �t 3 e=a8�WLS ^h� LS ^hJ{�*�K��℄J�9�+,
N = 1000, 
 N

∑

i=0

(yn − y∗
n)2 Æz�^{��t
�J���e=6^GFt 2 J{��,z 18.09, 
t 3 J{��,_z 19.03, y
�, #��nB����?F�[%GR℄J{��,J'k��',M N

∑

n=0

u2
n T�Jgq�z��y
2N��J,��t 2 wJ N

∑

n=0

u2
n = 384.8589, 
t 3 J N

∑

n=0

u2
n = 5.5904e + 003,d=�=t 1 e=a8� WLS ^h℄N�
JQu$�
=t 2 �t 3 e=a8�'Q

WLS ^hJMDgq�℄Nx
J{��t�T'Q�l LS ^hJMDgq����9�7�GFn5J{�U℄�"
JA|�aJgq�z���

u 1 WLS `i�F*\+�
Fig. 1 Identification of parameters

by WLS algorithm

u 2 WLS `i|�+�
Fig. 2 Tracking error

by WLS algorithm

u 3 LS `i|�+�
Fig. 3 Tracking error by LS algorithm
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5 M���_ “:%/" ” b*�pP"|:�t��',J�DlhK WLS ^h�rH
WLS ^hJQu$�%G|MDgqJ�
JK��nG:hJK��� �NGH7�J5*-qk��2GF|MDgq�ÆH�J�pK��/Z�TJ� $d',JMDgq��QuQ�Jgq�nB�T=xJ'Q�l LS ^hJMDgq�P"�H�'Q WLS ^hJMDgq�N}
J{��t� $��Jgq�z}=�
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