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Optimal Adaptive Controller for Stochastic Systems Based on
Weighted Least-squares Algorithm
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Abstract In general, we can not guarantee the convergence of the common LS method. A
recursive least-squares algorithm with slowly decreasing weights for linear stochastic systems
is found to have self-convergence property, i.e., it converges to a certain random vector almost
surely irrespective of the control law design. Such algorithms enjoy almost the same nice
asymptotic properties as the standard least-squares. With adaptive control, the closed-loop
system is globally stable and the adaptive controller may converge to the one-step-ahead

optimal controller.

Key words WLS algorithm, one-step-ahead optimal adaptive controller, globally stable

1 55

T AR T I 1] 32 5 A R — T T AE R U R AR BB R R R, X 7T A L AR
Astrom Fl Wittenmark 3\ B 3 T8 58 Fe /D vk 1 A" . dr— A 250 Ji
DUTHE S BEBIL 2R S8 09 2 580FT LA AT RE HE AR A il 11, DN T ORIIE 2R 48 09 S it 7 — 2 T ) N7
1k, B BT SR B 38 1 9 ] Sk AR O E L. Bl B R A P R KRR T I R 4R

1) HR B AR EE S (60474026) HIiE A2 WP BF 58 0o 4 B Bl

Supported by National Natural Scicence Foundation of P.R. China (60474026), the Asia Research Center of
Tsinghua University

Wk B 8 2005-5-13  efE ek Ay H B 2005-10-27

Received May 13, 2005; in revised form October 27, 2005

Copyright © 2006 by Editorial Office of Acta Automatica Sinica. All rights reserved.



13 % BES T IR/ AR e UG B Pl 141

il B KT, — KT fR /N IRV WA T Y AR A A (ELR X 2 TR R B R
SEWN R, HFHENVIERG RV E MM B, HAMERE R HIEEH H Riccati 77
B .

AT Y R RNV, FHEREF A, B — AT " E R A
SMAr, (5] A (6] AR T “HIAUTED 7 7k, R R GEHY(E T R ER MR AL N R R SR B
WroE, HAL R RTE BT AR A 2 I BCA Riceati 7712, FF HREMREIR R G/ ML

TEASCH, WATXT “—2 AT LR ST, FEEL TR T WLS Fiksy “—
AEET YR A, RE T TSR

1) 25 T80T “—2 a7 7 BEYLRS, 12 M WLS FIL#HT RS EOHF R st o>
s

2) ANHAERTHI BB 1, REAS IRAE P 3R R SR 2 R R e 1Y

3) NP AT T B RERT 7 R E  A

2 WLS Sk iS4 b7
ZIRM TR RS-

A(2)yn = 2B(2)uy, + wy, (1)

XHE A(z) =1+az4 -+ ap2?, B(z) = B+biz+ - + 0429, Yn, un, wn 53 HZE RS M 5
H. BANFIEFE, A(z), B(z) #FHZ I RECRAL p,q BH1, 8 #0.
BAVERREE s/ e = IFE X

Ynt1 = 0", + wyt1
0= (_a'lv sy, —Ap, ﬁa bla ) bq)Tv Pn = (yna oy Yn—pt1, Un, Un—1,° "7, u’n.fq+1)‘r (2)

BT R HR WLS S0k, RIS T M — P E B 4
F={f(): f(z) REMBHOER, FATEEM > O 2 /M°° % <} ()

XHE, fO) B—IEMEE, Y o WD KRE, BE f(2°) = O(f(2)).
BTR, BAGHEHER WLS J35WT:

0n+1 = en + Ln(yn+1 - efz‘Pn) (4)
P,
L, = _1# (5)
P, nPn
Poit = P, — —nPnPnin (6)

cn' +@nPapy,
XEYME 00 f1 Py =01,(0 <6 < 1) ATLAREMEIREL, 7LLEBABUEFS {cn} W

1 B n
) ra =Py 4 leill?
n i=0

HAdy f() BI (3) FBTE RT3

Cp =



142 H /A I 2%
=LA

it =0@og"r), L>0 (7)
HT B WLS 53k, BATE W T RIER B
A1) {wy, Fn} E—BEEFS, I HH 2 sup E{wna|"|Fn} < oo as.(JLFALAESL)
r > 2. ~
nlingosup % ;wf =R>0as.
. ON T AER R A S, BT TR BB R, MR AR ST
i Borel-Cantelli 5|38, {13727 LA152|

2
|wni1|? = O(n®°) a.s. Veg € (;, 1) (8)

513 1. BERG (1) WK AL)-A2), IBAH (4)~(6) BrifiR iy WLS HIEAR I T iy
B (W (7))

_1
2

1) P46l = 0(1) as. )
2) ch[(¢;én+1)2] < 00 a.s. (10)
3) i M < 00 a.s. (11)

'+ nPapy,

n=1

EIE 1. WAL (1) WRFM AL M A2), R4 (4)~(6) Frifiid iy WLS kA TRy
HIBCSUERT, 0, W T — MM it 0 OF R —E &Y 0 %)
IEBH. W27 30k [11].

3 B HUiE B P A% LA L R G B 2 JR e
T WLS SERR sy, BTEL B, — RIS T R — B M, AU 5

GFR—E 15 6 M%), B lim 5, = 5.
i )

BB(z)+MA(z) 20, Vz:|z|<1,A>0 (12)

MFRG (1), %2 {yn} BR—TRENHAFRANSHFETFI, FHHy o 2 F ATl
B, R e ERE R R

T(n) = E{lyns1 = ra[*[Fn} + Aui, A0 (13)
R, R /MEERERR AR (13) LLR [12], FTRAISE] “— 5 BIRT 7 Befb sl
Uy = BB+ N Yy + By, — 07¢p,,) (14)

IR, AT AR BRI A SRR R G (1) Ry & Y 2

Up = ﬁn(ﬁi + A)_l(yZH + Bntn — 029%) (15)



18 £ BE. ET AN Ik 0 B0 R A 143
5138 2. X 2, = 10, H 5B — 2% 7 LS E T B4R
N
Z 22 = o(ry) (16)

n=1

B 1 e '+l Pipil = o ' +cipp Pl = ¢ [P +cipipf || Pil = ¢ [PLA [P, 7T

5
|Pi| — |Piy1|
TP, — 1t T i
L VoY
X H (6) 1%
P,
cip; Pip1p; = % i

;' + ] Pip;
e (17) F (18), AI1%

t t | P | P
T Pip; |P |_|Pi+1| _ |P+1 dz dIE
> cipi Pripi = _Z K 1P| Z

=
i=1 i—1 Ci _HPZPZSOZ i=1 i=1 | Piya |

i (6) MEEIEE 1 FAIENT AT A, 24 i — oo B, P — Py — 0, A%

Z‘P (P, = Piy1)p; =0 <Z||801||2>

i=1

Bk, 234 (19) F1 (20), T AL

t
ZSOZ_RSD'L Z‘pz i+1%; + Z‘pz P PZ+1 ZC’LSOZ 1+1S"z
=1

=1 =1
t

t
Y@l (Pi— Piry)g; = O ogre) + oY lleill?) = Ole; Hlogre) + o(re)

i=1 i=1

il (7) o et X, IR (21) SLZI A IS

S @7 Pagp; = ofr1)
i=1
Brihst— w15
(pnPSOn - O(Tn)
FA (11) "%

T

i <ooE|]Z—<oo

n=1 n=1 n

&4 A1) fil (8) H[%%: n = O(r,), B Kronecker 5|HEA1 (24), 2. 2|15 (16).
& i (2), AR

Yn+1 = 0"p, + wny1 = (0 —0,)"p, + 0,0, + w1 =2, + 0,0, +Wni1

(17)

(18)

O(logry)

(19)

(20)

(21)



144 H =/ A 2%
PRV 13
Bud(2)zn = (BB(2) + M=) + (1= AR)Bawars = Fadl2isss + (B = BB (26)
B8t 7 LA 51
BuB(2)2n = (BB(2) 4 M=) aer = (A8 B = BB + (B = BBy (27)
IRF) (12), (26) B (27) 9. —AFE— DA 5 € (0,1), 08 FRML

n n

up =00 8" 2 + 08" wi) + 01 (Bn — B)s" ui] + O(1) aus. (28)
i=0 i=0 =0
n—1
= 0(3 "2+ O3 ") + O[3 (B — A)s" 2] + O s (29)
=0 =0 =0
B L, SZZIA1E
lpul = O(32 8" 7122) + O(3 5™ ) + O[3 (B = B)s"~u] + O[3 (8, = D"~ 'y2] + O(1)
=0 =0 1=0 =0 (30)
B lim 6, = 3, BT
N N n N n .
leal> =00 > "'z + 003> 8™ wi)+
n=1 n=1 i=0 n=1 =0
N n N n
O3 3 (Bn = B)s" ] + O[3 D (Ba = B)s" ') + 0(1) =
n]:vl =0 n=1 ¢=0
Z i—i—OZw +0(1) (31)

n=1

EIR 2. WIRARG (1) MR AL), A2) Ml (12), HSAXEFH (4)~(6) A1 (15) B & SCHY
& B PE 4%, AT LA RN P e 45ie

N

1

1) hmoO Sup 77 nzo(ufL +32) < oo as. (32)
| X

2) ]\;Lrgo Sup nzo(un —ul)?=C as. (33)

SEEA. 1) S (16) A1 (31), TR

N N N
rn =Y _llea P +ro =002+ 0> w))+0(1) =o(ry) + O(N) as.
n=1 n=1

n=1

1 LAl
ry =O(N) as. (34)

FRLA (32) AT O



13 £ S AT AR/ ZIE ) U E Y A 145

2) FHB Bn # 0 F1 B, =0 23548
Wk B # 0, A8 M (14) F1 (15), W75

A~ (un = un) + A(Br = B un = 2 (35)
X AT AE— 2155
[ = up | <IN (2l + A8 = 87 unl)® < 2T T2 (120l + N8BT = 67 unl?) (36)
iR g=0, M (15) WA, u, =0, ;1 (14) F1 (15) A45

[un — up[* = [ABTH 72z

FIFGIHE 2, (34) fil Kronecker 5|2, A L1SF]

N
A}im sup% Z(un —uf)? <2087 ( hm sup — Z |2n|? + lim sup Z (A8
n=0 ﬁTL#o
B Hun|?) = O( lim sup— ﬁ Yun)?) = O( lim sup— Z| B — Bn)*ul]) =
o 66 o
O( lim sup—Z| B = Bn)?u; ) + O( lim sup—Z|d2 2y = O(1) (37)
Bn#0 pinens
A A5 21 Y 3 L2 1 e UK 9% 4 O

R WRRG (1) WK AL, A2) F1 (12), X T (4)~(6) M (15) B g XK H &
REPER A, 2R B = 6, B REERIAY w, WO T RAREERI A ).
FEL, i (37) WIERAGE

N N
hm sup — Z (8= B3)uz| = of Z |uz])
n=1 n:l
H1 (34) A1 (37) BRI E R 4518

4 PiEZ

BB, T IEW] WLS Skmylesior:, A% T i 05 LR
Bl. ERARL

27 Y B+ b127h) 1
Un, W,
14+a1271 +ag22 14+a1271 +agz2

EEBEHRRAMAELSEHA: a1 =03, a0 =—-04, =0.1,b; = 1.
NG {un) R TBEERITER, {w.} B—DITERN 1 EBREFI, {y)}
= MEENSERF T, {yn} & (15) Bre KHE RN EER] {u.} 1EH T 8% 75
WEREEMS/D _HIER: g1 =070, +wni1, TR @, = (Yn, Yn1, Un, Un—1)".
WHE MR 72204 0.01, (12) HErE e A 2= 0.01.

(38)

n =



146 H ) (a ¥ i 2%

i 2 AU 3 BT, WES SRR LS Sk BB i SR AR, MR
N =1000, 18> " (yn — y3)® 1B N HFIBTIRERAE ST AR IR RO A7 ME, AT AHSTAS 308 2 AOBR BR1R 2
=0

7 18.09, Mi& 3 BERERIRZ NG 19.03, PIE M EIHAK. .
IR, AOTERF], EFRGEUMREREMEL T, REH D ul & R Ak
n=0

N N
AT ZEHEMRKINZED, B 2HH D u? =384.858, MK 3 # > u? = 5.5904e + 003,

n=0

n=0
Brih, AW L ATLAE 1, WLS 50k BARAFa sk, TANE 2 FIE 3 fTRLEH, T
WLS Sk 3@ B P il 47 B RAFRVIRERRE 1, 52 Tl LS AR @ M EEH A A B, an
REBGRFEARERE, & T4E TR EH BRI

2 —_—— 2
1.5} |
by
1 / 1.5
—as
0.5 s 8 Yn
‘(W\———-’
A, ?@
0 3 1
W / ]
Y
-0.5
10 100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000
Bl 1 WLS FEH RS R 2 2 WLS Sk B il 26
Fig. 1 Identification of parameters Fig. 2 Tracking error
by WLS algorithm by WLS algorithm
2
1.5
Yn
1 ~
[v.
0.5

100 200 300 400 500 600 700 800 900 1000

B 3 LS $k R ER 4%
Fig. 3 Tracking error by LS algorithm



13 £ S AT AR/ ZIE ) U E Y A 147

5 45

HAIX; “—BEET 7 LR HEAT T — i, SR BT IR WLS 3k, FIA
WLS SRk py e sort, R 7 & M H R i i 4538

B —RRRE, WATFBA G AEMTA RS A4 0, MRS T8 Y FE 4 E T8
ARG RMH 2 RTEER, FEHBRBA & Y 7% i RE A5 ST B R .

FIE, LA Tl LS FOLRE N 2 A ATl gL, T WLS Sk @ M #
il 2% A AR BRERRE /7, I HLIHFERI FE ] RE L E .

References

1 Astrom K J, Wittenmark B. Adaptive Control. Second Edition. Canada: Addison-Wesley Publishing Com-
pany, 1995

2 Hijab O B. The adaptive LOG problem-Part I. IEEE Transactions on Automatic Control, 1983, 28(2):
171~178

3 Kumar P R. Optimal adaptive control of linear quadratic Gaussion systems. SIAM Control and Optimization,
1983, 21(2): 163~178

4 Caines P E, Chen H F. Optimal adaptive LOG control for systems with finite state process parameters. IEEE
Transactions on Automatic Control, 1985, 30(2): 185~189

5 Johnson C R, J R, Tse E. Adaptive implementation of one-step-ahead optimal control via input matching.
IEEE Transactions on Automatic Control, 1978, 23(5): 856~872

6 Goodwin G C, Johnson C R, J R, Sin KS. Global convergence for adaptive one-step-ahead optimal controllers
based on input matching. IEEE Transactions on Automatic Control, 1981, 26(6): 1269~1273

7 Landau I D. Near supermartingales for convergence analysis of recursive identification and adaptive control
schemes. International Journal of Control, 1982, 35(2): 197~226

8 Becker A H, Kumar P R, Wei C Z. Adaptive control with the stochastic approximation algorithm, geometry
and convergence. IEEE Transactions on Automatic Control, 1985, 30(4): 330~338

9 Johansson R. Supermartingales analysis of minimum variance adaptive control. Control-Theory and Advanced
Technology, 1995, 10(4): 993~1013

10 Guo L, Chen H F. The Astron-Wittenmark self-tuning regulator revisited and ELS-based adaptive trackers.
IEEE Transactions on Automatic Control, 1991, 36(7): 802~812

11 Guo L. Self-convergence of weighed least-squares with applications to stochastic adaptive control. IEEE
Transactions on Automatic Control, 1996, 41(1): 79~89

12 Luo G M. Optimal adaptive controllers based on LS algorithms. Acta Automatica Sinica, 1996, 8(1): 73~79

E F 2004 FRBEERFHIMRLESE %0, ARETHEEREHAVBZSHRR.

(JIANG Rui Received his bachelor degree in Department of Automation from Tsinghua University in
2004. Now he is a graduate student in the Department of Computer Science and Technology at Tsinghua
University.)

TR BHERFREEREE, TERRFTHIREHIR, BENER, FREERMBERER.

(LUO Gui-Ming Professor in School of Software Tsinghua University. His research interests include system

identification, adaptive control, nonlinear control, and variable structure control.)



