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Abstract The admissibility analysis and robust admissible control problem of the uncertain discrete-
time switched linear singular (SLS) systems for arbitrary switching laws are investigated. Based on
linear matrix inequalities, some sufficient conditions are given for: A) the existence of generalized
common Lyapunov solution and the admissibility of the SLS systems for arbitrary switching laws,
B) the existence of static output feedback control laws ensuring the admissibility of the closed-loop
SLS systems for arbitrary switching laws and norm-bounded uncertainties.
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1 Introduction

Recently, the problem of stability and stabilization of switched systems has attracted considerable
attention in the area of systems and control™?.
based on common quadratic Lyapunov functions (CQLFs) have been given for analyzing the stability
of switched systems for arbitrary switching laws!*?!. It was pointed out in [3] that the problem of finding
a CQLF was one of the unsolved problems in mathematical systems and control theory. For discrete-
time systems which have only two stable second order discrete time linear subsystems, a necessary and
sufficient condition on the existence of CQLF was given in [2]. But for the general cases of higher order
or more subsystems, it seems that there is still no a necessary and sufficient condition on the existence
of CQLF.

Switched linear singular (SLS) system is an important class of switched systems, which arises from,
for example, electrical networks and economic systems[4w6]. Due to the existence of switching actions,

Among others, a series of methods and conditions

state-inconsistence phenomena often occur in the electrical networks. This may result in discontinuity of
network variables and presence of impulse voltage and currents at the switching instants. For dynamic
economic systems, as pointed out by Canté et al. in [5], when the interrelationships among different
industrial sectors are described, and the capital and the demand are variables depending on seasons,
the system can be modelled as periodically switched singular systems. Both analysis and synthesis of
switched singular systems are more difficult, since stability, regularity, impulse elimination and state
consistence of such systems should be considered at the same time.

In this paper, we will analyze the admissibility (i.e., the regularity, causality and stability) of
discrete-time SLS systems for arbitrary switching laws and norm-bounded uncertainties. The key
difference from the conventional switched systems is that the dimensions of the dynamic parts of each
subsystem of SLS systems may be different from each other. So, the conventional Lyapunov frame is
not suitable for the stability analysis of SLS systems. It is pointed out that for the SLS systems with
a generalized common Lyapunov function the dynamic parts of subsystems have the same dimension.
Furthermore, the conditions of the existence of generalized common Lyapunov solution and static output
feedback control laws ensuring the admissibility of the closed-loop SLS systems for arbitrary switching
laws and norm-bounded uncertainties are presented based on LMIs.

2 Notations and preliminary results
Consider the following uncertain discrete-time switched linear singular (SLS) system:

{ Eox(k+1) = (Ay + AA,)a(k) + Bouo (k)
Y, (k) = Cox(k)
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where 0 : {0,1,---} — A ={1,2,---,m} is the switching law; x(k) € R", u;(k) € R™, y,(k) € RP?,
i € A, are the state, input and output, respectively; E; € R™*™ rankF; = n; < n; A; € R™™",
B; e R"*™i (C; € RPi*" i€ A; AA;, i € A, is the norm-bounded parameter uncertainty of the form

AAZ = Mze(p)Nl (2)

Here M; € R™*%i N, € R*%*™ are known real constant matrices, and the uncertain matrix F;(p) € R >
satisfies
Fi(p)Fi(p)" < I, VpeX with ¥ being a compact set (3)

Remark 1. AA;,;i € A, is the so-called “norm-bounded uncertainties” and is considered fre-
quently in the robust control.

Throughout this paper, C denotes the set of all complex numbers, R™ denotes the real n-dimensional
space; R™*™ denotes the real n x n-dimensional space; for a given vector or matrix X, XT denotes its
transpose, rank X denotes its rank, X" denotes a 1-inverse of X, R(X) denotes the subspace spanned
by the columns of X; N (X) denotes the right zero subspace of X; for an n x m full column rank matrix
A, A* denotes an n x (n —m) matrix with the following properties: A*TA = 0, [A A™*] is invertible
and AT A+ = I; and for a square matrix X, A(X) denotes its spectrum.

Definition 1.1, Consider two SLS systems:

5 . {Ega:(k+1):Aaa:(k)+Bgu(k) and S - {Eaa_:(k—t-l)—Aaa":(k)—b-Bgu(k)
U Ly(k) = Coa(k) ’

If there exist nonsingular matrices Q; and P such that Q; F; P = E;, QAP = Ai7 Q:B; = B;, C;P = C’h
i€ A, and T = P~ 'z, then systems £; and X are called restricted system equivalent (rs.e.).
Remark 2. It should be pointed out that in Definition 1, the transformation matrix P is uniform
with respect to ¢ € A. This is helpful in finding one state space coordinate basis for all the subsystems
so that the stability analysis and feedback control can conveniently and concisely be done via the same
coordinate basis.
Definition 2. Consider the SLDS system

Eox(k+1) = Ayz(k) (4)

1) For a given i € A, the pair (E;, A;) is said to be regular if there exists a constant scalar s; € C
such that det(s; E; — A;) # 0.

The SLS system (4) is said to be regular if every pair (E;, A;),i € A, is regular.

2) For a given i € A, the pair (E;, A;) is said to be causal if it is regular and deg(det(s;E; — A;)) =
rankF; for all s; € C.

The SLS system (4) is said to be casual if every pair (E;, A;),7 € A, is casual.

Definition 3. The SLS system (4) is said to be admissible for arbitrary switching law if it is
regular, causal and asymptotically stable for arbitrary switching laws.

Remark 3. By Definitions 1-3 one can see that the admissibility of a singular system is preserved
under restricted system equivalent transformation.

Lemma 18, Given matrices £2, I" and = of appropriate dimensions and with {2 symmetrical,

Q+TF(p)E+ (I'F(p)E)T <0 for all F(p) satisfying F(p)TF(p) < I
if and only if there exists a scalar € > 0 such that 2 + eI'TT + ¢ '5T= <0,

3 Generalized common lyapunov solution
Similar to [1], we will briefly call the symmetric matrix P satisfying

E,PEF >0, APA] —E,PEf <0, Vie A (5)

a generalized common Lyapunov solution (GCLS).

In this section, under a certain condition, we give a strict LMI-based condition for the GCLS
existence of SLS systems, and show that if an SLS system has a GCLS, then it is admissible for
arbitrary switching laws.
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Proposition 1. If there exists a GCLS for system (4), then for all ¢ € A, E; has the same rank.

Proof. From the definition of the GCLS, there exists a symmetric matrix P such that (5) holds.
This implies that for any fixed 4, (F;, A;) is admissiblel®. Thus, there exist matrices M; and N;, i € A,
such that!” M;E;N; = diag[I,, 0], M;A;N; = diag[Gy In—n,]. Denote N, 'PN; T = ﬁi i;z]

7

where P11 € R% "% and Py € ROTm)X(=1) are symmetric, Pz € R™*(™~ ) By the proof of
Lemma 1 of [9], we know Pj11 > 07 P11 — PﬂzP&%P{llﬂQ > 07 and Pjos < 07 1€ A

Let

0 P ], e

R; = [(Pm — PusPgiPl) "% 0 ] {Ini —Pi2Pp;
0 In_n,
Then RiNiflPN[TRiT = diag[ln; — In—n;], ¢ € A. This together with the inertia law of quadratic
forms['%! leads to Ny =+ = Ny,. Thus, for all i € A, F; has the same rank. O
In the sequel, we assume that for all i € A, F; has the same rank, and denote the rank by r. In
order to analyze the admissibility of system (4), we need to find the transformation matrices M; and
N, i € A, such that system (4) is r.s.e. to

{ z1(k+1) = Acr1z1(k) + Ac1222(k) (©)
As21z1(k) + Agooxa(k) =0
Aitn Airz
Aiar Aiz2
Lemma 2. There exist transformation matrices M;, ¢ € A, and N such that system (4) is r.s.e.
to (6) if and only if N(E1) = -+ = N(Em).
Proof. For necessity, suppose that there exist transformation matrices M; and N such that system
(4) is r.s.e. to (6) and let N = [N &]. Then, it is easy to see that R(®) = N(E;), i € A. Hence,
N(E) = =N(En).

where M;E;N = diag [I- 0], M;A;N = { } ,Nlz = [21 } , Ain ER™ a1 € R,
2

For sufficiency, suppose that N(E;) = --- = N(Ey,). Then, one can choose & € R™*("~") such
that for any i € A, E;® = 0; and, there are a matrix N and nonsingular matrix M; € R™*" 4 € A,
such that N = [N @] nonsingular and M, E; N = diag[l- 0]. Thus, system (4) is r.s.e. to (6). O

So, in the following discussion we assume:

Assumption 1. For any ¢ € A, N'(E;) is the same.

Theorem 1. Under Assumption 1, the discrete-time SLS system (4) is admissible for arbitrary
switching laws if there exists a symmetric matrix P € R™*™ such that (5) holds.

Proof. By the proof of Lemma 2, we know that under Assumption 1, one can find matrices
M; e R"*", i€ A, and N € R"*" such that system (4) is r.s.e to (6). By Remark 3, the admissibility
of (4) and (6) is equivalent. So, we need only to prove that (6) is admissible. Suppose that there exists a
symmetric matrix P € R"*" such that (5) holds. Then from [9] we know that the subsystems (F;, 4;),
i € A, are causal and regular. So, by [7], As2, i € A, are nonsingular. Furthermore, by Definition 2, the

PlTl Piz ] . Then by (5), we have P11 > 0
Py Pao

_ _ _ 1 L1

and A7;1P11A;~r1 — P11 < 0 where A;1 = A;1n —Aile;z;Aizl. This implies that I — P112 A“PHA};PUQ >
_1 L1

0. Then it follows that 0 < o < 1 where @ = minsea A(I — P112Ai1P11A;~FlP112). By (6) and the

non-singularity of A;22, we have

switched system (4) is causal and regular. Let N"'PN~7 = {

za(k) = —A;212Ao21w1(k) (7)

and
ll:l(k} + 1)P11£C’1T(]€ + 1) = CC1(]€)P11CC’1I‘(]€) — wl(k)(Pu — Aglpllgzl)w’i[‘(k) < (1 — Oé)k+1£v1(0)P11£C’1r(0)

This implies that the sub-state x1 (k) is asymptotically convergent to zero, and so is the x2(k) by (7).

Therefore, system (4) is admissible for arbitrary switching laws. g
Theorem 1 gives a sufficient condition under which system (4) is admissible for arbitrary switching

laws. The following corollary transforms the matrix inequality conditions to strict LMIs conditions.
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Corollary 1. Under Assumption 1, there exists a symmetric matrix solution P such that (5)
holds if and only if there exist symmetric matrices X € R**" and Y € R®=X™=" ¥ - 0, such that

Ai(X + oY d)AT — E,XEF <0, Vie A (8)

Proof. For sufficiency, suppose that there exist matrices X € R™*", ¥ € R®~"*(=") 4nd
X > 0 such that (8) holds. Let P = X + &Y &*. Then, by E; & = 0 we can see E;PE; = E;XE} >
0, A;,PAT — E;PE}f = A;(X 4+ oY d" AT — E;XET < 0. Thus, (5) holds.
For necessity, suppose P is a symmetric matrix solution of (5). Choose a symmetric matrix
Xoo € RMM=7)X(=7) guch that
[QT; ;1222] >0 (9)

This is feasible since from the proof procedure of Theorem 1 we have P;; > 0, and by Schur Complements
it suffices to choose Xao > P1T2P1711P12.
Let

(11]

P Prio
PL Xao
Then, by (9), the first equation of (10) and the nonsingularity of N we have X > 0. And by & =
N[0 I,—]T and (9) we have P = X + #Y &T. Thus, (8) follows from the second inequality of (5). O

From Theorem 1 and Corollary 1 we can easily have

Corollary 2. Under Assumption 1, if there exist matrices X € R™*™ X > 0, and a symmetric
matrix Y € R®~7X™=7) ‘guch that Ai(X + 0TY )AT — E;XE <0, Vi€ A, then the discrete-time
SLS system (4) is admissible for arbitrary switching laws.

X:N[ }NT and Y = Pay — Xoo (10)

4 Robust admissibility of SLS systems
Consider the following uncertain discrete-time SLS system:

Box(k+1) = (Ag + AAL )z (k) (11)

where E;, o, x(k), As, and AA;, i € A, are as in (1).
The purpose of this section is to give a sufficient condition in terms of strict LMIs for the admis-
sibility of uncertain discrete-time SLS system (11) for arbitrary switching laws. Let

P(X,)Y)=X 4 oY " (12)

By a similar proof procedure to those of Theorem 1 and Corollary 1, we have
Lemma 3. Under Assumption 1, if there exist symmetric matrices X € R"*" andY € R
X > 0, such that

(n—r)x(n—r)

(Ai + AANP(X,Y)(Ai + AA)T — EXEF <0, Vie A (13)

then the uncertain discrete-time SLS system (11) is admissible for arbitrary switching laws, where
P(X,Y) is given by (12).

Theorem 2. Under Assumption 1, if there exist symmetric matrices X € R"*™ and Y €
R™=mx(=) "X > 0, and scalars ¢; > 0,7; > 0, i € A, such that

AiP(X,Y)AT — E;XEF + vM;MF  A;P(X,Y)N[T

(A:P(X,Y)N)" B S B (14)

then the uncertain SLS system (11) is admissible for arbitrary switching laws, where Q; = &I +
N;P(X,Y)N{, and P(X,Y) is given by (12).

5 Output feedback based robust admissible control

The purpose of this section is to design a robust static output feedback control for the SLS system
(1) to ensure the admissibility of the closed-loop system for arbitrary switching laws. It was pointed out
that the problem of fining the static output feedback matrix is N P-hard™?. To overcome this difficulty,
we give a matrix inequality condition for the existence of the feedback matrix, which can be solved
easily by using the MatLab LMI ToolBox.
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The output feedback controller to be used is of the form:
uo (k) = Goy, (k) (15)

where G; € R™i*Pi € A. And the corresponding closed-loop system is of the following form:

Esx(k+1) = (As + AAs)x(k) (16)
where A, = Ay + B,G,C,.
Theorem 3. Under Assumption 1, if there exist matrices X € R"*", X > 0, S; € R™*",

T, € R™*"™ L; € R™*Pi nonsingular matrices F; € R?**Pi  a symmetric matrix Y € RO=)x(=r)
scalars ¢; > 0, and ~; > 0, such that Vi € 4,

A AT; — B;L;C; — ST A;P(X,Y)N; + B;L;C;N;*
(AT — BiLiCi — )" P(X,Y)=T, - TF 0 <0 (7
(A;P(X,Y)N} + B;L;C;N;" )™ 0 (- Q1)
FiCi=CiTi, FiCi=CiSi, FiCi=CiP(X)Y) (18)

where Ay = AiS; + STAT — BiL.C; — CTLIBf — E;XE! + vM;M', Q; = N;P(X,Y)N; + 1,
P(X,Y) is given by (12), then the closed-loop system (16) is admissible for arbitrary switching laws
provided that the feedback matrix is chosen as

Gi=—L;F7", ieA (19)
In the case where AA; =0, Vi € A, the closed-loop system is of the following form:
Eyx(k+1) = A,x(k) (20)

where A, = Ay + B,G,C,. By Theorem 3, we have

Corollary 3. Under Assumption 1, if there exist matrices X € R"*", X > 0, S; € R*"*",
T, € R™ ™, L; € R™*Pi symmetric matrix Y € R®~7X(=") and nonsingular matrix F; € RPi*Pi
such that Vi € A,

Bir A;T; — B;L;C; — ST -0 (21)
(A;T; — B;L;C; — SH)T  P(X,Y)-T;, - T}
F,C; = C\T;, F,C; = CiS; (22)

where By = A;S; + SFTAY — B,L;C; — CF LT BY — E;XET, P(X,Y) is given by (12), then the closed-
loop system (20) is admissible for arbitrary switching laws provided that the feedback matrix is chosen
as (19).

According to the matrix theory, if matrix Cj, ¢ € 4, has full row rank (without loss of generality,
we can assume that C;, i € A, is of full row rank), equation (22) has solutions T; and S; if and only if

T = Ci(l)FiCi + O Y,  with Yii € R7PIX" heing an arbitrary matrix (23)
Si = Ci(l)FiCi + Cf*Yia,  with Yo € R"™PIX™ heing an arbitrary matrix (24)

Here the notations X" and X of a matrix X are stated in Section 2.

Substituting (23) and (24) into (21), we obtain the strict LMI conditions on the solution of output
feedback of system (1) when AA; =0,Vi € A.

Theorem 4. Under Assumption 1, if there exist matrices X € R™*", X > 0, Y;; € R"7Pi*",
Yip € RP7PiX7 [, € R™i¥Pi F, € RPi*Pi and symmetric matrix Y € R®=7*(=") guch that

Ci AT, — BiL;C; — 57 ,
(AT, = B.LiCy — STT Px,Y)—T, — 70 | <0 Vi€ (25)
where Ci1 = A;S; + STAT — B;L;C; — CF LT Bf — E;XEF, and P(X,Y), T; and S, are given by (12),
(23) and (24), then the closed-loop system (20) is admissible for arbitrary switching laws provided that
the feedback matrices are chosen as (19).
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Remark 4. If F; is singular for some ¢ € A, then one can use G; = —L;(F; —|—p¢1)71 as a feedback
gain matrix, where p; is a sufficiently small positive number such that F; + p;I is nonsingular.

6 Numerical example
Consider an SLS system of the form:

{ Esx(k+1) = Asx(k) + Bous(k) (26)
Y, (k) = Com(k)
1 0 0 14 0 O 1 -1
WithUGA:{172}7E1:E2= 0 1 0], A = 0 0 0],Bi= |1 0
0 0O 1 -1 0 3 -2
14 7 5 -1 4
RTINS o ] B e I A
R L3 2]

It can be verified that (E1, A1) is irregular, noncausal and unstable, and (E2, A2) is unstable. By (25)
we have

[ 2.139 —0.313 0.433 '|
X =i-0313 0.313 —0.433J , Y = —6.266, 1 =1.489, F> = {

1.153 —1.183}
| 0433 —0.433 1.444

—1.544 233

L [ 0075 2044 —1212 0327 _ [-0472 0039 —1.396

YT1-0230) M T {1536 169 —0.715]7 T | —0.929 —0.202  0.336
[0.112  —0.797

Ly = 0,487 0.123],Y217[0.268 0.886 0.541], Y32 =[—0.601 1.756 2.701]

From (12) and (19) we have G1, G2 and P(X,Y):

[ 2139 —0.313 0.433 ]
} , P(X,Y) = [—0.313 0.313 —0.433J

G [—0.051} G { 1.129 0.915
1= , G2 =
0.155 —1.542 —0.836 0433 0433 —4.822

Then, under the output feedback laws wi(k) = Giy(k) and uz(k) = Gay(k), the closed-loop SLS
system (26) and (27) is admissible for arbitrary switching laws.

7 Concluding remarks

In this paper, the admissibility of discrete-time SLS systems for arbitrary switching laws and
norm-bounded uncertainties is investigated. By using the LMI method, some sufficient conditions are
derived for the existence of GCLS to ensure the admissibility for arbitrary switching laws of the SLS
systems. Based on the matrix inequality condition, output feedback based robust admissible control is
designed for discrete-time SLS systems for arbitrary switching laws and norm-bounded uncertainties.
All the LMIs conditions given here are related with the system matrices directly, which can be easily
solved via efficient LMI optimization algorithms such as LMI Toolbox.
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