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Abstract In this paper, the problem of adaptive stabilization of a class of nonlinear sys-

tems with unknown parameters both in state and control vectors has been considered. The

problem of adaptive stabilization of nonlinear systems is reduced to the problem of nonadap-

tive stabilization of an extended system. An adaptive controller is designed to complete the

stabilization by employing the robust control Lyapunov function of the extended system.

Furthermore, the controller is also verified to possess the optimality by applying the inverse

optimal method.
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. Krstic � Kokotovic

[6] � CLF v{8�xUKYB,*�#)G8�x5% Lyapunov s� (ACLF) 8_e��YGG�o>UKYB,�$j-� ACLF, �-�M9
B,�H8�x:���9d'o>2 O�5%O**�q�6����r�B,vB8UKYB,8M9:�<$�A}B,8J�5% Lyapunov s���DG
B,8�x:�8'X'Æ����)
B,8�x:�8M95%M�"o��A}a��PK�YG\5%M*�l�R>[,Y^"�8��5%�
2 ���	2LzES~B,[7]

ẋ(t) = f(x(t), d(t)) + g(x(t))u(t) (1)h*�x ∈ Rn 32 QF
d(t) ∈ D ⊆ Rl 1�B,��8vB
u(t) ∈ U ⊆ R 3B,5%QF�f, g 3kys���nG���8 λ, f (0, λ) = 0.I` 1
[7]

. $ C1 >����8s� V (x)3B, (1)8J�5% Lyapunovs� (RCLF),zm V (x) R>EIY)�
inf
u∈U

{â(x) + b(x)u} < 0, ∀x 6= 0 (2)h*�̂a(x) = sup
d∈D

a(x, d), a(x, d) =
∂V

∂x
f(x, d), b(x) =

∂V

∂x
g(x).IT 1

[7]
. zmG�B, (1), -� V � RCLF, �4r76 Rn/{0} |ky8M9M

u(x) = κ(â(x), b(x)) (3)

κ(a, b) =







0, b = 0

−
(

c0 +
a +

√
a2 + b4

b2

)

b, b 6= 0
B, (1) J��$:��h* c0 > 0.

3 <�{8(k;��2LzE�r�B,�
Σ1 : ẋ = f (x) + F (x)ζ1 + G(x)ζ2u + ω(x, t) (4)h* x ∈ Rn 32 QF
u(t) ∈ U ⊆ R 3B,5%
ζ1 ∈ Rp, ζ2 ∈ Rq 36���QF
f (x), F (x), G(x) F�ky8
n� f (0) = 0; F (0) = 0; ω(x, t) �6�s���nR>

|ω(x, t)| 6 λ(x), ∀x ∈ Rn, ∀t ∈ R+, h* λ(x) �oq�U[kys��λ(0) = 0. >V8℄8�j
�B 5% u = k(x, ζ̂1, ζ̂2), 
7G�xb ζ1, ζ2, F4r
B, (4) .6:��h*�ζ̂1, ζ̂2 X�3 ζ1 � ζ2 8h�!�I` 2. zmG�B, (4) -�oa� (Rn\{0})×Rp ×Rq |ky85%M u(x, ζ̂1, ζ̂2)R> u(0, ζ̂1, ζ̂2) ≡ 0, 
B,8� (x, ζ̂1, ζ̂2) q+����n� lim
t→∞

x(t) = 0, >V*$B,�q+8�x:��



56 ; E | b Æ 320I` 3. s� V (x, ζ̂1, ζ̂2) R>EI'Æ��$3B, (4)88�xJ�5% Lyapunovs� (ARCLF):

1) V (x, ζ̂1, ζ̂2) ∈ C1, -� κ∞ >s� α1, α2, %D
α1(‖x, ζ̂1, ζ̂2‖)‖x‖ 6 V (x, ζ̂1, ζ̂2) 6 α2(‖x, ζ̂1, ζ̂2‖)‖x‖ (5)

2) G��8 x 6= 0 %D�
sup
ω∈D

inf
u∈R

{

∂V

∂x
[f + F ζ̂1 + Gζ̂2u + ω] +

∂V

∂ζ̂1

(

∂V

∂x
F

)T

+
∂V

∂ζ̂2

(

∂V

∂x
G

)T

u

}

< 0 (6)�� 2. zmB, (4) -� ARCLF, �B,4(o2 M9�Hq+8�x:���Y�f�zE (4) 8;�B, (B,8�f
/ 1)

0 1 <�x:D.�g0
Fig. 1 The extended system structure

Σ2 :



























ẋ = f(x) + F (x)ζ̂1 + G(x)ζ̂2u + ω

˙̂
ζ =

(

∂V

∂x
F

)T

˙̂
ζ2 =

(

∂V

∂x
G

)T

u

(7)Gt�;�B, (7) *�-��r����3U8�xB,�u3 V (x, ζ̂1, ζ̂2) 3B, (4)8 ARCLF, ��t 1 4��V (x, ζ̂1, ζ̂2) � (7) 8 RCLF, u+
,�� 1 4rf�oazE� (Rn\{0})× Rp × Rq |ky85%M u = k(x, ζ̂1, ζ̂2) 
B, (7) q+�$:��
u =

{

κ(a(x, ζ̂1, ζ̂2), b(x, ζ̂1, ζ̂2)), b 6= 0

0, b = 0
(8)h*�a =

∂V

∂x

[

f + F ζ̂1 + sgn

(

∂V

∂x

)

λ

]

+
∂V

∂ζ̂1

(

∂V

∂x
F

)T

, b =
∂V

∂x
Gζ̂2 +

∂V

∂ζ̂2

(

∂V

∂x
G

)T

.EW>V=�Yz|���85%Mr�� (7) �r�8 ζ̂1, ζ̂2, 4r
B, (4) q+8�x:��� V f�zE Lyapunov s��
V1(x, ζ̂1, ζ̂2) = V (x, ζ̂1, ζ̂2) +

1

2
(ζ1 − ζ̂1)

T(ζ1 − ζ̂1) +
1

2
(ζ2 − ζ̂2)

T(ζ2 − ζ̂2) (9)	 ζ̃i = ζi − ζ̂i (i = 1, 2), � V1 h5 (4) 
G��84�4r�Æ3�
V̇1 =

∂V

∂x
[f + Fζ1 + Gζ2u + ω] +

∂V

∂ζ̂1

(

∂V

∂x
F

)T

+
∂V

∂ζ̂2

(

∂V

∂x
G

)T

u − ζ̃
T

1

(

∂V

∂x
F

)T

−
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ζ̃
T

2

(

∂V

∂x
G

)T

u =
∂V

∂x
[f + F ζ̂1 + Gζ̂2u + ω] +

∂V

∂ζ̂1

(

∂V

∂x
F

)T

+
∂V

∂ζ̂2

(

∂V

∂x
G

)T

u

1) 3 x 6= 0, b 6= 0 ��� (8) 1{|
���
V̇1 =

∂V

∂x
[f + F ζ̂1 + Gζ̂2u + ω] +

∂V

∂ζ̂1

(

∂V

∂x
F

)T

+
∂V

∂ζ̂2

(

∂V

∂x
G

)T

u 6 −c0b
2 −

√

a2 + b4 < 0

2) 3 x 6= 0, b = 0 ��� u = 0. V̇1 =
∂V

∂x
[f + F ζ̂1 + ω] +

∂V

∂ζ̂1

∂V

∂x
F . u3 V (x, ζ̂1, ζ̂2)3B, (4) 8 ARCLF, � (6) 
41)

b = 0 ⇒ sup
ω∈D

{

∂V

∂x
[f + F ζ̂1 + ω] +

∂V

∂ζ̂1

(

∂V

∂x
F

)T
}

< 0 ⇒ V̇1 < 0

3) 3 x = 0 ��V̇1 = 0. =|���V̇1 6 0.u+�>V4r7)�OB,8� (x, ζ̂1, ζ̂2) q+���"o��� LaSalle ��Y��4� lim
t→∞

x(t) = 0. u+�B,q+8�x:�� �

4 8(kB�\`Y��o�>V�A}a��8PK[8] X?|����85%i8��Y��t R(x, ζ̂1, ζ̂2)3zEW
�
R−1(x, ζ̂1, ζ̂2) =

{

c0, b = 0

c0 +
a +

√
a2 + b4

b2
, b 6= 0

(10)Gt�R(x, ζ̂1, ζ̂2) > 0. A} (10), >V�5%i (8) 	3zEW
�
u(x, ζ̂1, ζ̂2) = −R−1(x, ζ̂1, ζ̂2)b (11)IT 3. 
B, (4) �$:�85%M (11) l�G�zE1�s�8��5%M�

J = lim
t→∞

[

2
∑

i=1

(ζ̂i − ζi)
T(ζ̂i − ζi)

]

+

∫ ∞

0

(l + uTRu)dt (12)

(12) 
*8 l 3
l(x, ζ̂1, ζ̂2) = −2

(

ā +
∂V

∂x
F ζ̂1 +

(

b̄ +
∂V

∂x
Gζ̂2

)(

−1

2
R−1

(

b̄ +
∂V

∂x
Gζ̂2

)))

(13)h*�̄a =
∂V

∂x
f +

∂V

∂ζ̂1

(

∂V

∂x
F

)T

+ ω, b̄ =
∂V

∂ζ̂2

(

∂V

∂x
G

)T

.eV��|W�t�Gt�a > ā +
∂V

∂x
F ζ̂1, b = b̄ +

∂V

∂x
Gζ̂2. �F�Y l(x, ζ̂1, ζ̂2) > 0,� (10) 7 l = −2

(

ā +
∂V

∂x
F ζ̂1 + b

(

−1

2
R−1b

))

> c0b
2 − a +

√
a2 + b4 > 0. 	

v = u + R−1b = u + R−1

(

b̄ +
∂V

∂x
Gζ̂2

)

(14)
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�4r76
J = lim

t→∞

[

2
∑

i=1

(ζ̂i(t)−ζi)
T(ζ̂i(t)−ζi)

]

+

∫ ∞

0

l+uTRudt =

lim
t→∞

[

2
∑

i=1

(ζ̂i(t)−ζi)
T(ζ̂i(t)−ζi)

]

+

∫ ∞

0

[

−2

(

ā+
∂V

∂x
F ζ̂1

)

−2b(v−R−1b)+vTRv

]

dt =

2
∑

i=1

(ζ̂i(0)−ζi)
T(ζ̂i(0)−ζi)−

∫ ∞

0

[

2

(

ā+
∂V

∂x
Fζ1

)

+2

(

b̄+
∂V

∂x
Gζ2

)T

u+vTRv

]

dt = (15)

2
∑

i=1

(ζ̂i(0)−ζi)
T(ζ̂i(0)−ζi)+2V (x(0), ζ̂1(0), ζ̂2(0))−2 lim

t→∞
V (x(t), ζ̂1(t), ζ̂2(t))+

∫ ∞

0

vTRvdt"o���� u = −R−1b 3�$:�5%M��� lim
t→∞

x(t) = 0, u+� (5) 
76
lim

t→∞
V (x(t), ζ̂1(t), ζ̂2(t)) = lim

t→∞
V (0, ζ̂1(t), ζ̂2(t)) = 0. *��3 u = −R−1b ��l
7

∫∞

0
vTRvdt = 0 .6�S�u+5%M (8) 
1�s� (12) 3�S� �

5 C2LzEJ�UKYB,�
ẋ1 = −x1, ẋ2 = θ1x

2
1 + x2

2 + θ2u + ω (16)h*�θ1, θ2 36�"��ω 6 2(x2
1 + x2

2), _p V =
1

2
(θ̂1x1)

2 +
1

2
(θ̂2x2)

2 3 RCLF, �;�B,4�Æ3�
ẋ1 = −x1, ẋ2 = θ1x

2
1 + x2

2 + θ̂2u + ω,
˙̂
θ1 = x2θ̂

2
2x

2
1,

˙̂
θ2 = x2θ̂

2
2u (17)
, (8) _p

a = −x2
1θ̂

2
1 + x2θ̂

2
2 [x

2
2 + x2

1(θ̂1 + Γ1x
2
1θ̂1) + sgn(x2θ̂

2
2)(x

2
1 + x2

2)], b = x2θ̂
3
2(1 + Γ2x

2
2)S��_p(�! {x1(0), x2(0), θ̂1(0), θ̂2(0)} = {3, 3, 1, 1}. G� θ1 = 1, θ2 = 3 r�

θ1 = 20, θ2 = 10 X�"XS���mz/ 2 �Æ�4r16�%j6���8�
!�v/8!��2��U�|NB,8�$:�Y�
(a) θ1 = 1, θ2 = 3 �C-93!

(a) System states (θ1 = 1, θ2 = 3)

(b) θ1 = 20, θ2 = 10 �C-93!
(b) System states (θ1 = 20, θ2 = 10)0 2 T��n

Fig. 2 Simulation results
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6 �P(o�J�5% Lyapunov s�v{8�x5%8��*�7)Go,Gq�6���UKYB,"X:�5%8PK�\5%i*����.���Y�3t�\PK8m#'Æ��)oau�8J�5% Lyapunovs��Ii�J�5% Lyapunovs�8��q�^H�st8�m4rA}[9,10]
. u+��9#)8PK�lO8x}m&
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