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Abstract The robust stability of a class of Hopfield neural networks with multiple delays and
parameter perturbations is analyzed. The sufficient conditions for the global robust stability of
equilibrium point are given by way of constructing a suitable Lyapunov functional. The conditions
take the form of linear matrix inequality (LMI), so they are computable and verifiable efficiently.
Furthermore, all the results are obtained without assuming the differentiability and monotonicity of
activation functions. From the viewpoint of system analysis, our results provide sufficient conditions
for the global robust stability in a manner that they specify the size of perturbation that Hopfield
neural networks can endure when the structure of the network is given. On the other hand, from
the viewpoint of system synthesis, our results can answer how to choose the parameters of neural
networks to endure a given perturbation.
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1 Introduction
The investigation and application of Hopfield neural networks with symmetric interconnecting

L2 ip classification, parallel com-

structure have extended to many fields and gained abundant fruits!
puting, associative memory, especially in solving some optimization problemsm. However, it is impos-
sible to realize the absolute symmetry of interconnecting structure due to the influences of parameter
perturbations. On the other hand, time delay occurs inevitably and may bring oscillation during the
implementation process of Hopfield neural networks!. Hence, it is important to consider the influ-
ences of time delay and interconnecting structure when we analyze the stability of Hopfield neural
networks. [5,6] investigated respectively a class of Hopfield neural network models with special inter-
connecting structure, but they imposed strict restrictions on interconnecting structure and did not take
into account the influences of time delays and parameter perturbations. [7] analyzed the parameter
perturbations of interconnecting structure in detail, but the interconnecting matrix 7" was supposed
to be symmetric after perturbation, which is very difficult to realize in practical application. To solve
the above problems effectively, this paper will study the robust stability of a class of delayed Hopfield
neural network models with parameter perturbations, which involve the perturbations of self-feedback
terms and the perturbations of interconnecting structure. Some criteria for the global robust stability
of Hopfield neural networks will be established by constructing a suitable Lyapunov functional. The
conditions presented in the paper are in the form of linear matrix inequality, thus, have the advan-
tage that they can be solved numerically and very effectively using the interior-point method. These
sufficient conditions are very practical in the process of design and implementation of Hopfield neural
networks.

2 Network model
The Hopfield neural network model with multiple delays can be described by

K
z(t) = —Cx(t) + ToS(x(t)) + ZTkS(a:(t — Tk)) (1)
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where x = (21, - - 7alcn)T € R" denotes the state variables associated with the neurons, C' = diag]c1, - - -,
cn] with ¢; > 0,4 =1,---,n, denotes the self-feedback matrix of the neurons. Ty € R"*" denotes that
part of the interconnecting structure which is not associated with delay, Ty € R"*"™ denotes that part of
the interconnecting structure which is associated with delay 7, where 7, denotes kth delay, k =1,---, K
and 0 < 1 < -+ < 7 < +o0. S(x) = [s1(z1),-- -7sn(xn)]T denotes the activation functions, where
si(xi), i =1,---,n satisfies Assumption 1 in the following and s;(0) = 0.

The initial condition is x(s) = ¢(s), for s € [—7k,0], where ¢ € C([—7k,0],R"). Here,
C([-7Kk,0],R") denotes the Banach space of continuous vector-valued functions mapping the inter-
val [—7k,0] into R™ with a topology of uniform convergence.

Assumption 1. For i = 1,---,n, s;(x;) is bounded and satisfies the following sector condition
0< 5o ou (2)
T

Considering the influences of perturbations, then (1) can be described as

K
z(t) = —(C+ AC)x(t) + (To + ATo)S(x(t)) + 2:(T;c + ATy)S(x(t — 1)) 3)
k=1
where AC = diag[Aci, -, Acy] € R and ATy, € R™*", k = 0,---, K are time-invariant matrices
representing the norm-bounded uncertainties.

Assumption 2. We assume that the norm of the perturbations AC and ATy, k=0, -+, K are
bounded and

[AC ATy---ATy]=HF[A By---Bk] (4)

where F' is an unknown matrix representing parametric perturbations which satisfies
F'F<E (5)
where F is an identical matrix, and A, By, - -+, Bx can be regarded as the known structural matrices of

perturbations with appropriate dimensions.

Definition. The equilibrium point of system (1) is said to be globally robustly stable with
respect to the uncertainties AC and ATy, k = 0,---, K, if the equilibrium point of system (3) is
globally asymptotically stable.

Distinctly, the origin is an equilibrium point of (1) and (3). Thus, in order to study the global
robust stability of the zero solution of system (1) with respect to parametric uncertainties AC and
ATy, k = 0,---, K, it suffices to investigate the globally asymptotic stability of the zero solution of

K

system (3). Now, the interconnecting matrix 7' = Ty + ATy + Z(Tk + ATy) is nonsymmetric due to
k=1
the influences of uncertainties ATy, k=0, -+, K.

Lemma 1. ([8] Michel, et al.) For a functional differential equation with time delay @(t) =
f(t, z¢), if there exists a continuous functional V' (¢, ¢) such that there exist non-decreasing continuous
functions w,v,w : RY — R, which satisfy w(0) = v(0) = 0, u(||e0)]) < V(t,¢) < v(j¢|) and
V(t, ) < —w(||@(0)]]), then the solution & = 0 of the functional differential equation is asymptotically
stable.

In the above Lemma, || - || denotes the Euclidean vector norm on R"™. x(-) denotes the restriction
of z(-) to the interval [t — 7k, t] translated to [—7x,0]. For s € [—7x,0], we have z:(s) = x(t + s),
where ¢t > 0. For any ¢ € C([—7k,0], R"), we define |¢| = max{||e(¥)]| : t € [-7x,0]}.

Lemma 2. If U,V and W are real matrices of appropriate dimensions with M satisfying
M = M7, then

M+UVW +W'VTUT <0 (6)

for all VTV < E, if and only if there exists a positive constant e such that

M+ 'UUT +eW W <0 (7)
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In the following section, we will give the sufficient conditions for the globally asymptotic stability
of equilibrium point = 0 of system (3).

3 Robust stability

Theorem. The equilibrium point £ = 0 of system (3) is globally asymptotically stable for
arbitrarily bounded delay 7y, if there exists a positive definite matrix P, positive constant € and positive
diagonal matrixes A = diag[Ak1,- -, Akn), where A\g; > 0,4 = 1,---,n, k = 0,---, K, such that the
following linear matrix inequality (LMI) holds

K -
(—C’TP—PC’ +Y Ap+eATA PTxEM—eA"BkEM .. ... TPREM-cA"BEM PH
k=0
EMTEP—cEMBEA Ag +eEMBEBREM ... ... eEMBEByEM 0
. . . <0
EMTIP—cEMBTA eEMBI B EM ceo oo Ao+ eEMBIBEM 0
\_ HTP 0 R 0 —<1 |
(8)
where EM = diag[o?’, - - -, o).
Proof. By (2), we can rewrite (3) as
K
a:(t) = —(C—|—AC)x(t) (T0+ATO) +Z Tk +ATk (t—Tk)):B(t—Tk) (9)
k=1
where
B(x) = diaglo1(z1), -+, on(zn)], oi(zi) = si(zi) /@i, i=1,-,n
Then o;(z;) € [0,0].
Here, we introduce the following Lyapunov functional
V(a:) = 27 (t) Pa(t +Z/ 0) Aax:(0)d0 (10)

=1 =7k

K
Clearly, we have Amin(P)||z:(0)]|* < V() < (AmaX(P) +> Tk)\max(/lk)> |2¢|?.
k=1
The derivative of V(x+) with respect to ¢ along any trajectory of system (9) is given by

K K
V(x:) =& (t)Pe(t) + " (t)Pa(t) + Z T () A (t) Zm (t — ) Az (t — 1) =

—2"(W)[(C+ AC)TP + P(C + AO)]x(t —I—Z:c ) A (t) + 2 (t) Ao () +

«" () P(To + ATo) E(z(t)) Ay ' E” (2(t))(To + ATo) " Pa(t)—
[W (t) — Ay P ET (@()(To + ATo) " Pa(t)] " [Ay *2(t) — Ay 2 ET (2(t))(To + ATo) " Pa(t)]+

Zaz Tk—|—ATk) ( (t—Tk))AIZlET(:E(t—Tk))(Tk+ATk)TP33(t)—

(A 22t — 7)) — AL PET (w(t — 7)) (T + ATy) T Pa(8)]" x

k=1

A P@(t —7) — AP ET (@t — 7)) (T + ATwT (t)] <

— 2" (t)[(C+ AC)"P + P(C + AC)|x(t —I-Z:c t) Ap(t
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x" (t)P(To + ATo)E(x(t)) Ay " E™ (x(t))(To + ATo) " Px(t)+

> @t (t)P(Ty + ATy E(ax(t — ) A, ET (x(t — 7)) (T + ATy) " Pa(t) (11)
k=1

For any given t, if we let
Yi (t) = (k1. -+ yen) = 2 () P(Tr + ATi) (12)
then the last term of (11) assumes the form

n

K n K
Zyk x(t —7k)) Ay IET( (t = 7))yt :Zzygz)\m Uz @it — 7x)) ZZZ/MAM ot

k=11i=1 k=11i=1

K
> @t (t)P(Tx + ATy) EM A EY (T + AT,) " Pa(t) (13)
k=1

Similarly, we have

T@)P(To + ATo)E(x(t) Ay "E™ (2(t))(To + ATo) " Pa(t) <

x
T ()P (To + ATo)EM Ay ' EM (To + AT Pa(t) (14)
From (13) and (14), we can express (11) as

K
V(x:) < :vT(t){ —[(C+AC)"P+P(C+AC)+ > Mt

k=0
K
> P(Tx + ATy)EM A EM (T, +ATk)TP}a:(t) (15)
k=0
Here, we define
K K
SM = —[(C+AC)"P+ P(C+AC) + Y Ax+ Y _ P(Ty+ ATY)EM A EM (T + ATy)* P (16)
k=0 k=0

By (15), V(2¢) < —Amax(=S™)[|2(t)]|* = —Amax(—S™)||x¢(0)]*> can be derived. From Lemma 1, we
know that the equilibrium point * = 0 Of system (3) is globally asymptotically stable when SM <.

Then, according to Schur Complement , SM < 0 can be expressed by the following linear matrix
inequality
K -
(—[(c +AC)TP+ P(C+AC) + Y A P(Tk + ATx)EM - - P(Ty+ ATo)EM
k=0
EM(Tx + ATg)TP —Ax 0o .- 0
. <0
0
: : R 0
L EM(Ty + ATo)™ P 0 .0 Ao |
(17)
In fact, (17) is exactly
K -
(—CTP—PO+ZA;€ PTxEM ... ... PT,EM
k=0
EMTEP —Ax 0 - 0
. +
0
: : 0
L EMTIP 0 o0 .
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—ACTP - PAC PATxE™ PATLEM
EMATEP 0 0
: <0 (18)
EMATTP 0 0
Because of [AC ATy---ATkg] = HF[A Bo---Bxk], (18) can be expressed as
K -
(—CTP —PC+Y Ay PTxEM PT,EM [pH]
k=0 0
EMTEP —Ax 0 0 . . .
) o +| @ |F[-A BgxEY .. ... BoEM )+
: f 0 0
L EMTTP 0 e 0 —Ao
_AT
EMBE
: F'e*™p o - ... 0]<0 (19)
EMBY

Using Lemma 2, we know that (19) holds for all F*F < I if and only if there exists a constant & > 0

such that
— K -
-C"P-PC+Y A, PTxEM PToEM PHH™P 0 -~ ... 0
k=0 0 0 -+ --- 0
EMTZP —Ag 0 0 1 . o
. + = : +
0 € .
. . . 0 0 0 0
EMTIPp 0 0 —Ao ]
ATA —ATBgEM —ATByEM
—EMBEA EMBYBrEM EMBEByEM
€ : : : <0 (20)
—EMBfA EMBIBrEM EMBFBy,EM

Rearranging (20), we get

- K -
—C"P—PC+) A+ L pHHE™P AT A PTxEM —cATBxkEM ... ... PToEM —cATBoEM
&
k=0
EMTEP—cEMBLA A +eEMBEBREM ... ... eEMBLByEM

. . . <0

L EMTIP_¢EMBFA eEMBIBkEM ... ... —Ao+eEM B BoEM |
(21)

By use of Schur complement, (21) is equivalent to the condition (8). The proof is completed. O
Since the norm of the perturbations AC and ATy, k = 0,---, K is bounded, the corollary below

can be obtained easily by the definition and properties of matrix norm.
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Corollary 1. For arbitrarily bounded delay 7, > 0, k = 1,-- -, K, the equilibrium point = 0 of
system (3) is asymptotically stable if

K K
2|Poll - IACH + D Akl + (™) - I1Poll* - D N4 - (I Twll + AT ) < 2 (22)

k=0 k=0
where Py = diag[l/c1,---,1/cn], ™ = max{o} : 1 < i < n}. Here, || - || denotes the matrix norm

induced by the Euclidean vector norm, i.e., || Po|| = v/ Amax(Py Po)-

The corollary follows from S™ < 0 by choosing P as Po.

Corollary 1 gives the condition under which small parameter perturbations cannot result in change
of the asymptotically stable equilibrium point @ = 0. Meanwhile, this corollary is helpful to adjust
the parameters of network to minimize the influences of perturbations when we design Hopfield neural
networks.

Using Lemma 2 many times in the proof of the theory, we can have the following corollary.

Corollary 2. The equilibrium point & = 0 of system (3) is globally asymptotically stable for
arbitrarily bounded delay 7 if there exists a positive definite matrix P, positive constants i, k =
0,---,K + 1 and positive diagonal matrixes Ar = diag[Ag1,- -, Akn], where A\g; > 0, ¢ = 1,---,n,
k=0,---, K, such that the following linear matrix inequality (LMI) holds

K
LCTP7PC+ZA,€+5K+1ATA PTEM PTyEM PH .. ... pH|
k=0
eMTEp Ag+exgEMBEBEM 0 ... 0 0 0
0
. . B . 0 . B B . <0
eMrlp 0 0 —Ag+eqEMBI BoEM 0 )
HT P 0 0 —egpal 0 - 0
0
HT P 0 0 0 0 —eqI
(23)

The proof of the corollary and the simulations are omitted due to space limitation.

4 Conclusion

During the implementation process of Hopfield neural networks by electronic circuits, time de-
lays and parameter perturbations are inevitable. This paper studies the robust stability of a class of
Hopfield neural network models with multiple delays and parameter perturbations, and gives the suf-
ficient conditions for the asymptotic stability of equilibrium point & = 0 for arbitrarily bounded delay
Tk, k = 1,--+, K, which take the form of linear matrix inequality. Since the perturbation norms are
bounded in general, we give a useful corollary by means of the definition and properties of matrix norm.

In applications, the bound of delays is frequently not very large and is usually known. Therefore,
the next research work is to discuss further whether we can obtain the sufficient conditions for the
robust stability of equilibrium point, which depend on time delay 74, k =1,---, K.
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