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Abstract This paper formulates the active suspension control problem as a disturbance

attenuation problem with time-domain hard constraints. In the framework of multi-objective

control, this paper suggests a mixed H2/generalized H2 control strategy based on LMI opti-

mization for the disturbance attenuation problem with constraints: the generalized H2 norm

is adapted to capture requirements of satisfying time-domain hard constraints and the H2

norm is used to minimize the performance output. The control problem with hard constraints

is converted to an LMI based semidefinite programming problem. Analysis and simulation

results for a half-car model are presented. Finally, integrative real-time experiments of RCP

and HILS were made to validate the proposed control approache.
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4 � ? O	kÆ LMI �Z`UpV���!>F 551p�xT�Yh3��[1]
; O�=Jl-R!I�G�<DU(�;Ip>[2]

. ChSM�g):��[7Tt}GD�^���0TmT�^<D"�o#i(^Mo�I[SY	�[3∼7]
, R> LQG <D�^\~<D�H∞ <DGÆ4M<Dbb�,�	�i�r[1,M�g)}0Q�J%�j"Vj^� Bm� )�h<℄[j"h�<D��4�{+�^Qy"��\XX$}0%(=t�ZQC!,�M�g)J�B
Boe\MRg�X���|M�^�XBg(;I7~^3k��r6[1]

. i,f^4g���T�^<D"�;���k)�^�6rD"���IjN6LMPJ"�^ H2/ 6v H2 bJ<D	��%p-Q<X)��{;%I[�4^<D�Fv��'GÆQ&�-�
2 VqW�,�a}jTmT�q^�tÆ<�G�->� 1 zW[8]

. �J�zc G φ �$"W <T1HYPCL^N:�nG�e�
zsi, zui G zri �$"W#QT�^T1HY�ÆT1HYppey^N:�n
fa1 �#T�<DU?�fa2 �QT�<DU?�<X#0m^Avp.>	" 1.�FT1HY[�M^�%'+
N<G�e	:C^^�t�u"ÆT1HY#^!N<	:C+
^�t�r4"Æ<)�+
q"^�t��mUZ	C>-� � 1 ra	v�>�H
Fig. 1 Schematic diagram of the half-car model

Msq̈ = GCs(żu − żs) + GKs(zu − zs) + Gfa (1)

Muz̈u = Cs(żs − żu) + Ks(zs − zu) + Ku(zr − zu) − fa (2)�J�q = [zc φ]T ∈ R2, zu = [zu1 zu2]
T ∈ R2, zs = [zs1 zs2]

T ∈ R2, zr = [zr1 zr2]
T ∈ R2,

fa = [fa1 fa2] ∈ R2. U (1) G (2) J^(1Av>-�
Ms =

(

ms 0

0 Iφ

)

, Mu =

(

mu1 0

0 mu2

)

, Cs =

(

cs1 0

0 cs2

)

Ks =

(

ks1 0

0 ks2

)

, Ku =

(

ku1 0

0 ku2

)

, G =

(

1 1

−lf lr

)14�Ms GMu [6^�� zs G q !mUZCsd zs = GTq ^3)�{Pa GTM−1
skB (1) ^Ww℄ (-UJ Msg = GTM−1

s G)

z̈s = Msg[Cs(żu − żs) + Ks(zu − zs) + fa] (3)ey�6?6p��WJ�yley�6 (0m) G3kMey�6 (�eyC��S^^:��b7L)
[1]

. yley^(�t�ey^N<vt{h��+j�wt6!t



552 a p Z ℄ � 32/��Gzr
(f) = 4π2G0V , �J�G0 [ey(�t)m�V [<X#�vt�[ zr {h�

żr = 2π
√

G0V w(t), zr = [zr1 zr2]
T {~#mGQmW"�6?�w = [w1 w2]

T [;jXeyvt?� # 1 ��;l>2o
Table 1 Parameters of the half-car model1n (�E) ? 1n (�E) ?U2IZ (ms) 690kg =IXn5Z (Iφ) 1222kg · m2$U�f� (Cs1) 1000N · s/m RU�f� (Cs2) 1000N · S/mQD\$R_-L (lf ) 1.3m QD\RR_-L (lr) 1.5m$U��U2IZ (mu1) 40kg RU��U2IZ (mu2) 45kg$nn~�u (ku1) 200000N/m Rnn~�u (ku2) 200000N/m$U��u (ks1) 18000N/m RU��u (ks2) 22000N/miTnKD (Smax) 0.08m iTnnV (Fmax) 1500NX.Z�:Y xv = [(zs − zu)T żT

s (zu − zr)
T żT

u ]T ∈ R
8, � (2) G (3), q^�tTmT�Æ<^Z�;��G{h��

ẋv = Avxv + Bvfa + Fvw (4)�J#)m(1>- (02 G I2 �$"W 2 × 2 �^^(1GV�(1�):
Av =









02 I2 02 −I2

−MsgKs −MsgCs 02 MsgCs

02 02 02 I2

M−1
u Ks MuCs −M−1

u Ku −M−1
u Cs









, Bv =









02

Msg

02

M−1
u









, Fv =−2π
√

G0V









02

02

I2

02







FvT�_/g4g<XBoe\M^g)��<HN<}vt z̈c ��e}vt
φ̈ [��e\M^TgA ��	C� q̈ = [−M−1

s GKs, −M−1
s GCs 0 M−1

s GCs]xv +

M−1
s Gfa, �J�q = [zc φ]T. �/3 kM^g)�m}�ey^m�F(�;�m}^$�F[1]

, r kui(zui − zri) 6 fkui, i = 1, 2. �J�kui(zui − zri) �m}m�F�fkui �m}$�F�'*<X$�-U�NpU(�N	Ce℄
fku1 = (lrmsg + (lf + lr)mu1g)(lf + lr)

−1, fku2 = (lfmsg + (lf + lr)mu2g)(lf + lr)
−1��T�lA�-^JC3D�^~T�^mJC3D!jk^����pxYh3���\Boe\M�r |zsi − zui| 6 Smax, i = 1, 2. `�4g[ <�ml^+j3D�i_s�l-B��,
3^TmU |fai| 6 Fmax, i = 1, 2.bC�TmT�<D)�^}0M�IG;jX�kI�$�

z1 =

[

q1z̈c

q2φ̈

]

, z2 =









zs − zu

Smax
Fk(zu − zr)

fa

Fmax









(5)�J Fk = diag(
ku1

fku1
,

ku2

fku2
), q1 G q2 [Uk}0)m�'* [7] . q1 = 1 G q2 = q1

√

lf lr. TmT�<D"�6{h�[9]
: ^(j"<D��T<X)��℄ k
sd1,��k	
 (�kI z2 #�u^1{>< 1) %"6��BBoe\M (h<XM�I z1);4g<X)�^(3kM��℄)�^~+
�%^b�M�



4 � ? O	kÆ LMI �Z`UpV���!>F 553

3 H2/ 8x H2 dL?G
3.1 H2 ����� H2 ��

H2 M�
WN&Muv[10]
: 1) )�rH8~-1,I�Y^�	'
2) �#K?-)���I^	6��'>??ED[sT^�H2 �m'[I^ RMS >�Q? w [I z ^6v H2 �mkv>-[11,12]

‖G‖g := sup{‖z(t)‖ : xcl(0) = 0, t > 0,

∫ t

0

‖w(τ)‖dτ 6 1} (6)|{h[? w �V��YEDO�I z !O�C^�>�{P�X)�?[�Y
�EDO�6v H2 M�[{hO�CI��k^j"J\^A �
3.2 H2/ �� H2 �(zy�Tz�o^	�(+jM�F�<{;�>-Z�	C{h�
ẋ(t) = Ax(t)+B1w(t)+Bu(t), z1(t) = C1x(t)+D1w(t)+D1u(t), z2(t) = C2x(t)+D2uu(t) (7)�IG<D�k�

|z2i(t)| 6 z2i,max, i = 1, 2, · · · , p2, t > 0, |ui(t)| 6 ui,max, i = 1, 2, · · · , m2, t > 0 (8)UJ x ∈ Rn [Z�:Y�w ∈ Rm1 [�6?�u ∈ Rm2 [<D?�z1 ∈ Rp1 [ H2 M�I�z2 ∈ Rp2 [�kI�%'�S D2u 6= 0. ��z4g^<D"����� 1. Fvj"<D��T℄�℄)��, k�Q�6? w(t) [�XI z1(t)^ H2 �mh<�%'Q�6? w(t) [�kI z1(t) ^6v H2 �m<%k^5m
ρ. a G1 G G2 �$"W�℄)��6 w(t) [�XI z1(t) G�kI z2(t) ^MgBm�&�� 1 ;��

min ‖G1‖2, sd‖G1‖2
g 6 ρ, ρ > 0FZ��G'y� K, & u = Kx, {~^�℄)��









Acl Bcl

Ccl,1 Dcl,1

Ccl,2 Dcl,2









=









A + BK B1

C1 + D1uK D1

C2 + D2uK D2









(9)!~� <D^(F-�� Acl [ k^�' ‖G1‖2
2 < v, ‖G2‖2

g < ρ, X'�XR! P =

PT > 0, S > 0 T℄[12]

(

AT
clP + PAcl PB1

BT
1 P −I

)

< 0,

(

P CT
cl,1

Ccl,1 S

)

> 0, T race(S) < v, D1 = 0,

(

P CT
cl

Ccl ρI

)

> 0

(10)a Q = P−1 G Y = KQ, r6℄[>-3 v, Q, Y, S ^ LMI
[13]

(

AQ + QAT + BuY + Y TBT
u B1

BT
1 −I

)

< 0,

(

Q QCT
1 + Y TDT

1u

C1Q + D1uY S

)

> 0

Trace(S) < v, D1 = 0,

(

Q QCT
2 + Y TDT

2u

C2Q + D2uY ρI

)

> 0 (11)



554 a p Z ℄ � 32/�[T�℄)�e℄a8su^m��M (>J\^e
�G8~vt), �j*4g{�℄oh�J+��C��[�P� LMI 	��')�� S �y^�"%k+��^oh�� [14] �I[ LMI +���� LMI +�[ S �yC^j"�+��kv>-�
D = {s ∈ C : L + Ms + MTs̄ < 0} (12)�J L = LT = [λjk]16j,k6m G M = [µjk]16j,k6m [3k^Qm(1�(1 Acl ^1,�3>�%k LMI +� (12) �^Gg	
[R!{�(1 P > 0 sd-y^ LMI.

[λjkP + µjkPAcl + µkjA
T
clP ]16j,k6m < 0 (13){P��� 1 ;��)jg LMI ��k	
^h�"�

min
v,Q,Y,S

v,T℄ LMI(11) G (13) AT (14)>?Æk9U"� (14) R!h�� (v∗, Q∗, Y ∗, S∗), &zFv^ H2/ 6v H2 Z��G<D� K∗ = Y ∗Q∗−1, '�6�℄)�
1) [�, k^�'�℄oh�Ak^ LMI +��

2) !7TsT^V�%t�#K�6-�z1(t) ^ RMS >� √

v∗; {V�rH�6�
z1(t) ^�Y(;� √

v∗;

3) !V��Y�6-sd1,z4g^��k	
�
4 H2/ 8x H2 VqW�?G
4.1 �(����G (4) J�)m 2π

√
V0V [eyvt?^;jX{℄�WQyey(�(F[(3k^�{Pa W = 2π

√
G0V , 6p W m�<D�j�0m��$. W = 0.05, 0.10,

0.15, �� LMI �X"� (14) )� H2/ 6v H2 Z��G<D��z℄[^�℄)�Q#meyvt?[<H}vtGm$�F�^�j8~>� 2 zW�14�W ^.>�

� 2 W /)Æ�PUpV�`�k9� W = 0.05(− · −), 1.10(−), 0.15(− −)

Fig. 2 Frequency responses for different W
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� W ^.>�<�u�\ÆT1��^e
�<�a|�ÆT1,��S^0Y�Qmeyvt?^�j8~(F�#m^Jt�*L4gQ. W = 0.10,{~^Z��G'y�
K∗ =

[

8.5445 −0.4455 3.1192 −0.3049 −0.0990 −0.0331 −0.2024 0.0075

−0.0806 −0.0391 0.2703 −0.0036 11.2451 −0.3361 6.3672 −0.1527

]{~^�℄)�h� H2 �m>� 6.50. O��6v H2 �k^&Muv69�sd��k^	
[?�}0V��YED�r>?�6�Y(;� 0.12 = 0.01m2/s (� W 2 vx℄[), &� K∗ <D^�℄)�sd1,4g^��k�
4.2 |�"{& <!(�eyCJTOzL^℄%[~�^�(3k^�> <)F�X� <�H0m�X��,�6>�:��Ub�,N4g>-(3kM0m.>(F�(F 1. T1HY ms = m̄s(1 − 40%), <HWm4Y Iφ = Īφ(1 − 40%), #}�t
ku1 = k̄u1(1 − 10%), Qm}�t ku2 = k̄u2(1 − 10%);(F 2. T1HY ms = m̄s(1 + 40%), <HWm4Y Iφ = Īφ(1 + 40%), #}�t
ku1 = k̄u1(1 + 10%), Qm}�t ku2 = k̄u2(1 + 10%);(F 3. m����(3kM0m.�v>�
4.2.1 �#|�<H}vtm�NYBoe\M^ [�(�!O�Cg)��>"6�d��'!���g)�N<}vt�>! 4-8Hz ^�y��p�}vt�>! 1-2Hz ^�y��<�C[1]

. � 3 �$%I[!#mGQmey?mO-�<HN<}vtG�e}vt^��8~,4�1	! 1-8Hz �y�{:ujN(3k0m.>(F�H2/ 6v H2 TmT�<^Boe\M��mT�<
~1� �

� 3 >J~wv`�k9�	UpV� (−), �pV� (− · −)

Fig. 3 Frequency responses of the body acceleration: active suspension (−), passive suspension (− ·−)

4.2.2 RMS '|�
H2/ 6v H2 TmT� (AS) #I^ RMS >	" 2, �J HEAV "W<HN<}v
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PITC "W<H�e}vt
SSF G SSR �$"W#�QT�mJC
RDF G RDR �$"W#�Qm}m$�F�
ACCG ACR �$"W#�QT�TmU���mT� (PS)7��%o�jN0m.>(F�#+r"2I(C^Boe\M��')�^��k	
2℄[sd� # 2 UpV�$dJ RMS �
Table 2 RMS values of variables

HEAV [
m

s2
] PITC [

rad

s2
] SSF [m] SSR [m] RDF RDR ACF [KN ] ACR [KN ]

1
AS 0.7357 0.5834 0.0115 0.0099 0.3723 0.3739 0.1640 0.1354

PS 1.1110 0.8738 0.0098 0.00937 0.2793 0.3201 / /

2
AS 0.3552 0.2813 0.0140 0.0127 0.2121 0.2166 0.1835 0.1624

PS 0.5888 0.4620 0.0143 0.0133 0.1613 0.1905 / /

3
AS 0.4707 0.3731 0.0128 0.0114 0.2628 0.2670 0.2605 0.2238

PS 0.7498 0.5886 0.01227 0.01157 0.1989 0.2324 / /

4.2.3 r
��X <��eyC^:f�O�ey?6p3m�Y
�ED�4g(�t)m�
G0 = 128 × 10−6m3 ^jyeyC
j"9�IV�� (04={ [ GB 4970-85), �mZ{h� Am

2
(1 − cos

2π

L
l), 0 6 l 6 L, UJ Am = 0.1m, L = 5m, l "Weyp��n��F

V = 30km/h, &9�IV��z7L^vt�Y� 0.1661m2/s. �-℄b�)#y�F^AN(3k(F�$�A�>� 4 zW�6	���mT�7��jO8^I�>~1�<��'j�O�Mx��S^�B[Boe\M�!�mT�^�kI;I3D^OP�TmT�^�kI	
;�sd�

� 4 �A9�	UpV� (−), �pV� (− · −), �l
�`� (− −)

Fig. 4 Bump responses: active suspension (−), passive suspension (− ·−), bound of constraints (− −)
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4.3 �q�|�4gT1HY ms G<HWm4Y Iφ �$R! ±60%^Em�#�Qm}�t kui(i =

1, 2) �$R! ±80% ^Em�� 5 G� 6 �$%I[ H2/ 6v H2 T�<b� kMGb�M�^�-�z> µ �',4G�mT�^ µ �',4���6	�H2/ 6v H2 T�<!1,4g^(3kM-��.3��℄)�^b� kMGb�M��
� 5 d�!lO µ �(-6

Fig. 5 Structured singular value (µ) plots for robust stability

� 6 d�O	` µ �(-6	UpV� (−), �pV� (− · −)

Fig. 6 Structured singular value (µ) plots for robust performance: active suspension (−), passive

suspension (− · −)

5 RCP q HILS m�[Sd��j*�bz�	�^Q>M�$v{z�x�l[QOBv�G (RCP) p�
!_e�- (HILS) ^j�XQb�RCP [<Dx�!j"QO^�
i�CQ2
�
HILS [�QO�-)�H���<{;f�,℄%�!�RJ�/�Æ<)�Æ4M�GH�A HILS. '*�|e�kh��mUZ	C>-

z̈c =
1

ms
[−(cs1 + cs2)żc + (lfcs1 − lrcs2)φ̇ cosφ − ks1(zs1 − zu1) − ks2(zs2 − zu2)+

cs1żu1 + cs2żu2 + fa1 + fa2]

φ̈ =
1

Iφ
[−(l2fcs1 + l2rcs2)φ̇ cos2 φ + (lfcs1 − lrcs2)ż cosφ + lfks1(zs1 − zu1) cosφ−
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lrks2(zs2 − zu2) cosφ − (lfcs1żu1 − lrcs2żu2) cosφ − lffa1 cosφ + lrfa2 cosφ]

mu1żu1 = cs1(żc − lf φ̇ cosφ − żu1) + (ks1 + kt1)(zs1 − zu1) − kt1zc + lfkt1 sin φ + kt1zr1 − fa1

mu2żu2 = cs2(żc − lf φ̇ cosφ − żu2) + (ks2 + kt2)(zs2 − zu2) − kt2zc − lrkt2 sin φ + kt2zr2 − fa2,N%IW"��iG^Qb�Qb 1. <v V = 30m/s, ey(�t)m G0 = 1.024× 10−5m3, D sey
Qb 2. <v V = 20km/h, ey(�t)m G0 = 1.28 × 10−6m3, �:ey�Qb�?>� 7 G� 8, 6p3[� RCP G HILS j�XQb℄[[�K4�-℄b!t^�?�a8su^Boe\MG{�kI^
>rD�,�j*b6[x�^
>MG7~^�'�o�

� 7 R 1 `�>dJ9�
Fig. 7 Output response of the first experiment

� 8 R 2 `�>dJ9�
Fig. 8 Output response of the second experiment

6 �q��TmT�<D^M�g)��M�IG�kIW,��p6v H2 �m{h)���k�O H2 �mm�M�A ��I[jN�k)��6rD^bJ<Dx��!~� LMI <D^D�-��x�6p<D�^FvWX�)�pjg LMI



4 � ? O	kÆ LMI �Z`UpV���!>F 559m�k^�X"��Fv+�R4gMD^jW"}0)m�'6p�A{TmT�4�M�^j���J%I[,N	�^Z��GIU�%pQy<X�G�{;Fv[T�<D���$Q���M�O��M�rH8~Gb�Mb	y%I[<D)�^�-G�'�?���j*�b	�^
>MGQOM�̂ �J[QOBv�G (RCP) p�
!_e�- (HILS) ^j�XQb��'G�-�?"~��Jz�I^<Dx�[&Q
>G+
Q��>^��Jz�I^	�+
��M�{�|Jt^<D"�G�<{;h6p�J8℄�
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