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Abstract The problem of global stabilization by state feedback for a class of time-delay nonlinear
system is considered. By constructing the appropriate Lyapunov-Krasovskii functionals (LKF) and
using the backstepping design, a linear state feedback controller making the closed-loop system
globally asymptotically stable is constructed.
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1 Introduction

Nonlinear system with delay constitute basic mathematical models of real phenomena and time
delays are often encountered in various engineering systems. Moreover, the existence of time delays is
frequently a source of instability in some way. Hence, the problem of stability analysis of time-delay
systems has been one of the main concerns of researchers wishing to inspect the properties of such
systems.

In [1], the output feedback stabilization was considered for a class of time-delay nonlinear systems
with delay only dependent on output. [2] studied the problem of almost disturbance decoupling for
strict feedback nonlinear delayed system with adaptive Lo-gain disturbance attenuation. In [3], using
backstepping method, the author considered the state feedback stabilization for a class of time-delay
nonlinear systems, however, its main result is not correct in general. So, it is very difficult and much
valuable to proceed the stability analysis for nonlinear time-delay systems.

The backingstepping design method is a powerful tool to design stability controllers for nonlinear

system!>%°. In this note, based on the backstepping design method, the stability controllers for a
class of nonlinear time-delay systems are constructed. Moreover, different from [1] and [2], our stability

controllers are linear.

2 Preliminaries
In this paper, we consider the following single-input-single-output (SISO) delay systems
xl(t) = :Ei+1(t) + ¢Z(t7m(t)7 x(t - d)vu(t))7 t=12,---,n—1
Tn(t) = u(t) + én(t, z(t), =(t—d),u(t)) (1)
where © = [z1,---,2,]7 € R"™ is the state vector, u € R is the input, d > 0 is a known time
delay of the system. In this paper, we always denote z;(t) and &;(t) by z; and &. The mappings
¢i : RXR"x R" X R — R,i=1,2,---,n, are continuous and satisfy the following linear growth
condition.
Assumption 1. For i = 1,2, -+, n, there exist constants ¢ 2> 0 and ¢; = 0 such that

|fs(t, @, 2(t — d),u)| <) foel+ ey fan(t - d)| (2)
k=1 k=1

Under the above assumption, we design the linear state feedback controller

u=Ka(t)
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such that the closed-loop systems (1) and (3) are globally asymptotically stable (GAS) at the equilib-
rium z = 0.

In the case of ¢; = 0 in Assumption 1, [5] and [6] have respectively studied the output feedback
control and the state feedback control for system (1).

3 Main result

Theorem 1. Under Assumption 1, there exists a linear state feedback controller such that
time-delay nonlinear system (1) is GAS.

Proof. We use bauckstepping2 design method to design the controller.

Step 1. Choose i (z1) = %; then

YL/1 =z1(z2 + ¢1(+)) < 122 + cxs + |z1]| - |z1(t — d)| <
x1(zo — x3) + z12h + cat + %x% + ¢ 23 (t — d)
Let
§2 = 2 — a3, T3 = —bix1, (4)
where b1 =n +c+ 941— +mner + %, and we have ‘;/1 < 160 — nxt — ney ©f — %m% +er it —d).
Taking Vi(z1) = Vi + ftt_d neix?(r)dr, we have i < —na? — (n—1Decrzi(t —d) — %x? + 21&2.

Inductive Step. Suppose at step m, there is a smooth LKF function Vi, (21,82, +,&m), and a set
of controllers z7,- -,z defined by

f]ziﬂl*x;‘, xTZO
gj:.'ﬁj_.’ﬁ;, -T;:_bj—lgj—h ]:27377m+1 (5)
such that
. Ui " 1
Vin £ =(n — (m — 1)) ng —(n—m)c Zf?(t —d)— 3 572n + Emm+1 (6)
j=1 j=1

We shall show that (6) also holds at step m + 1.
Let Vg1 (&1, €my1) = V(€1 -+, &m) + 3 &msr; then

Vi1 S —(n—(m—1))Y & —(n—m)er Y _ & (t—d) + % Emt1 + Emi1bmi (7)
j=1 j=1
We use (2) and (5) to estimate &pp1€mtt

m-+1
é‘m«klém«kl - f'm«l»l(i'm«l»l + bmgm) < €m+1xm+2 + |§m+1| < Z (r'm+1,j|§j|)> +

j=1

|§m+1|(2(lm+1,j01|§j(t —d)|) + e1l€mt (t — d)l) < Emt1Tmpat

j=1
m 2 2 m m+1
Trt1,; + Cllmy1,; c
(Z (%M) + Pt + Zl)gfm +YE+Y adit-a  ©
j=1 j=1 j=1
where Tmi1,5, Imt+1,;(J = 1,2,--+,m) and rm+1,m+1 are nonnegative constants dependent on ¢, b; (j =

1,2,---,m).
Combing (7) and (8), we arrive at

Vi1 < — (n—m) Z &—(n—(m+1)a Z Et—d) + Ems1(Tmez — Thnga) + Ems1Timpat
=1 j=1

i 7"72,1 4 lfn ; c 1
(Z (%) it + G E)gfnﬂ ter & (t — d) (9)

j=1
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Let
* *
Em+2 = Tm+2 — Tmg2, Tz = —bmy1§mt1

where

m 2 2
Tm+1, +C1lma1, c
bmH:nerjZl(mflm) +7“m+1,m+1+zl+1+(n*m)01

then
Vm«l»l Z TL - m + 1 Z f] t - + §m+1£m+27

(1= M) — 3 Epr — (0= m)er Epr + 1 Epa (b~ d)

Takeing Vims1(E1, -+ Emt1) = Vinrr + ftt_d(n —m)c1€2,41(7)dT, we get

m-+1 m-+1

. 1
Vims1 < — Z &—(n—(m+1)a Z &t — ~3 €21+ Emt1Emy2

j=1

Step n. Let Vi (€1, +,&n) = Vao1(€1, -+, €n1) + %{i Similar to (9), we can get

n—1 ) n—1 7'2 ~+Cll2 ) el 1 ) )
n,J n,J
—;ﬁj + Enu+ (Z (#) +rn,n+z+§)§n+clgn(t—d)

j=1
where nonnegative constants ry_ j,ln,;(j =1,2,---,n — 1) and 7n,» are dependent on ¢, b;(j =1,2,---,
n—1).
Taking
U= —bnén = —bn(l’n + bn—1(l’n—1 + -+ ba(w2 + bix1) - - )) (10)
where )
n— 2 2
bn =1+ (%) +rnn+ + +a
j=1
we have N
> G-t taii(t-ad
j=1

Taking V;, = Vi, + f: 41 &n(T)dT, we have Vi < =2 e.

Up to now, we have constructed LKF V,, = 5 E G +a ft a2y ((n+1— §)& (7))dr for
£—system. Since V,, is negatively definite, £—system under the control u = —b,&, is GAS at the
equilibrium & = 0. Consequently, the closed-loop systems (1) and (10) are also GAS at the equilibrium
xz = 0. d
4 Example

We consider the following system

T1 = X2 + :vl(sin 1’2)2 +d; (t):ﬂl(t — d)
B2 = u+ @1+ w2+ da(t) (1 (t — d))3 (22t — d))3
where uncertain disturbance d;(t) satisfies 0 < d;(t) < 1, =1,2.

It is easy to see that Assumption 1 is satisfied with ¢ = 1,¢; = 1. As proceeded in the proof of
Theorem 1, we can choose b1 = %, ba = 569, and the control u = —569¢> = —569 (xg + 24—31101)

Remark. Specifically, if d;(t) = 0(¢ = 1,2), that is, ¢c1 = 0, we can get by = %,bg = 109,

consequently we have the control ©u = —109&2 = —109 (xg + %xl) It can be seen that the gain of the
control for the system with delay is higher than the gain of the control for the system with no delay.
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5 Conclusion

In this paper, we have studied the problem of global stabilization by state feedback, for a class of
nonlinear delay system satisfying linear growth condition. We think there is much work to do for the
more general nonlinear delay systems.
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