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Smooth Time-Varying Exponential Stabilization
of Nonholonomic Chained Systems
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Abstract A smooth time-varying control law is derived to stabilize nonholonomic
chained systems. The proposed control law guarantees all the system states exponen-
tially converge to the origin, and thus it is superior to the ones which stabilize the
chained systems by either non-smooth exponential or smooth asymptotical control laws.,

The proposed control law is used to stabilize a mobile robot,

Key words Nonholonomic chained system, time-varying smooth stabilization, mobile

robots

1 5|5

BT A ENETBREATHEFARES RGEE, K& R3S R &6 #H e 58
BREWR. BT REBBEFRZ—FrIese B AR &R A0 vl i R & ey AL #8055 10 v
APRHERL TSR RANEERERE TRAIRAHAR " . ENEARENHAEH
Zal FEELAME . L RHEARARERBER -, HM A2 T RERES R B0K
S B R R BK RGN IIREW R — B &M, & WRE SoR IR STER BR AT 8] 4 3K 3 B i

D HEKBRB R E(60104002) ¥ Bf
Supported by the National Natural Science Foundation of P, R, China(60104002)

ke 5B 2001-04-16 WEBEMM BB 2002-04-27
Received April 16, 2001; 1n revised form April 27, 2002




302 B 3 #® ¥ # 29 #

REGEHRE, X RENEWNAELRIENN; 5 —REAEHE NN AR RS RH
ERD T ERATRIEEMBREELZ RN BN ABRIERSOCRES RIS EUS. AR
FRRBEEARBESFMAENNRA, R30S 0 TP RJER R IRER 8, 7 PIRIE R 5
RS2 R BOR SR R

2 R RIUHY B 2L G 18 B E

ZRETERBRL
Ty = Uiy Ty = Uz T; = Tiq; (4= 3,4, yn)
HP x=(z,,2, ,xﬂ)Tﬂﬂﬁﬁ}bﬁﬁ s u=(uy suy) " RN FHIHA.
RE(DRCHEFRRBEE R ER N . R EXE R REG R u=ulz, ) R
(DKW ARSHEBUWHBIFES. AIEAA M TETH], FEUTIIHE.
SIE 1Y, ZENMTARENTRS
¥x = (A +A,())x

(1)

(2)

L

A RBEBERE A, OBE 1D limA, (1) =0; 2) Jl] A, () || de<<oo., MIRMERBERSE(2)2F

P 00

ERREE. THAHEXH EEEH.
R 1L EARSE D, MTFEH

0

Uy =— kyxy +alt), wu, =— Zkg T, =— Zkz f:—z- (3)
e D =2
AfLARIERFEREL/EFEEREBIE L. HF
¢ = e (@ £ 0 T = TG =2,3m), B>A>0,c=—2 @
1
RIRREE,  (1=2,3 - )FBUWTHEKEREE.
[ — kz.z __k213 "‘kz,fi _kzgrr-—l _—kzﬂ j
C A 0 0O 0
0 C 24 0 0
1k — . . . . (5)
0 O 0 (n— 3)A O
S, 0 0 C (n— 2)A.
. B CORARMDOME 1 X153
-1 =“k1I1 +{I (6)
HT 2 >0 Ha(ODFRBWHTFE U o, OFBEBRKRABE. 2 75.=2./a, W F
31'::1 —_— (kl “A)fl +]. :—"Elfl + 1 (El — kl "—A) (7)
4 F Ei =k —2>0, B 7 BRRT
A o=k +am—kar +e fL, L= 1~ b T =15 =1 ¥
1 i
—c SEHOMMEIT. X 7 =5 (=2,3, ) FUABS 3 A AR (DA (3) AT LS iy
N ::_"Zkz.iff s T; = (Z;l C)ffnl“l—ﬁff—l—f’(f—-z)k_fi(i:3;49'"971) (&)



Z SkASF: ETBEIARANET LI FIGIHEE 303
4(\' y:[fz » I3 9"'5fn]T! ')‘UJ:T:Q(B)REIE%J

y = (A, —BK +A;())y (9)
HH
0 O 0 O )
c A 0 0 0
0 c 24 0 0O
Al — . B: I:]. 0 O]Tg
0O 0 0 (n— 3)A 0
0 0 0 c (n— 2)A
0 O O 0D 0
d C 0 0 0 0
a
|
0 “; c 0 0 0
K =[ks, kis - ki.ly Ay(t) =
0 0 0 “ C 0O 0
a
0 o 0 0 X_¢0
- a —d

ﬁ%ﬁEEﬁ(A“ B)E‘Hzﬁ& F}I”U.ﬂ.ﬁﬁ K:[éz.z ka,y kz,n]{'jﬁig AI"'BK:AujLJ
BERE. BANACIEH w/a—c BB TF U AGOBHLESIE 1 PHEEF, MMAES
(DLRIEHERE. BN Z.6G=2,3,DIERRATF. BH .= "2 (i=2,3,,nH, K
& 2, (1=2,3, -, n) WIE B AT Z.

g AL EBHRGOFMW A LMRFIERSE (DB ERSES . (=12, , ) I EWHFF.

1. BHBRGOMMW P BB o), FFLL uy Ml w, R BRERB. XHEA
a(t)FA0(YtE[0,00)) FFUEBHIB M) ELSEE, HitER /D, 5 TEXLEPNA.

¥ 2, FSCERT4~8] AR 75 B R AR AH B, 2R SUR B I B X AR 40 40 86 R A TGAT AT BR
S UAMBAEEEMEAGSRESBANBENX B, TR T ARSI HERIELE R RE,
HAMEEH u . B ERTH.

F 3. U 1~3]h M BB ERHE RERIERARESHILWEBNR A, MRS T
B A Y R R RIE R GRS RS R K.

3 BI/IMFARAHEE

% BB /N E s g E R AR A

_}}1 — U C(}Sﬁa J}g — U Siné)a 9 == Uy (10:
W LA R S Fd AR Bt
iy — 6! -:EZ — ICDSa—i—ySinG, Ig — yl Sinﬁ—'—yzcosa, “1 —= 'U2 s Uy =— U —-fvzxa (11:

AR OB U TEHE X



304 B &l 1k = 5 29 %&

Ty = Uy Ty = Uzs T3 = T2l (12)
RLFR R 1 AT, DLF
w, =— By, o, up =— by xs — ks ‘?j_ (13)
RIERENDHRELBFEBRABIRE S HP a=ae™, 0, F0, by >A>0, kop ks b
i 5 Au:—riz’z __fz*g-I%.iﬁsﬂﬂﬁfﬁAlkﬂﬂﬁﬁgﬁiﬁfﬁ):f-sz.z—A)S+(ckz,a*
Aky) WS Z TR
A 5. >0, 5; >0 AN IESEH B, MB ko F by s IR kos —A=51 + 52 Fll ko3 — ARz, =515z s
B koo =1 Hse AR ey =22 TR T D 0 gz ) BAT SRR — 5, <0, — <0,
BA=1, k=2, ay=2, s,=5,=5, WFH c= kl’}_A-— 1, by, =11; k,; =—36,

BUNE MBI RE A FIA (310322 00= (1, — 1,7 | F1(0, —1,0) 4 BB B R 25 0 B

[R]85 F LA B8 42 (o y) QU 1~4 . WTUUE N, BRI HE RS T, /D ER A E MBS
BB BIF R E ZMHEN (000 =0), XTI [4~8 P HHERBEHRAELEMN, M
A X HHERREEZEETY.

2 0.5
T R |
< ] i 0 |
E r z
” &
. 2
E 01‘3’2 — 0.9 |
= i
—~—1 —1.0
0 5 10 15 0 0.5 ] 1.5 2
t/s
lem
. T 4
1 NEERER (1. -1, 5] RERERE B2 AEWERER (- 1L HREILTRE
Fig.1 State trajectory of the cart with Fig. 2 Geometric path of the cart with
initial state( 1, — 1.%—) initial state ( 1, — 1,—2—-)
l_ Sr—-!—_—————————‘ O‘S
4
"é 14 : 4
< o ol 0
» _ = a
"E., Y2 ‘%
Lo 0 ot
é — 0.5}
E«D. 5t |
0 5 10 15 19 0. 5 1 1.5
t/s '
y,/m
3 MAEFHRRERO,-1,0OREH B &4 NEDHERENO,—1,08 8 LM B2
Fig. 3 State trajectory of the cart with Fig.4 Geometric path of the cart with

initial state (0,—1,0) initial state (0,—1,0)



2 H B ERBRARAENN BB ERRE 305

4 4ie

HXERERARR, FHT —FRZEARERNR, ZEHBRITURIERLENTA RS
2R EBBCHEIR A, IR T UAEERREARBRENEBIARRIEREREEBERX
Higkia. IS EmEATBHNSARENEE  RIETHRNAERE. EHRBEHAR . A
HUENEHEFARREANEEBRARRAAREN,BEAILIBE S BETBEHE R
GMEBETEHEXRTEHHELL.

References

1  Samson C. Control of chained systems, application to path following and time-varying point stabilization. [EEE
Transactions on Automatic Control, 1995, 40(1) .64~77

2 Teel AR, Murray R M, Walsh G, Nonholonomic control systems:from steering to stabilization with sinusoids. In;
[EEE Confterence on Decision and Control, Tucson: 1992, 1603~1609

3  Pomet ] B. Explicit design of time-varying stabilization control laws for a class of controllable systems without drift.
Systems and Control Letters, 1992, 18.467~473

4 Morin P, Samson C, Time-varying exponential stabilization of chained form systems based on a backstepping tech-
nique, In: Proceedings of IEEE 35th Conference on Decision and Control. 1996, 1449~1454

5 Astolli A, Exponential stabilization of a car-like vehicle. In;Proceedings of IEEE International Conference on Robot-
ics and Automation, 1995, 1391~1396

6 Tayebi1 A, Tadjne M, Rachid A. Discontinuous control design for the stabilization of nonholonomic systems in
chained form using the backstepping approach, In: Proceedings of IEEE 37th Conference on Decision and Control,
1997, 3089~3090

7  Astolli A, Schaufelberger W, State and output feedback stabilization of multiple chainec systems with discontinuous
control. In: Proceedings of IEEE 35th Conference on Decision and Control, 1996, 14431448

8 Il.uo Jihao, Tsiotras Panagiotis, Exponential convergent control laws for nonholonomic systems in power form. Sys-
tems and Control Letters, 1998, 35, 87~095

G Slotine J-J E, .1 W. Applied Nonlinear Control. Englewood Cliffs, New Jersey:Prentice-Halil, Inc. , 1991

OD&RE AT REHE 2455 1 8.

(MA Mao-Li Received his bachelor and master degrees from Northwestern Polytechnic University, X
‘an, P. R. China, in 1984 and 1990 respectively. Received Ph. D. degree from Beyjing University of Aeronau-
tics and Astronautics(BUAA) in 1995. After then he has been worked in Systems and Control Research Di-
vision( The 7th Research Division)of BUAA. His research interests include nonholonomic control and robot
control, )

E & R RLAEPE 24 HBF 1.
(HUO Wei Received his master degree 1n 1983 and Ph. D. degree in 1990 both in control theory anc

applications from Beijing University of Aeronautics and Astronautics (BUAA). Presently, he is professor
and director and director of the Systems and Control Research Division ( The 7th Research Division) of

BUAA. His research interests include nonlinear mechanical system control and intelligent control theory. )



