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Abstract This paper proposes a novel neural-fuzzy inference network and learning algo-

rithm for fuzzy identification of complex systems based on input-output data. The learning

algorithm is used for both structure identification and parameter identification of the fuzzy

model. In the process of structure identification, a new approach is introduced for rule ex-

traction from input-output data directly. By combining both unsupervised and supervised

learning, a hybrid learning algorithm is presented for initial adjustment and optimization

of membership functions. Simulations illustrate good performance of the proposed network

and learning algorithm in terms of accuracy, readability, number of rules and practicability.
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1 9&DFoqL�RQ*f%nC�-aX2NqL��Q�~��%p^��$5�Æ�TAl�ALQEF+�I�QqL��ytxy;�qQ�}��JÆ�2L%q�I�^E?QI6��yt[�9"~-�S:?�PO0�xQ�
[1,2]

.IALQqL��dE�3�I6��-��n���-++���\��n����(I6�[�-�_7k�++��yQ�I6#%)+++Q�k-B;�x/ ?ÆlPOI6��I��*E-�-8	.���?�Vq� (w'q�), .��EF"y";+��K%RPO��-opQ�VÆl�A!�Fo�WQ`qI�Æ�EF"y";+�Qyt�EGxQB��DF	{Y;[�&�����nR&�5��-x;R&yF�EGxQB��rI6qLQB�[F,,QÆf�-Æ�k��7B�	{Y;Q1�Iytv0OI6��I�Q�R��E\�y-dQB�:$�1EQ"~-3#xa{ [3∼11].�ajoEF"y";+�Q�WqLQI6��dE�[6��60	{Y;Q�&���-�nR&QE?���℄0.�
Q	{I6S�Y;-H|�"C;-SL0�:Q�n8t��aQ"~Y^1{POI6�[Q��[n���ik�C;0.�
QugD"y";+��7k-B;I6�_Q�n8t�[++��ik�C;-SL0.��0��n8t��y++Q9'\m-B;�|gn#�G��aQytÆ2JÆ>�o��yh��(6h�Æf�-�_+Q*f�
2 �}L9U�[=�6O�E�.�56QL%q�I���a�^ Mamdani I��^I6I�Qq��������^ Ri: if x1 is Ai

1 and if x2 is Ai
2, · · · and if xm is Ai

m, then yi is Bi, \��
Ri ��W i HI6�_�x - y �I6�_Q"y-";�A - B ��I6"y";#%)+�

R 1 4/
|K8T�Z<
Fig. 1 Six-layered neural-fuzzy inference network

�lfD�us�<�℄Q3.	{I6S�Y;Qn�.C-S�H|�v.l�;Y;Q�n8t�EF"y";+�QY;�R1��QFa{ [8]. ^0.Gy��Y^Y;E-Æ"y�/-IÆ";�/�xQ 1 <��W..-W3.QlZ^Y;Q"y-";lZ�Ws.-W2.QlZ^I6#%)+Qh[lZ�X3#%hQR8�Wg.^!.;.�W|.QlZ^�_lZ��!o:FC.HI6�_Qba�[�aQ�9��Ws�|�g-3.Q'gnx��{^ 1, �!X3AY-o:Q�R�W2.Q'gnx Wij ��C.HI6�_Qba-4aQ>��q�Y;[{%�n-�_7k4�>D^ 1 D 0. W2.Q'gnx2NY;"y-";I6#%)+Q++I%v.lC;Q8tPO�n-B;�A!�*y;Q��fD<C;Q3.	{I6S�Y;�EDvz� (�~`Py�)-D�zv (�~`Py�) -���I��Y;[�nik�-�I����{%
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In
i ��W n .W i ÆlZQ"y

On
i ��W n .W i ÆlZQ";

mn
i , σn

i ��W n .W i ÆlZQ�0#%)+Q	x-y0
Wij ��'gW 3 .W i ÆlZQ";-W 4 .W j ÆlZQ"yQnxDvz�I� ("y!++��^W..Q"y):W..

O1
i = I1

i , i = 1, 2 (1)Ws.
I2
i =

{

O1
1 , i = 1, 2, · · · , N1

O1
2 , i = N1 + 1, · · · , N1 + N2

and O2
i = exp[−(

I2
i − m2

i

σ2
i

)2], i = 1, 2, · · · , N1 + N2 (2)W|.
I3
i = min(O2

j , O2
k), j = 1, 2, · · · , N1, k = N1 + 1, · · · , N1 + N2 and O3

i = I3
i , i = 1, 2, · · · , N1 × N2

(3).G	�?����S�H|R8I6�_QKBdh�W2.
I4
j =

N1×N2
∑

i=1

WijO
3
i and O4

j = I4
j , j = 1, 2, · · · , N3 (4)Wg.

I5
j = O4

j and O5
j = I5

j

/

N3
∑

j=1

I5
j , j = 1, 2, · · · , N3 (5)W3.

I6
i = O5

i and O6
1 =

N3
∑

i=1

m5
i σ

5
i I6

i

/

N3
∑

i=1

σ5
i I6

i (6).G	�?��tmI6;H|�D�zvI� (";!++��^W3.Q"y): \��Xn
i - Y n

i Q^6�!Jb In
i- On

i Q^6�W3.
Y 6

1 = X6
1 (7)Wg.

X5
i = Y 6

1 and Y 5
i = exp[−(

X5
i − m5

i

σ5
i

)2], i = 1, 2, · · · , N3 (8)W2.
X4

i = Y 5
i , i = 1, 2, · · · , N3 (9)Ia{ [8] QY;n�-S�H|���KY;Dvz�I���Æ��aytQB��y[	1) W2.Q";BE[ 1 -"yr[k�x�r�"yugAYOWg.��E0DFGF 1 Q"y8℄Q%p";�2) DF8y0!.;.�Æ2�pVw>;[<E";h[lZ��CÆ";h[lZ�KBQdh�
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3 ~km�p:vEF�)Q	{I6S�Y;��aC;0.Æ|ikQ�n8t��!X3I6#%)+++Q9'\m�I6�_Q7k-I6#%)+++QB;�^0^_�nH|��*NwC�"y";!++��Y;Q9�n��I6�/Q9��-++�
3.1 XUA-Z	;^1>,XU(#O&"*d[f.ik�Y;-�I����";!++�DW3.�vA4zWg.�"y!++�DW..��A4zWs.�"y";I6#%)+Qy0�^�	x+�
Kohonen ��sAl>��nw�\m[3]

. \mI6#%)+	xQNQ�^0E	�VY;ÆQ��P#%)+�,V�
!++�<C�Q"y";�[�"y#%)+	xQ\mytxv
‖x(t) − mclosest‖ = min

16i6k
{‖x(t) − mi(t)‖} (10)

mi(t + 1) = mi(t) + α(t)[x(t) − mi(t)] for mi = mclosest (11)

mi(t + 1) = mi(t) for mi 6= mclosest (12)\��x(t) �"y!++��α(t) �I\Y^Q�n7��k �"y�/I6�QÆ+�";#%)+	xQ\m*?Xo�3Qyt�
3.2 XUA-.	G86a(%KI6#%)+Q++{%W.ikQ9'\m4�Z"y";!++�DY;Q-j4y�"y!++�!wOFWs.Qh[lZ�JÆR8PO O2

i , I%W|.Q'gnx- O2
i ,Æ2POW|.�_lZQKBdh O3

i . ";!++�D�zvQAYI�Æ2OFW2.Qh[lZ�JÆR8PO X4
j . y[Qsh�^CÆ�_lZbOopQI";h[lZQ>��q�P N1×N2 H�_�̂ 0X3fÆsh��aC;0.Æ
Q�n8t�2����� - �GWV8t (Correlation-minimum and maximum-matching

algorithm, CMMM). �Gxv	
Step 1. <E!++�0C4yY;�R8W2.Q'gnx Wij(9x^ 0, i =

1, 2, · · · , N1 × N2, j = 1, 2, · · · , N3). oFC.o"y";!++��Wij v��

Wij max = Wij max + O3

i × X4
j max (13)\��j max ���C.Æ";!++�KBQW2.Qh[lZ��KBdh�GQPÆlZ�\>h[lZQ'gnx%�
�

Step 2. D Wij �7k-B;I6�_�-W|.QCÆ�_lZ'gQ N3 Æ'gnx�!I.�^Q�x�f�x#<EQ'gnx�F�^Q�x�PAfÆ�_lZ->Q'gnx��>�wr�N3 Æ'gnx��GQPÆ�{^ 1, Pp^0fÆ�_lZ-.Æ";h[lZQ>��q�JÆ�\HQ'gnx�{^ 0.{%WsikQ�n4��qÆ2PO N1 ×N2 HI6�_��>Q�_lZ�t^os.";h[lZvE3�Q�?D��%℄�?��xQ�kÆ2+{'-yh*f�Ia{ [8] Q8t����aQ8tÆ X4
j max 8yOnxQ�
R8��7BÆ2�6� ?"y";!++�C�QÆl�Ck;�pQI6�_�"e[�JQ�xHav�CPQ�_�+���
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3.3 XUA-L	;^>,XU(#O℄:K7k;I6�_�Pp^0Y;W|.IW2.Q>��q4�mÆ	{I6S�Y;Qn��Xop^v���ikQ�nsh�B;I6#%)+Q++�w.'C�I6��Qyh�[f.ik��?BhvdtB;I6#%)+Q	x-y0��Pv�Qi0)+��
E =

1

2
(y(k) − ŷ(k))2 (14)\��y(k) ^Y\";�ŷ(k) ^�S";�oFC.o"y!++��Y;Dvz�Q��I��R8POY;Q�S";����S";I";!++� (Y\";) Q0x�i0 E *��_��'R8POC..Qi0Bh�wr�oI6#%)+Q	x-y0�vF�fD�.SL�;BhvdtQ�n%4�\��δn

i ��W n .W i ÆlZQi0Bh�η ^I\Y^Q�n7�W3.	+ (14) ���.Qi0Bh^
δ6
1 = −

∂E

∂O6
1

= y(k) − ŷ(k) (15)Wg.	n0 (6) I (15) �";#%)+Q	xv��

m5

i (t + 1) = m5
i (t) + ηδ6

1

∂O6
1

∂m5
i

= m5
i (t) + ηδ6

1

σ5
i I6

i

N3
∑

i=1

σ5
i I6

i

(16)�3V�";#%)+Qy0v��

σ5

i (t + 1) = σ5
i (t) + ηδ6

1

∂O6
1

∂σ5
i

= σ5
i (t) + ηδ6

1

m5
i I

6
i (

N3
∑

i=1

σ5
i I6

i ) − (

N3
∑

i=1

m5
i σ

5
i I6

i )I6
i

(

N3
∑

i=1

σ5
i I6

i )2

(17)n0 (6) I (15) ���.Qi0BhR8xv
δ5
i = −

∂E

∂O5
i

= −
∂E

∂O6
1

∂O6
1

∂O5
i

= δ6
1

m5
i σ

5
i (

N3
∑

i=1

σ5
i O5

i ) − (

N3
∑

i=1

m5
i σ

5
i O5

i )σ5
i

(

N3
∑

i=1

σ5
i O5

i )2

(18)W2.	�.BE++��o�n0 (5) I (18) ���.Qi0BhR8xv
δ4
i = −

∂E

∂O4
i

= −
∂E

∂O5
i

∂O5
i

∂O4
i

= δ5
i

1
N3
∑

i=1

O4
i

(19)W|.	�.BE++��o�n0 (4) ���.Qi0BhR8xv
δ3
i = −

∂E

∂O3
i

=

N3
∑

j=1

(−
∂E

∂O4
j

∂O4
i

∂O3
i

) =

N3
∑

j=1

(Wijδ
4
j ), i = 1, 2, · · · , N1 × N2 (20)



700 � b > � � 32�.G	7kI6�_4�-W|.QCÆ�_lZ'gQ Wij ��vE.Æ^ 1, P.HI6�_�<2 (20) �QR8n#^o:F Wij TF 1 Q δ4
j .Ws.

δ2
i = −

∂E

∂O2
i

=

N1×N2
∑

j=1

(−
∂E

∂O3
j

∂O3
j

∂O2
i

) =

N1×N2
∑

j=1

(δ3
j

∂O3
j

∂O2
i

), i = 1, 2, · · · , N1 + N2 (21)n0 (4) I (5) ��PO
∂O3

j

∂O2
i

=

{

1, x# O2
i �W j Æ�_lZ"yQ��x

0, \> (22)gv���o"yI6#%)+Q++�n0 (2) �(21) - (22) ��"yI6#%)+Q	xv��

m2

i (t + 1) = m2
i (t) + ηδ2

i

∂O2
i

∂m2
i

= m2
i (t) + ηδ2

i exp[−

(

I2
i − m2

i

σ2
i

)2

]
2(I2

i − m2
i )

(σ2
i )2

(23)�3V�"yI6#%)+Qy0v��

σ2

i (t + 1) = σ2
i (t) + ηδ2

i

∂O2
i

∂σ2
i

= σ2
i (t) + ηδ2

i exp[−

(

I2
i − m2

i

σ2
i

)2

]
2(I2

i − m2
i )

2

(σ2
i )3

(24)IALQEFBhvdt�oY;++Qyt����aytQ%J-B�[F	1)�o++��H�oQ++v^I6#%)+Q++�7B8tV�6h��2) �(6h��fDQBhvd�n�[++{%9'\m4QE?�w�Q�7BÆ2��DFY;9x�{%K8℄Q8t�(6h�-%4^Q�Q�
4 tO~i^0'p�)	{I6S�Y;QI�-�n8t:?FI6��QE	��fD�^a{ [8] �Qsi�~���qL�^|g�!�H��QqLI�xv	

y(k) =
y(k − 1)y(k − 2)[y(k − 1) + 2.5]

1 + y2(k − 1) + y2(k − 2)
+ u(k) (25)�^ u(k), y(k − 1) - y(k − 2) �^"y�/�y(k) �^";�/�CÆ"y�/��3

5 ÆI6M�";�/�( 9 ÆI6M�7BÆ2p^Y;C..QlZ+�Y^qLQ9��?^ 0, "y�/ u(k) = 2 sin(2πk/25), �&[ [−2, 2], I%'�*) 50 ÆÆ�QqL�?-";��&[ [−4, 6], fDCP0 50 o"y";!++��Y^"y";I6#%)+Q	xIy0Q9x	U�
"y";�[�vFQytp^ (n ^I6�QÆ+):I6#%)+Q	x
mi = min +

max−min

n + 1
i (26)I6#%)+Qy0

σi =
2(max−min)

3(n + 1)
(27)
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100 ). [�niks���fDC;Q���� - �GWV8tR8W2.Q'gnx�K�x�^ 0.02 Æ�Ck;I!++��WVQ 28 HI6�_�fD�?xvQ	yi0)+ (Mean square error, MSE) �^�RX�)+

MSE =
1

N

N
∑

k=1

(y(k) − ŷ(k))2 (28)\��y(k) ^Y\";�ŷ(k) ^I6��_Q";�N ^*)ZQÆ+�{%b-ÆikQ�n�I6��_Q	yi0^ 0.0896. |gi~xQ 2 <��^0�f�[�JQHav�a{ [8]QY;n�-I6�_7kytw�|g�CkPO 29 HI6�_�	yi0^ 0.1462, |gi~xQ 3. Æ2�;�:?�aQyt�[�PI6�_+N��QJÆ�-Æ2CPf�Q	yi0�I6��_Q��6h��
R 2 [℄$=K|&.�jl�o5S��a$=

Fig. 2 Expected output and identifier output

after the first and the second learning steps

R 3 [℄$=Kb| [8] S��a$=
Fig. 3 Expected output and identifier output of

Reference [8]K9'\m0I6#%)+Q++-CkI6�_4�fD�Æ2:?�nik|�B;I6#%)+Q++��^";I6#%)+++Q�n7^ e(log 0.1−k/500), "yI6#%)+++Q�n7^ e(log 0.001−k/500). 50 o!++�0C4yY;�� ? 10 C��nC+^ 500 C�Q 4 ^CK<E!++� ?.C4�R8Q	yi0Q�;i~�{% 10 C ?4�Y\";I�S";Q	yi0^ 0.0452, |gi~xQ 5. {%++B;4Q"y";I6#%)+xQ 6 <��
R 4 
{j1j�

Fig. 4 Mean square error

R 5 [℄$=K}��ojlo*5S��a$=
Fig. 5 Expected output and identifier output after

the all three learning steps

(a) #z u(k) RJ7$&*,
(Fuzzy membership function of Input u(k))

(b) #z y(k − 1) RJ7$&*,
(Fuzzy membership function of Input y(k − 1))
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(c) #z y(k − 2) RJ7$&*,

(Fuzzy membership function of Input y(k − 2))

(d) #< y(k) RJ7$&*,
(Fuzzy membership function of Output y(k))R 6 |&,-C>5S${$=K8%'+-

Fig. 6 The optimized input and output fuzzy membership functions

5 pM�aC;-�℄0.�
Q	{I6S�Y;-�n8t�?�q�EF"y";+�Q�WqLQI6��dE�fDQyt6� ?0	{Y;Q�&���-�nR&��0�60o��yh��(6h�Æf�-�_+Q*f�[n���ik�fDC;0.�
QugD!++��7k-B;I6�_Q�n8t��8t6� ?0!++�C�QÆl��PCk;QI6�_+N����p-�w4�q�++���^9'\m-B;-Æik�EFfDQ	{I6S�Y;�C;-SL0��sAl>�-Bhvdt�n0Q�0��n8t��8t�*�Exv-yFQB�	1) {%9'\m4Q++�PY;[Bhvd�nik�Ef�Q�(6h-,,Q^��2) DF[Bhvd�nik�mÆY;QH�o++v^I6#%)+Q++�7B8t�y℄I�w�6h��:�y;Q���aQ"~BE�NO"y";I6�[Q�dE�J��fDt^f"%=�"~Q56�O7[F�aQ����oe"Q�*?%JQyto"y";I6�[w��4�Æ2℄Iy�QI�aQY;n�-�n8t�v0�wrq��WqLQI6��dE�oF2.��?fqQ T-S I6I���aQY;n�-�n8t-�Er_56��6O T-S I6I�QbIyh���E\kP�,Q��	#�BV��aQ1�-ytoF�WqLQI6bII�|dE-�E�KQ^�56�[�S���WqLQ���%�.Æ℄IQdE��NOn���-++��Q�q?l���	#k�Fq�75Q�J�?�DM�56��qL��:��t^�.Æ�*�?dJL+IQ�e:�Qw��'Q%4�
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