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Abstract Redundancy of wavelet bases leads to robustness that the wavelet transform

coefficient obtained in low accuracy can be used to reconstruct the original signal with

comparative high accuracy. Redundancy of continuous and discreet wavelet coefficients in

time-scale space is discussed in this paper, including: 1) redundancy analysis of wavelet bases,

2) redundancy analysis of signal, 3) relation between wavelet coefficient redundancy and

wavelet base redundancy, 4) relation between coefficient redundancy and signal redundancy.

Expression to represent the relation between coefficient redundancy, frame redundancy, and

signal redundancy is proposed at last.
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. �tb#�>XF��.�q ~T��z�)6lXGQ���O3�9o	:Æ~SX�O���Z{�ÆEe~S�	32x�6!�b#�>�.VT�zX~T����q}vI�j9=$�:x�qK�>G�Xa!l=$�*| �	b#�BLXR�;`B	��;Ff(B�n�YK!.!�t/�j�NO	Mb#�>G�Xa!l=$�(!�Bf(�b#F$�>G�X;3�G�V>y�f(a!l�b#Fa!lÆK�>G�a!:h8BXXR��G��F�.oANA!j5|X – ;nF5fEa!X)��q/`�3/|�\p�p |�f(��R<Æ`sQXj�3VP�)�f(X~T��('�z�P�X-�WF/GQ���

2 e&�A[2z.&#&�q f( S(t) ∈ L2(IR), Æh ψ(t) ∈ L2(IR), h�< 5\X�tb#�>
WS(τ, a) =

∫

t

S(t)ψ∗

τ,a(r)dt = 〈S(t), ψτ,a(t)〉 (1)�L ψτ,a(t) =
1√
a
ψ

(
t− τ

a

)

, IL a > 0. �tb#�> (1) �Xy���6[3]

S(t) =
1

Cψ

∫

a

∫

x

Ws(τ, a)ψτ,a(t)dτ
da

|a|2 (2)�y (1) / (2), 3|X;nF5 – O (τ, a) F5o[��hb (τ0, a0) `�2>
Ws(τ0, a0) =

1

Cψ

∫ +∞

0

∫ +∞

−∞

Ws(a, τ)Kψ(a, a0; τ, τ0)dτ
da

a2
(3)�L Cψ 61��t Kψ(τ, a; τ0, a0) 60w,$��Ih�6

Kψ(τ, a; τ0, a0) = 〈ψτ0,a0(t), ψτ,a(t)〉 (4)� (3) �A_ Kψ d� WS(a, τ) ℄YVT WS(a, τ), Ob#�>G�F WS(a0, τ0) �Æ��5|EF5oI b#�>G�F WS(a, τ) X\�U�(4) �h�X0w,$�~Tox	b#F$��tXb#�>�(*X8b#I0w,$�XW�O		(	�X�td6&Sb#F$�Wta!lX0w,$� Kψ 		��� $��?43:Ee�//�B��E6!� ��9�B/Ee�/b#F$�Xa!lO	�?4�Æ��dMf.q$� Kψ nk`8B�Æ�dn	)X�B�o��0w,$�z�WW�l[4]q ÆhX8# ψ, _� (4) �h�X0w,$� Kψ d[NX�>6�
Kψ(τ0, a0; τ, a) =

1

a0
Kψ

(

0, 1;
τ − τ0
a0

,
a

a0

)

=
1

Cψ

1

a0
Rψ

(
τ − τ0
a0

,
a

a0

)�L Rψ(τ, a) = Wψ(τ, a) = 〈ψ(t), ψτ,a(t)〉 ��8#$�WtX�tb#�>��h��73|X�;nWF5L�[�	b (τ0 , a0)�q�X0w,$�Kψ(τ0, a0; τ, a)$Æh8# ψ WtXb#�> Wψ(τ, a) 	W�X��Æ Rψ(τ, a) Xa!l*|�&S!b#F0w,$�Xa!l��83�w�Ko	3V	HX�
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1 1 iOue9%Zb"m%�Z��;�1
Fig. 1 View of reproducing kernal function of three classical mother wavelet$� Rψ(τ, a) 6u8$���Æ�Æ{�X3u8F5od��9R��/ 1 Æ\	VX/jj�Æ> Haar 8#� Mexico Hat 8#ÆK~Cq4 Morlet 8#�� Morlet 8#X |Rψ(τ, a)| ��9/[4]

. / (a) � (b) ÆK (c) � (d) Lb�X/�6 |Rψ(τ, a)| X��9/�t��X/�6 |Rψ(τ, a)|2 X��9/�/LX4e�6m6|X τ , ℄e�6;ne� j = log2 a.37R�F/L�ÆAU�-�oe�)b�$�F-J��:Ub#F$�XW�l-L�d Æ:�Xb#F$�qf(�>�6b#G�BXXa!l-J�t+�e�)b�6$�F7S��,lX�b��7dE�5Xb#F$�BXXW�l�b�*��d �:�Xb#F$�qf(d�>�6b#G�FXa!l�b�
3 i+#n�Dq f( S(t) ∈ L2(IR), rI����>6 Ŝ(t), O S(t) / Ŝ(t) 	f(X\W��

S(t) =
1

2π

∫

Ω

Ŝ(Ω)ejΩtdΩ ⇔ Ŝ(t) =

∫

S(t)e−jΩtdtd Vh Ŝ(t) 	l�$��O Ω ∈ [−Ωm,Ωm], 6?4�
S(t) =

1

2π

∫ Ωm

−Ωm

Ŝ(Ω)ejΩtdΩ =
1

2π

∫ Ωm

−Ωm

[

∫

τ

S(τ)e−jΩτdτ ]ejΩtdΩ =

∫

τ

S(τ)
Ωm

π
Sinc[

Ωm

π
(t− τ)]dτ (5)� (5) �Æ3NAX�>�f( S(t) [�	bBXF���I!f(b S(τ) nk.FtVT�W�X.F$�6 Sinc $� Ωm

π
Sinc[

Ωm

π
(t− τ)]. :�:U�tf(LG3WPJXa!��Æ[`<��	h� X*�bÆ3VP�)�f(�
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4 e&�AJ�#n&i+#nDZ[�J_ (5) Me (1) ��
WS(τ, a)=

∫ +∞

−∞

S(t)
1√
a
ψ∗

(
t−τ
a

)

dt=

∫ +∞

−∞

{∫

τ

S(y)Sinc

[
Ωm

π
(t−y)dy

]}
1√
a
ψ∗

(
t−τ
a

)

dt

=
Ωm

π

∫

τ

S(y)

[∫ +∞

−∞

Sinc

[
Ωm

π
(t− y)

]

ψ∗

a,τ (t)dt

]

dy (6)3 (6) L_e!f(WtXP��H��37R WS(τ, a) ��f(3bXFnk.FtVT�E|W�X.F$�66 ∫ +∞

−∞

Ωm

π
Sinc[

Ωm

π
(t− y)]ψ∗

a,τ (t)dt. RY�� )�f(
S(y) G3WPXa!l��Æ�f(Xb#�>G� WS(τ, a) �YG3a!��[a��>G�Xa!fE�6��Ff(�tÆK.F$��{5eÆnk�B�
5 �AJ��i+�N2z.&�DZ[#n�J� (3) �/ (6) ��2�A�
WS(τ0, a0) =

a

Cψ

∫ +∞

0

∫ +∞

−∞

WS(τ, a)Kψ(a, a0; τ, τ0)
da

a2
dτ =

1

Cψ

∫ +∞

0

∫ +∞

−∞

{
Ωm

π

∫

τ

S(y)

[∫ +∞

−∞

Sinc

[
Ωm

π
(t− y)

]

ψ∗

a,τ (t)dt

]

dy

}

Kψ(a, a0; τ, τ0)
da

a2
dτ =

∫

τ

S(y)
︸︷︷︸

(a)

{
Ωm

πCψ

∫ +∞

0

∫ +∞

−∞

[ ∫ +∞

−∞

Sinc
[
Ωm

π
(t− τ)

]

ψ∗

a,τ (t)
︸ ︷︷ ︸

(b)

dt
]

Kψ(a0, a0; τ, τ0)
da

a2
︸ ︷︷ ︸

(c)

dτ
}

dy

(7)�L (a) 6p�nk�>X)�f(�(b) 6f(P�|X Sinc .F$�$b#F$�X8J3|XSXoXJ��(c) 6-$�>Xb#F$�^X0w,$��� (7) �Æ�>�>G�a!l$f(Wta!lÆK-$�>Xb#F$�^a!lBXX�G�d �qÆo�t�>O	MX�B=(<37RX�> 4BXX�GX<�M��j9B�6Xf 6�<�7b#�>G�Xa!l$-$�>X)�f(ÆKb#F$�a!lBXXW8�G�� ~T��Ll	Æ�jO	6R��ÆM�X�B�z�-�WF/GQ���
6 �le&�AJ�#n�D
6.1 ���i�Æ	��q� – !yvÆ_ (1) 3|X�;n�Xo�j9B��63`�AU�jb#�>X�Hj�

WS [i, k] =
1√
ja0

∑

n

S(nTs)ψ
∗

(
nTs − kτ0

ja0

)

Tsd ) τ0 = Ts = 1, 6�
WS [j, k] =

1√
ja0

∑

n

S[n]ψ∗

(
n− k

ja0

)

(8)
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S[n] =
1

Cψ

∫ +∞

j0=0

+∞∑

k0=−∞

WS [j0, k0]
1√
j0a0

ψ

(
n− k0

j0a0

)
1

(j0a0)2
(9)_ (9) Me (8), 6�

WS [j, k] =
∑

n

S[n]
1√
ja0

ψ∗

(
n− k

ja0

)

=

∑

n







1

Cψ

+∞∑

j0=0

+∞∑

k0=−∞

WS [j0, k0]
1√
j0a0

(
n− k0

j0a0

)
1

(j0a0)2







1√
ja0

ψ∗

(
n− k

ja0

)

=

1

Cψ

+∞∑

j0=0

+∞∑

k0=−∞

WS [j0, k0]KDψ[j, j0; k, k0] (10)� (10) �A�jb#�>G�Xa!l���jj�X0w,$�nkn 
KDψ[j, j0; k, k0] =

∑

n

ψja,k[n]ψj0a0,k0 [n] =
1

(j0a0)
3
2

1√
ja0

=

∑

n

ψ

(
n− k0

j0a0

)

ψ∗

(
n− k

ja0

)
1

(j0a0)
3
2

1√
ja0

6.2 ���wf�	��q��sd*�h��ÆAU�rf( S(t) XL�6 W , 63�h|Xp T0 ;f(�dMP���[5]

S(t) =

n1+N∑

n=n1

anϕ
fN

n (t) IL ϕfN

n (t) =
SinπfN(t− n/fN)

πfN (t− n/fN)

ϕfN
n (t) 6 Sinc .F$��fN 6*�E-�N 6$i*�E-MX*�b��G� an��M�R�VT� an = 〈S(t), ϕn(t)〉 = S(n/fN), IL 〈〉 6;J�(�6�� S(t) =

n1+N∑

n=n1

S

(
n

fN

)

ϕfN

n (t), ) S
(
n
fN

)

= S[n], 6�\6��	�*�bs"B�)�f(XP��H��d G3��(*X*�bs"�*�b�� 6 M > N > 2T0W (O*�E- fM > fN )), 6�M�5�
S(t) =

m1+M∑

m=m1

S

(
m

fM

)

ϕfM

m (t) =

m1+M∑

m=m1

S[m]ϕfM

m (t) =

n1+N∑

n=n1

S

(
n

fN

)

ϕfN

n (t) =

n1+N∑

n=n1

S[n]ϕfN

n (t)

(11)RY�dM�G�5��m1+M∑

m=m1

S[m]ϕfM

m (t) =

n1+N∑

n=n1

S[n]ϕfN

n (t), ����*8 ϕfM

K (t) Mq|X3�QSXonkJ�/��
∫ +∞

−∞

{
m1+M∑

m=m1

S[m]ϕfM

m (t)

}

ϕfM

K (t)dt =

∫ +∞

−∞

{
n1+N∑

n=n1

S[n]ϕfN

n (t)

}

ϕfM

K (t)dt�.F$�X>al�V>dM�G�
S[k] =

n1+N∑

n=n1

S[n]

{∫ +∞

−∞

ϕfN

n (t)ϕfM

K (t)dt

}

(12a)
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S[k] =

n1+N∑

n=n1

S[n]

[
∑

p∈z

ϕfN

n

(
p

fN

)

ϕfM

k

(
p

fN

)]

=

n1+N∑

n=n1

S[n]

[
∑

p∈z

ϕfN

n [p]ϕfM

k [p]

]

(12b)

(12b) �7!*�b"BXXVl�G�I_2G�6 ∑

p∈Z

ϕfN

n [p]ϕfM

k [p]. �E� (12) �ÆAU�d Æ(*XE- fM , fN q*	�tf(nk*��VTX�*�s"�ÆW8Vl���*| (12) �&S!f(WtXa!l�G�d fN = 2T0W (O Nyquist *�-), 6s" S[n] Wt(G3fEa!�tÆE- fM > 2T0W nk*�VTX*�s"6G3	h9nXa!l�
1 2 �u?Qh*

Fig. 2 Continuous sine signal

1 3 &k,�h*
Fig. 3 Critical sampling signal sequence

1 4 3&k,�h*
Fig. 4 Oversampling signal sequence

1 5 I�X�o
Fig. 5 Relation degree of coefficient� f(s"a!9nXn =$����tf(XfEa!9n`J�$i*�f(s"Xa!9n`b�Od1z&n (**�E-M*�s"Xa!l��;6!dM�B�r�s"*�E-� 6 fN , FM , 6B�)�f(t*�X.F$�6

ϕfN
n (t) =

SinπfN(t− n/fN)

πfN (t− n/fN)
, ϕfM

n (t) =
SinπfM (t− n/fM )

πfM (t− n/fM )
�;*�!*�s"$$i*�s"X.F$�BXXW�nÆ�72*�f(s"Xa!n�O� Φ(n,m; fN , fM ) =

∫ +∞

−∞
ϕfN
n (t)ϕfM

m (t)dt XJbÆ�7���6�($��(<Eed>I/jnk�/�B��Æ6{���/jÆR��6p�q��nk�>B���;*�Xw*b#0w,$�X`8B�{w���O��m6|XX0F$*�E-X0FÆTMÆKX��� �:�X`8B�{w"(�\f X2�lÆK>Xl�`86X�H�6
Φ(n−m; fN − fM ) = Φ(∆n,∆f).�;*� Matlab 6.5 nk~<�/ 2 6�t>Pf(�I$i*�s"d/ 3, t2$i*�s"d/ 4. / 5 66 Φ(∆n,∆f) X~<f �℄e�6 ∆n, 4e�6E-0F
∆f , W�G�FX(*Jb6�u8F5Lb�nX(*Æ���z&�/���X�n"��ÆAU�/Ld �n-D^ Bn��7F-J�6�7�!*�s"Xa!l-JyB�n-D^�ng��7$�F-b��x	��!*�s"XfEa!l-b��/ 5 3NAXAU ∆n,∆f -�o)b�IF-J�6W�l-JyB6-b�
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6.3 �ig{�Æ	����w	��#�mt�_ (11) Meb#�>h��H� (1) 6�A

WS(a, τ) =

∫ +∞

−∞

S(t)
1√
a
ψ∗

(
t− τ

a

)

dt =

∫

T0

{
n1+N∑

n=n1

S[n]ϕfN

n (t)

}

ψ∗

a,τ (t)dt =

n1+N∑

n=n1

S[n][

∫

T0

ϕfN

n (t)ψ∗

a,τ (t)dt] (13)� (13) �A�b#�>G�3|EF5o[�	bXF��f(=�bs"Vl_2tVT�M WS(a, τ) / S[n] BXW�lXJb�,	��
Φn(a, τ) =

∫

T0

ϕfN

n (t)ψ∗

a,τ (t)dt (14)nkn �*| (13) ��7!b#�>G�$f(WtXz&�G�H���E�d 
S[n] s"G3a!l�� S[n] Vj_2tVTX WS(a, τ) �YG3	h9nXa!l�Ia!9n(O$s"WtXa!9n��tM$Vl_2G� Φn(a, τ) ���dÆMn	)X�B�Æ�NAXAU�Vr*�E- fM > fN = 2T0W , S[n] �ybBX(G3fEa!�t S[m] 6!*�s"��ybBXG3	h9nXa!l�6!� �B�_ (12a) d�(�>6dM� (S�:�d(C�\�BX>Xl��6mmq)�H�X�(d!�>t)S[m] =

n1+N∑

n=n1

S[n]{
∫ +∞

−∞

ϕfN
n (τ)ϕfM

m (τ)dτ}, "_IMeq (13) d�(�>6XdM�H�� (S�*o�:N�>(C�\�BX>Xl)

WS(a, τ) =

m1+M∑

m=m1

S[m]

{∫

T0

ϕfM
m (t)ψ∗

a,τ (t)dt

}6�Æo��H��ÆAU
WS(a, τ) =

m1+M∑

m=m1

{
n1+N∑

n=n1

S[n]

[∫

ϕfN

n (τ)ϕfM

m (τ)dτ

]} [∫

T0

ϕfM

m (t)ψ∗

a,τ (t)dt

]

=

m1+M∑

m=m1

n1+N∑

n=n1

S[n]
︸︷︷︸

(a)

[ ∫ +∞

−∞

ϕfN

n (τ)ϕfM

m (τ)dτ

︸ ︷︷ ︸

(b)

][ ∫

T0

ϕfM

m (t)ψ∗

a,τ (t)dt

︸ ︷︷ ︸

(c)

]

(15)IL (a) 6 Nyquist *�-MX*�bs"�(b) ��6!*�b"a!9nXn �(c) �>G��b"Vl_2X_2G������Æ3NAX�>�>G�Xa!l$f(Wta!lX�G�q (13) d�j9B��6�
WS [j, k] =

1√
ja0

∑

n

S[n]ψ∗

(
n− k

ja0

)

=
1√
ja0

∑

n

{
m1+M∑

m=m1

S[m]ϕfM

m [n]

}

ψ∗

(
n− k

ja0

)

=

∑

m=m1

S[m]

{
∑

n

1√
ja0

ϕfM

m [n]ψ∗

(
n− k

ja0

)}

=

m1+M∑

m=m1

S[m]ΦDm[j, k] (16)
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∑

n

1√
ja0

ϕfM

m [n]ψ∗

(
n− k

ja0

)

, � (16) ��A��jb#�>G���f(*�bs"Vl���IVl��XUFJb6 ΦDm[j, k]. d S[n] 6!*�b"�6�.b#F$�^a!$��WS [j, k] �G3a!l�q (15) *�d�j9B��6�A
WS [j, k] =

1√
ja0

∑

n

{
m1+M∑

m=m1

S[m]ϕfM

m [n]

}

ψ∗

(
n− k

ja0

)

m1+M∑

m=m1

q1+Q
∑

q=q1

S[m]
︸ ︷︷ ︸

(a)

[ ∑

p∈Z

ϕfQ

q [p]ϕfM

m [p]

︸ ︷︷ ︸

(b)

]{∑

n

1√
ja0

ϕfM

m [n]ψ∗

[
n− k

ja0

]

︸ ︷︷ ︸

(c)

}

(17)IL (a) !*�b"�(b) ��6*�b"a!lXy��(c) b#�>G��b"Vj_2X_2G��*� (7) ��tO		������NAXAU�jO	Mb#�>G�Xa!l$f(Wta!lXR��H�
6.4 ���i�Æ�k�n�~!yvÆ#�mt���f(XP��H�ÆKb#�>Xh���ÆV>dMXf.

WS(a0, τ0) =
1

Cψ

∫ +∞

0

∫ +∞

−∞

WS(a, τ)Kψ(a, a0; τ, τ0)
da

a2
dτ =

1

Cψ

∫ +∞

0

∫ +∞

−∞

[∫ +∞

−∞

S(t)ψ∗

a,τdt

]

Kψ(a, a0; τ, τ0)
da

a2
dτ =

1

Cψ

∫ +∞

0

∫ +∞

−∞

{
n1+N∑

n=n1

S[n]

[∫ +∞

−∞

ϕfN

n (t)ψ∗

a,τ (t)dt

]}

Kψ(a, a0; τ, τ0)
da

a2
dτ =

n1+N∑

n=n1

S[n]

{
1

Cψ

∫ +∞

0

∫ +∞

−∞

Kψ[a, a0; τ, τ0]Φn(a, τ)
da

a2
dτ

}

(18)� (18)�A�b#�>G�3|X -;nF5o[�	bXF��*�bs"Vl���"MG�b$*�bXW�lJb��M�n � 1

Cψ

∫ +∞

0

Kψ(a, a0; τ, τ0)Φn(a, τ)
da

a2
dτ .d fM > fN = 2T0W , _ (12a) �Meq (18) �d�(�>6X�H��6�A

WS(a0, τ0) =

m1+M∑

m=m1

S[m]

{
1

2π

∫ +∞

0

∫ +∞

−∞

Kψ[a, a0; τ, τ0]Φm(a, τ)
da

a2
dτ

}

=

m1+M∑

m=m1

{
n1+N∑

n=n1

S[n]

[∫ +∞

−∞

ϕfN

n (t)ϕfM

m (t)dt

]} {
1

Cψ

∫ +∞

0

∫ +∞

−∞

Kψ(a, a0; τ, τ0)Φm(a, τ)
da

a2
dτ

}

=

m1+M∑

m=m1

n1+N∑

n=n1

S[n]
︸︷︷︸

(a)

[ ∫ +∞

−∞

ϕfN

n (t)ϕfM

m (t)

︸ ︷︷ ︸

(b)

][ 1

Cψ

∫ +∞

0

∫ +∞

−∞

Kψ(a, a0; τ, τ0)Φm(a, τ)
︸ ︷︷ ︸

(c)

da

a2
dτ

]

(19)�L (a) 6$i*�bs"�(b) 6f(Wta!ly��(c) 60w,$� (b#F$�a!lXy�). ��3NAX�7|X - ;nF5o�>G�Xa!l$f(�tXa!lÆKb#F$�a!lBXXW8�G�/ 6 6>Pf(X$i*�b"�!*�b"
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(a1) %j+�g)4 Haar $GNY�?H�0
(a1) Critical sampling and Haar wavelet bases

(a2) "+�g)4 Haar $GNY�?H�0
(a2)Oversampling and Haar wavelet bases

(b1) %j+�g)4 Mexican Hat $GNY�?H�0
(b1) Critical sampling and Mexican Hat wavelet bases

(b2) "+�g)4 Mexican Hat $GNY�?H�0
(b2) Oversampling and Mexican Hat wavelet bases1 6 h*&k,�#�#,�#5?bd%�b"d%OZ��I���;1

Fig. 6 Views of critical sampling sequence transformed by orthogonal and redundancy wavelet bases,

views of oversampling sequence transformed by orthogonal and redundancy wavelet basesq (18) d�j9B��6�A
WS [j0, k0] =

1

Cψ

+∞∑

j=0

+∞∑

k=−∞

{
m1+M∑

m=m1

S[m]ΦDm[j, k]

}

KDψ[j, j0; k, k0]
1

(ja0)2
=

m1+M∑

m=m1

S[m]







1

Cψ

+∞∑

j=0

+∞∑

k=−∞

ΦDm[j, k]KDψ[j, j0; k, k0]
1

(ja0)2






(20)� (20) �A�b#�>G�$f(ÆK0w,$�BXXW8�G�*�q (19) �d�j9B��6�Æ�NAXAUh8BXX�G�

WS [j0, k0] =

m1+M∑

m=m1

{
q1+Q
∑

q=q1

S[n]

[
∑

p∈z

ϕfQ

q [p]ϕfM

m [p]

]}






1

Cψ

+∞∑

j=0

+∞∑

k=−∞

ΦDm[j, k]KDψ[j, j0; k, k0]
1

(ja0)2







m1+M∑

m=m1

n1+N∑

n=n1

S[n]
︸︷︷︸

(a)

{ ∑

p∈Z

ϕfQ
q [p]ϕfM

m [p]

︸ ︷︷ ︸

(b)

}{ 1

Cψ

+∞∑

j=0

+∞∑

k=−∞

ΦDm [j, k]KDψ[j, j0; k, k0]
︸ ︷︷ ︸

(c)

1

(ja0)2

}

(21)
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7 g0�;� x�t/�j�NO	�YK!.!b#�>G�a!l*v�Xb#F$�Xa!lÆKf(WtXa!lBXX�G�IL���b#F$�Wta!l�B
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