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Abstract The fundamental matrix encapsulates all the information between two images, and
plays a very important role in camera calibration and 3D reconstruction. In this paper, the follow-
ing conclusions have been rigorously proved. If the camera motion is of a pure translation, then
given 5 point correspondences across two images, the fundamertal matrix can be linearly deter-
mined if four correspondences of the 5 ones are from coplanar space points {called coplanar corre-
spondences). In addition, we show that i the distortion factor in the pinhole camera model is
null, then the tundamental matrix can be linearly determined by only these 4 coplanar correspon-
dences. To our knowledge, such results have not been reported yet in the literature.
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1 Introduction

The epipolar geometry is the fundamental constraint between two images. It is inde-
pendent of scene structure, and depends only on the camera internal parameters and their
relative pose. The fundamental matrix encapsulates this epipolar geometry, and plays a
very important role in 3D computer viston'"'*'*', such as camera calibration , 3D recon-
struction. The fundamental matrix 1s a 3 X3 matrix of rank 2, and has 7 degrees of free-
dom:*. When the scene structure and camera’s motion are unknown, the fundamental ma-
trix can be non-linearly determined using at least 7 point correspondences-*. In general at
least 8 point correspondences are required to linearly determine the fundamental matrix-*’.
When there exist 4 correspondences induced from coplanar 3D points (hereinafter, such a
correspondence 1s called a coplanar one), only 6 point correspondences are required to line-
arly determine the fundamental matrix‘®
additional knowledge on camera motion is available, then can the number of point corre-
spondences be further reduced? Our answer 1s affirmative. In this paper, the following
conclusions will be proved: If the camera motion i1s of a pure translation, then given 5
point correspondences across two images, the fundamental matrix can be linearly deter-
mined tf 4 of them are coplanar, In addition, we will show that if the distortion factor in
the pinhole camera model is null, then the fundamental matrix can be hnearly determined
by only these 4 coplanar correspondences.

The paper is organized as follows. In Section 2, some preliminaries on the fundamen-
tal matrix and homography are briefed. In Sections 3 and 4, 5-point and 4-piont algorithm
for the fundamental matrix computation are elaborated. Some conclusions are given in Section 5.

. If there exist 4 coplanar correspondences, and if

2 The fundamental matrix and homography

The fundamental matrix F
Let (R,t) be the camera’s motion, that is, the transformation from the first camera
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frame (before motion) to the second (after motion) is x'¥ = Rx'" 4t , where R is a rota-
tion matrix and ¢ a translation vector. Suppose that the internal parameters ot the two cam-
eras are respectively.

O ()
2 s U
KY =10 2 w1, 7=1,2 (1)
0 o 1|
The fundamental matrix F corresponding to the two images (I'V ,I'”) can be expressed
6]
asS :

F _— (K(Z) )—T[t]XR(K(I) )—1 (2)

where{t], = | ¢ 0 —t | is the skew-symmetric matrix induced by the translation
— ¢, t 0
vector £ = (1 523 +23) .

If {a’ = (i vV, DToa® = (4 ,v;,” ,1)" } is a set of point correspondences, then
the following matrix equality holds:

Fa{" = Ae X @;¥ or equivalently, (&% )'Fa"” = 0 (3)
where A 1s a non-zero scale factor, and e is the epipole in the second image.

The fundamental matrix is unique up to a non-zero scale factor. In general, given at
least 8 point correspondences, it is possible to determine the fundamental matrix by sol-
ving a set of linear equations as shown in (3).

The homography H

The homography H of the two images (I ,I'” ) from a same space plane @ can be ex-

pressed as'®’ .

H...WVK(Z}R(K(I) )—-l '; ;K(Z)MT(K(D )—1 (4)

where n is the normal of plane = under the {irst camera frame, and d is the distance of the
plane 7 to the origin.

The homography H is uniquely defined up to a non-zero scale factor. If {a!” —a!®} is
a set of coplanar correspondences, then the following equality holds;

Adi¥ = Hua'V (5)

Thus, given a point correspondence, we can obtain two linear constraints on H. Hence,
in general, at least 4 point correspondences are required to linearly compute H .
The relation between F and H

Let F be the fundamental matrix corresponding to the two images (I , 1) , and e be
the epipole in the second image. Suppose that H is the homography of a plane . Then the
following relation exists among F, H and e '* .

Fale|l H (6)

Given matrix H , epipole e can be linearly determined using at least two point correspon-

dences (corresponding 3D points do not belong to the plane ) by (3) and (6). Hence, at

least 6 point correspondences are required to linearly determine F when there exists a plane
in the 3D scene.

In this paper, suppose the camera motion is of a pure translation. Our objectives are:

(1) how to linearly determine the fundamental matrix from 5 known point correspondenc-

es, of which 4 are coplanar; (2) how to linearly determine the fundamental matrix from

only these 4 coplanar correspondences if the distortion factor in the pinhole camera model
equals zero,

3 Fundamental matrix determination with non-zero distortion factor
In this section, the distortion factor in the pinhole camera model is assumed to be
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nonzero. Lett = (t,,t,,¢;) be the translation vector of camera. Given 5 point correspon-
dences, denoted by &} = («;" ,v}" , D' od? = (u¥,0%,1)7(G = 1,2,++,5) , we sup-
pose the point correspondences &’ <& (; = 1,2,3,4) are from plane 7 , and that nis the
normal vector of plane 7w under the flrst camera {rame, d the distance to the origin. If the
homography H of plane m has been determined by these 4 coplanar correspondences, then
in order to compute the fundamental matrix F by (6), we need only to compute the epipole
In the following, we will show how to determine e under two different circumstances.

(I) The translation vector is not parallel to the image plane

Proposition 1. Suppose plane m1s not parallel to the image plane; then the epipole e can
be linearly determined if and only if v # 45 , where (i® , 05 ,1)' =~ Ha'" .

Proof. Since the translation vector ¢ 1s not parallel to the image plane, £ % 0. By denoting

_ T _K(Z)t T __ ~ I3 T SERES
e — (€1$€2!1) — » 1 == (al s o 9&3.) == n (K ’ and
ts sd
by B, ks
sKP (KWWYt = 10 &k, ks (7)
0 0 ks,

the matrix H can be written in the form

”31 + e a; ks +e1a; k; 4+ e a; W
H — K(EJ (K(l} )_-1 “i’ eaT — €r k;l T €2y kg} T €>ds3 (8)
s di as kﬁ —"‘613 )

Now note that n, = 0 due to the fact that the plane is not parallel to the x axis of the camer-
a frame, and

fl/fflfl ES(I)/(f{l)f(” ) (_ H(l) f‘(l) _'__ 5. (1))/(f(1)f(1) )“
(K{]J )-1 — 0 1/‘)(?“1} . Uﬂll/f'(l)
0 0 1 J,
So we havea, = de}]m # (. Therefore equation (8) mmplies
Hy,
= 9
“ = H, )

where H, is the ( 7, j)” element of matrix H .

Since F = [e], H is the fundamental matrix and { @&" <@ } is a point correspon-
dence, we have
(s )" el Has? =0 (10)
Substituting (&% , 252 ,1) " =~ Hu‘” into (10) leads to
(*{5} . ‘052} )el — (u(ZJ ~(2) _ ,UEZJ *52)) + e, (a(ZJ _ H;Z}) (11)
Equation (11) has a unique solution on e; if and only if vi¥ # ©:% , 1. e.,
(u(z} 5P PPy e, (P — #4$P) B
€1 = (*(2) B U5z)) T
) ) H, .
ugzr ;2) . ,ng) uég) 21 ( (2)y ugm)
H;,
- (2) (2> (12)
Us — Vs
Thus, by (9) and (12) we have
Y ) ) H ) N T
€ — H31 HZI 1
4 b
2B H.,

Remark 1, When the plane m is parallel to the x axis of the camera frame, we have

a, = *— = (0. Hence, it is impossible to obtain any linear constrains on the epipole e

Sdftl}
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from the matrix H. As a result, the fundamental matrix F can not be determined using 5
point correspondences in this case.

Proposition 2. If the plane « is not parallel to the x axis of the camera frame and ©t* % 0,
then the epipole e can be linearly determined.

Proof. We need only to prove that equation (11) has a unique solution, Otherwise we
have

9P — o = 0 (14)

and
(u(Z) ~(2) _ ngJ {‘EZ) e, (u(:&) . ag.’a‘)) = () (15)
Let I be the line through the flrst camera center and the 3D point ¥; corresponding to ima-
ges (" «>i@;” ) , and &; be the intersection point of the line I with plane n. Then from Fig. 1,

we know that the projections of point X; on the two image planes are #;"’ and it;’ , respectively.

2) . .
It follows that l(m = @{¥ X @i¥ is the epipolar line in the second image corresponding to

X
a()'

(2) .
o =g X g

Fig.1 | u'l

_, =UsXit; 18 the epipolar line in the second image corresponding to &

According to (14) ,we have Lu} = (0,1, —ut” )(= (0,1, —%”)) . This implies e; = D =

vs 7% 0. Thus, equation (15) can be simplified into the following form.
vi (us” —us?) =0 (16)

So, #s” —us® =0, and #s? = a¥ ~ Ha'" . From (14), it implies that ¥; belongs to the
plane 7. That is contradlctory to our basic assumption.

(II) The translation vector is parallel to the image plane

Proposition 3. From the homography H and point correspondences ( @& «<a!*) , we
can linearly determine the epipole e .

Proof, Since the translation vector tis parallel to the image plane, z; = 0 and e is at the
infinity, Lete = (e,;,e;,,0)" . Then the equation

()Y el Hal’ = (17)
becomes
(‘(2) — ‘052) )81 - €3 (H(E) &éz)) (18)
Note that the two entities 752 — v{¥, wl? — @i? 1 l D poi
2“7y U us” are not all zero since 3D point ¥; corre-

i, —i” )does not belong to the plane 7. Hence, we have

(2) . uéz) T (2) uiéz) T
e = 1,5 , O 1,2 0 ) when 9% — vi¥ # 0;
A (2) (2) ~ (2) (2)
Vs — Us Us — Us
(2) (2)

T (2) ~(2) T

Uy — Ug Vs — Us N

3——32( (2) A(g)’l’o) ~ ( 3 )3190) when u(Z)*uéz} = O,
Us — Us Us — us

sponding to images ( i

4 Fundamental matrix determination with zero distortion factor

Suppose that the distortion factor in the pinhole model equals zero, and the transla-
tion vector ¢ is not parallel to the image plane. Then we have the following propostion.
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Proposition 4, If neither the x -axis nor the y -axis of the camera frame is parallel to
the plane 7 ,then the epipole e can be linearly determined from the homography H of plane « .

Proof,
’fLE} O ué.?) A fl/fil} O . uéljfil) /(fil)firl) ) )
K@ — 0 @ Lo (KW 0 1/ FC0 — D/ FD
-0 0 1 0 0 1 |
Since s'V = s =0, the matrix H may be written in the form
by e ay €1d; ky + e as
H=sK*“(KV)'4+ea' = > ke +ea, ks + e a; (19)
d oy ke + a;

In addition, since neither the x -axis nor the y -axis of the camera frame i1s parallel to the
plane m , we haven; % 0,n, % 0 , and

45 n,

a; = Sdfil:’ # Oﬂ'al — Sdfél) # O (20)
. H H H H 1
Then according to (19) we havee, = ~——<,e, = —— , and e = ( At 1 ) :
5 ' T H,'® T H, H,, H,

Remark 2. If the plane mis parallel to only one of the two axes of the camera frame,
one additional point correspondence (corresponding 3D point does not belong to the plane
m) 1s needed to linearly determine epipole e.

Remark 3. If the plane mis parallel to the image plane, then two additional point cor-
respondences (both two corresponding 3D points do not belong to the plane 7) are needed
to linearly determine the epipole e.

S Conclusions

In this paper, we show that if some information about camera motion is available, the
minimum number of point correspondences can be reduced for determination of the funda-
mental matrix, In particular, the following conclusions have been rigorously proved: I the
camera motion 1s of a pure translation, then given 5 point correspondences across two ima-
ges, the fundamental matrix can be linearly determined if 4 point correspondences among
the 5 ones are coplanar. In addition, we show that if the distortion factor in the pinhole
camera model i1s null, then the fundamental matrix can be linearly determined by only
these 4 coplanar correspondences. To our knowledge., our algorithms are the most eco-
nomical ones which use only 4 or 5 point correspondences rather than 6, 7, or 8 as repor-
ted in the literature,
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