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Abstract The relative motion between a camera and the scene will lead to blurred images. Note
that the linear motion of an object can be described by the traveling wave equation., This model
may be used for explaining the formation of the above image blur and for its restoration in spatial
domain as well. Investigations in this paper are first made on the removal of image blur caused by
a uniform, linear motion along the horizontal direction, including the detection and measurement
of the motion direction and displacement, and a recursive solution of the original image; then on
the generalization of the method to 2-D case so as to suit the uniform linear motion along an arbi-
trary direction. The experimental results show that the ring-bell effect inherent from traditional

frequency domain processing as well as the expensive iterations in sclution can be avoided by such
a spatial domain processing.
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1 Introduction

During the process of image tormation, the quality of images may degrade due to a va-
riety of causes, such as out of focus, distortion of optical systems, the relative motion be-
tween the camera and the scene, etc. The task of image restoration is to recover the origi-
nal image with the most fidelity.

Suppose f(x,vy) 1s the original image,g(x,y) the blurred image, h(x,y)the degrada-
tion function and n(x,vy) the noise. With a reference to the traditional model of image deg-
radation g(x.,y)=h{x,y) * f(x,y)+n(x,y), many methods'™%, such as Inverse filte-
ring, Wiener filter, constrained least-squares restoration, Maximum entropy, Lucy-Rich-
ardson iteration, etc. , have been proposed to remove image blur either using Fourier
transformation in the frequency domain G(u,v) =H(u,v) F(u,v) + N(u,v) or using the
optimization techniques in algebraic forms g=hf 1+ n. Indeed, degraded images are re-
stored, however, with ring-bell effects and at high computing costs.

As an alternative approach, this paper proposes a spatial domain processing which
starts from the traveling wave equation to restore motion-blurred images. In appearance,
this approach gives an analytical solution same to Gonzalez’s method', it actually works
with the wave process, 1. e., the traveling wave equation, thus being more Intuitive and
clear in physical sense, easy to analyze and explain the formation of image blurring, and
convenient to utilize sophisticated means already developed in solution. Investigation with-
in this approach includes a traveling wave model tor image blur caused by motion, the re-
moval of image blur due to horizontal uniform linear motion, the determination of the di-
rection and displacement of motion along arbitrary directions, the deblurring of these ima-
ges without rotation operations, etc, Experimental results are given for a comparison with
the results of traditional Lucy-Richardson frequency domain processing.
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2 Motion blur and traveling wave equation

Suppose that an object f(x) moves at a rate v along the horizontal direction x under
surveillance of a stationary camera. The total exposure g(x) at any point of the recording
medium (e, g. ,» tilm) 1s obtained by integrating the instantaneous exposure over the time
interval 0=<C¢t<CT during which the camera shutter is open. To isolate the motion effect, it
1s assumed that shutter opening and closing takes place instantaneously, and that the opti-
cal imaging process is perfect. For the duration of exposure, there will be

T
g(x) ijﬁ(x—vr)dt (1)

By which, a frequency domain processing can be done by applying Fourier transformation
to both sides of Eq. (1), and it 1s possible to completely reconstruct the original image u-
sing knowledge about the blurred image g(x) inside and outside the interval 0<Lx<CL as
addressed in | 1 ].

The above motion blurring process can be described with a 1-D traveling wave equa-
781 a5 follows s

tion
(éa; + v %)w(m,t) —= 0
wlx,0) = f(x)
where w(x,2) 1s the instantaneous exposure of the moving object at time ¢,and f(x) its In-
itial value at t=20.
As the solution of Eq. (2), the so-called D' Alembert solution takes the following form'""* ,
wlxst) = f(xr— vt) (3)

It can be seen that w(x,t) keeps the wave {ront invariant along each characteristic line

(2)

x— vt =const on x—1t plane,that is, the image moves as a rigid object along the horizontal
direction. So, when 1>>0,the accumulated exposure effects (or the blurred image) on the

film should be

¢ t
|r- ™

glx,t) = |wlx,p)dr = | fCx— vr)dr (4)
uﬂ ‘JQ
together with the constraints at both ends of the time interval respectively:
T
glx,0) =0, glz,T) = |f(xr—vr)dr = g(x) (5)

ot

O
Therefore, it can be seen from Eq. (4) that for a stationary object (v=0) there will be

'

glx,t) = Jf(:r)dr =t f(x), Zlx) = glx, T) =T+ f(x) (6)

0
Obviously, the images g(x,z) and g(x) will not be blurred since the accumulated expo-

sure is simply the initial exposure multiplied by the exposure time at each stationary posi-
tion; whereas, the image of a moving object (v 0), as an equivalent to the stationary ex-
posure of an averaged f(x) over a neighborhood, must be a blur one;

v

g(:c,r):t-;zjf(;’)dgzt-f(i),, r € x—vty, x] (7)
g(.r)zT-vlij(C)dng-f(E), r € lx—vTl, x_ (8)

In addition, a 1st temporal deri;gtive to Eq. (4) gives
Og(z.0) = flz—ov0) (9)

and from Eqgs. (2) ~(4) there will be
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o - oWl Tat) v dwlxst) y vt o -
v (e d) = |0 ="t e = =2 dr =—w(z,0) | = f(2) — flz—wt)

(10)
This makes clear that the motion-blurred image g(x,¢) itself subjects to a non-homogene-
ous traveling wave equation with the unknown initial image f(x) as the right hand term,

o oY o
5 FP glz,t) = f(x) (il)

This suggests a uniform criterion for objective assessments to performance of different res-
toration methods for motion blurred images.

3 Removal of image blur caused by horizontal motion

Eq. (10) provides clues for estimation of the total displacement D=wvT. Note that
%g(;;;) = f(x) — f(x — D) (12)
This shows the 1st spatial derivative of the blurred image g(x) is an overlapping ot the ini-
tial image f(x) and its negative and shifted version — f(x— D) ,where the shift is just the
total displacement D between points in one version to thelr counterparts in other version,
so it can be determined by interactive or heuristic matching as shown in Fig. 1.
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(¢) 1st derivative to (b) along horizontal direction

Fig. 1 A conceptual illustration for detection of the horizontal shift using matching

Eq. (12) can be written as

flx) = v 2

gig(.r)ﬁ-f(r—-D) (13)
So, when the total displacement D=+vT i1s known and the image f(x) has only a limited
width L>0, i.e. , when f(x)=0,Vx&|0,L ], f(x) can be obtained from g(x) by a suc-

cessive forward solution as follows.

(x) = v —a—g(.r) x € [0,D) (14a)
Sk
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Flz) = v%g(.ﬂ d Flr—D #E [l (14b)

o
Here the unknown speed v can be omitted in computation as a scalar to g(x) without loss
of generality. The image produced by Eq. (14) is shown in Fig. 2(c), compared with the
image produced by a typical frequency domain method"*! as shown in Fig. 2(d).

(¢) Traveling wave deblurring (d) I.-R deblurring (100 iterations)

Fig. 2 Traveling wave method compared with [Lucy-Richardson method in removal of horizontal motion blur

4 Oblique uniform motion and Hough transformation

So far, it has been assumed that the uniform linear motion goes along the horizontal
direction. When the motion goes along an arbitrary direction, the directional angle ¢
should first be measured. This can be done by edge detection to the motion blurred image,
followed by a Hough transformation'’ to find out all straight lines expressed by the nor-
mal representation below:

% €ost + ysinf = g (15D

Note that during the uniform linear motion all points of the rigid object leave a lot of paral-
le] lines as their traces. They make a majority in the set of all lines. So, the histogram of
the directional angle @ of lines in the motion-blurred image can be used to identify the di-
rection of motion p=0—=x/2.

S Removal of oblique motion blur

Oblique motion blur can be removed by an image rotation of angle ¢.
e il - COS@ sing | [ax”
R sing  cosep JLy_
This transforms an oblique motion into the horizontal one so that image blur can be re-
moved using Eq. (13), and followed by an inverse rotation in order to put the de-blurred
image onto the proper position. Such a processing is simple and feasible, However it needs

considerable computation for twice rotations per pixel, hence being better to avoid.

(16)
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Let k= (cosg,sing) ' be the direction of an oblique motion, and p a moving point a-

long this direction; then corresponding to Eq. (13), the oblique motion can be expressed
as .

f(p)—‘vé—kg(p)%-f(p——Dk) (17)
Or
flx,y) = v ak g (x,y) + f(x— Dcosg,y — Dsing) (18)
where geg (p) is the directional derivative of g(p) along vector k,thus we have a recursive
solution without rotation transformation
fCxyy) = ;“(x,y), 0 < x << Dcosgp U 0 << y < Dsing (19a)
FLiEsy) == ak g(x,y) + f(x— Dcosg,y — Dsing) ,

Dcoso << x << L, [] Dsinp << y < L, (19b)
Fig. 3 gives an example where the original image is blurred due to an oblique motion with
20 pixels in shift along the angle of 145 degrees. It is shown that the traveling wave de-
blurring gets better results than that of Lucy-Richardson deblurring.

(c) De-blurred by traveling wave equation (d) De-blurred by 1.-R deblurring (100 iterations)

Fig. 3 Traveling wave method compared with Lucy-Richardson method in removal of oblique motion blur

6 Conclusion

An image deblurring method using traveling wave equation is proposed and implemen-
ted in this paper for recovering images blurred by unitorm linear motion. Discussion are
made on three key issues including the detection of motion direction, the measurement of
displacement and the inverse solution of the traveling wave equation through recursion.
Experimental results show that as a spatial domain processing, the traveling wave deblur-
ring produces better quality images than the traditional frequency domain processing such
as Lucy-Richardson methods etc. while avoids the high cost of iterative computation and
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the ring-bell effect which more or less appears in the frequency domain processing.
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