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Abstract In this paper, a two-failure-mode system is discussed. It is assumed that while the sys-
tem is working in a normal stage, it can enter fallure 1 immediately or tailure 2 after passing
through an abnormal stage. Failure modes are self-announcing modes whereas normal modes and
abnormal modes are non-self-announcing modes. While the system is working, it is inspected once
every time interval to make sure it is normal or abnormal until it fails, or until the result of inspec-
tion is that it 1s abnormal. The duration of the inspection is a random variable. The reliability indi-
ces and the optimal inspection polices of the system are derived by using the density evolution
method.
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1 Introduction

Many productive systems usually have 2 kinds of failure modes non-inspectable
failure (F,) and inspectable failure (F,). Due to its immaturity in skills and expenses, the
system is not inspected before F; appears. However, the system is inspected before F, oc-
curs, and there are 2 stages, normal (N) and abnormal (A), in the working mode of the
system. The system can not enter F, until it has passed A. A diagnostic parameter may be
used to distinguish between N and A, and each inspection consists in measuring the value
of the diagnostic parameter. The diagnostic parameter, which is a random variable, has a
close relation with the working modes and can be observed easily. For instance, the diag-
nostic parameters of some electronic equipment include the power, amplitude, {requency,
efc.

More than 100 papers have been dedicated to the research of inspection polices since
1963, more than ten of them by Chinese researchers. Inspection polices consist of 2 parts:
the first, {ind out the optimum time interval between two inspections; the second, alter
getting the inspection results, try to take the most effective measures, such as keeping the
system running or just repairing it, By taking these measures, minimum expense and max-
imum profit will be obtained. In this paper, by using probability analysis and the density
evolution method, we studied the system comprehensively and obtained reliability indices
and the optimal inspection period and critical value'~"/,

2 Assumptions

1) The system has a kind of inspection mode (I), 2 kinds of failure modes (F,; and
F,) and 2 kinds of working modes (N and A), where I, F, and F, are the self-announcing
modes whereas N and A are non-self-announcing modes. When the system is in N, it can
transter to F; with a constant failure rate A, or to A with A,;,. While the system is in A, it
can transfer to F, with a constant failure rate A; or to F; with A,,. As the system is operat-
ing, 1t 1s inspected once every time interval x; to make sure whether 1t 1s in N or A until it
attains F,(i=1,2), or until the result of inspection is that the system 1s in A. The dura-
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tion of the inspection, X, , 1s a random variable.

2) Each inspection consists in measuring the value of a diagnostic parameter. The di-
agnostic parameter, X,, 1s a random variable. While the system is in N, c. d. {f. of X; is
F,(x) and |=.. zdF, (x) =0 ; whereas as the system is in A, ¢. d. f. of X; is F;(x) and
%o axdF, (x) =3, where < 8. Denote x as the measured value of X; and x, as the criti-
cal value,

Diagnostic criterion. If x<Cx,, we make the decision that the system is in N, and if
r>x,, In A alternately.

Obviously, p,=F,(x;)/p,=1—F,(x,) 1s the probability that the inspection result is
true when the system is in N/A. pos s =1—p1=1—F,(x,), poand g =1—p,=F, (x;)
are called accurate diagnostic probability of normal, wrong diagnostic probability of nor-
mal, accurate diagnostic probability of abnormal, and wrong diagnostic probability of ab-
normal, respectively. They are functions of variable z,.

3) Once the result of inspection is that the system 1s in A or the system enters F,; (1=
1, 2), the system is repaired immediately. The repairs are perfect. The repair time distri-
butions of the system are continuous, and the distribution of X;(i=1,2) 1s arbitrary. All
random variables are mutually independent. Initially the system 1s working in N,

4) When the system 1s in N or A, the expected rewards per unit time generated by the
system are R, or R,, respectively. And when the system is in state (5, 7) (which is de-
fined below), the expected repair cost every time is E;, 1=1,2,3,4,5. The expected cost
of each inspection is Es.

Notations.

¢ . f=1—F.

o T () =|7 f(Dexp(—st)dt (Laplace transform).

e (1,3): The states of the system. i=1 means that the system 1s working in N; =
2 means that the system is in both N and I'; i=3 means that the system is working in A;
=4 means that the system is in both A and I; j =n means that the system has been in-
spected n times, =0, 1, 2, **

« (5,2): The states of the system. 5 means that the system is being repaired. :=1/
2/3/4/5 means that the system 1s in F; (to which the system transfers from (1,n), n=0,
1,2,++)/the system is in F, (to which the system transfers from (3,7n), n=0,1,2,+--)/the
system 1s in F,/the system is in A/the system 1s in N (but the result of inspection is
wrong).

e h(t), H), alx)s a ': h(t) and a(x) are p. d. f. and the failure rate of X;, re-
spectively, and

H() = th(:z:)dx = ] — exp
Q

—J‘ta(x)dl‘q v o | = Jmth(E).
o y 0

v 2. () Gy 1, () pi g (1) and u,; (y) are p. d. {. and the failure rate of the re-
pair time when the system is in (5,7), respectively, and

6.0 = | gy = 1—exp[ = [ wdy ], w = [ 0G0, i = 1,2,3,4.5.
0 L 0 ] §

» P;.(t,x): p.d. {. (with respect to x;) that the system is in (z,j) and has an e-
lapsed x; of =z, i=1,3; 1, 2, *--.

« P;;(ty2): p.d.f. (with respect to X;) that the system is in (z,j) and has an e-
lapsed X, of 2z, 1=2, 4; =0, 1, 2, ---,

e Py (t,y): p.d.f. (with respect to repair time) that the system is in (5,7) and has
an elapsed repair time of v, j=1, 2, 3, 4, 5.

¢ SisAizi: S1 =85t AL TAns So=s5sTA T Az Atz1 =A1 T A21 5 A122 = A1 T A2z

* ¢.4 €5 ei=exp[_(s—|—/11—|-){zf)x-[], eiD:exp[ﬂ(Al—Flgi)xl], 1—1,2.
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3 State probabilities

The possible states of the system and the transitions among them are shown in Fig. 1.
Using the method in [ 2,4~7 ], we can get the state probabilities of the system in terms of

q.8(2)
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Fig.1 Transition diagram
the Laplace transform as follows:
EPf,, (ss2) =Qa2 —Aa) 1 —qh™ (s)e; ] exp(—s12)/B(s), 0 < < (1)
n=—7{_»
Epz*ﬂ(-‘h?:) :(/122 ‘_";{21)6’1[1 — Q2h* (S)ez]H(Z) exp(—'— SZ)/B(S) (2)
n=—1{

ZPB’; (sy2) =dn {1 —qh* (s)e; | exp(—s1x)—[1—q.h" (s)ey | exp(— s, x)}/B(s),

> P (sy2) =2z (&1 —e;) H(2) exp(— sz)/B(s) (4)
P (syy) =21 Qg2 —A)sii (1 —e)[ 1 —qh* (s)e, |G 1 (y) exp(— sy)/B(s) (5)
P5*2(S,y) =A14z {51_1 (1— 31)[1 — qsh’” (5)6’2] —

s;0(1 —e)[1—q.h* (s)ey VG, () exp(— sy)/B(s) (6)
P, (Say) = Az1A22 {51;1 (1 — 81)[:1 — th* (5)62] T
s77 (1 —e )1 —qg.h* (sDe; | VG (y) exp(— sy)/B(s) (7)
P (ssy) =psdnh* (s)(ey — )Gy (y) exp(— sy)/B(s) (8)
P2(s,vy) =qi Qa2 — Az )R ()el[1 — qh” (s)e, JGs (v) exp(— sy)/B(s) (9)
where
B(s) ::(/122 _'/121)[]. — plh* (5)61][1 — qzh* (S)ﬁz:l —
A1 (Azz _'/121)51_1 (1— 31)[1 T QZh* (5)521&* (s) —
MAzalst (L—eD|l—qh" (e, ] — 7' (L —e)[ 1 —q.h”* (s)ey ]} gs (s) —
AnAzz{si' (1 —e) 1 —qh” (De; ] — 53" (1 —e)[1 —qh™ (s)e; 1} g5 (s) —
prdnh” (s)(ey —ey) gy (s) —
g1 (Azz — AR (e [1 —qh” (s)e. g5 (s) (10)

4 Reliability indices of the system

According to the assumptions of the system and the definitions of reliability indices,
using Fig. 1 we can get reliability indices of the system.
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4.1 N-availability and A-availability

The probability that the system is working in N is called N-availability, whereas the
probability that the system is working in A is called A-availability. Denoting A, () and
A;(t) as the instantaneous N-availability and A-availability at time ¢, respectively, we ob-
tain

Lo

Ao = TP Godr, A = S|Py de

n=10 o

Taking the Laplace transforms on both sides of the above Equations and using Equa-
tions (1~10), we have

Af (3) :(Azz"_A21>S1_1(1_‘€1)|:1““q2h*(5)62]/8(3) (11)
A; (S) :/121 {[]. — Q'Zh* (H):I[STI (]. _E’l) —SEI (1 _6'2):' _’_
{d- (/122 _‘/‘{21)}1* (5)51_1 ~’5—z_1 (1 — 31)(1 _6’2)}/8(‘?) (12)

where B(s) 1s given by Equation (10).
Let A; and A, represent the steady state N-availability and A-availability, respective-
ly. By applying the limiting theorem of the Laplace transiorm, we get

A; =limA, () = IImsA[ (s) = (A2s — A21 )A122 (1 — €0 (1 _Qzezﬂ)/B (13)

F— O30 s—»(}

As =Anl paAiea (1 —e) — padian (1 —ez0) + g2 Az — A1) (1 — ) (1 — e |/B (14)
where
B = (A2 — An )/1121/\122,6’_1 + Aizz Lp2Asz — Arz1 (@odz + }92/122);8_1](1 —e0) T
Aoi L P2Aar T A2 (poda + qg;{zz)ﬁ—]](l — e3) +
4z [/122/1122 — Az1dizr — (Azz — Az )/1121-1122‘@1:’(1 —ep) (1l —eyp) +
A (Ros — Az DAig (1 —e10) (1 — queg ) it +
AiAz; [chzz (1 —en) — P2A121 (1 — €3) q: A2z — Az ) (1 — €10 (1 — e )]#2_1 -+
A21 A2z [Pzrhzz (1 —e10) — PrAiz (1 —ey) 1+ . (Azz — A21) (1 —ey4) (1 — 321'::):'#;1 —+
DaA2 A1z A2z (eyo — 6’20)#11 + q) (22 — Az1 DAz A1z €10 (1 — ) 6’20)#5_1 (15)
4.2 F,N-failure frequency and F, A-failure frequency
It is defined that the system is in F; N-failure if and only if it 1s in state (5, 1) where-
as the system 1s in F, A-failure if and only if it is in state (5, 2). Denoting W, (¢) and
W, (¢) as the instantaneous F; N-failure {requency and F, A-failure frequency at time ¢, re-
spectively, from Fig. 1 we can obtain

o

Wl (t) — ZJ:lAlp}n(fa.I)dxa Wz(f) - ZJ.?A1PBH(I9I)(1I.

Taking the Laplace transforms on both sides of the aboJéDEquation, we have
Wi(s) =2 Qe —A)si (I—e)[1—qgh”" (s)ey |/B(s) (16)
Wi () =2 {ll—q@h" ()]s (I —e) —[1—qgh" (s)]s; (1 —e) +
%h* (s) (/122 “/121)31_1 551 (1— 6’1)(1 — 62)}/8(5) (17)

Let M, and M, represent the steady state F;, N-failure frequency and F; A-failure tre-
quency, respectively. Then

MI =21 (A2 _“1121);{122(1 _6’10)(1 ‘_926'20)/5 (18)

Mz :/11;’121 [Pzzhzz (1 — Elg) e pzlhz] (]. — 620) “l— {- (/122 T /121 ) (]. — 610)(1 — 62@)]/5(19)
where B is given by Equation (15).
4.3 F,-failure frequency and A-repair frequency

[t is defined that the system is in F,-failure if and only if it is in state (5, 3), whereas
the system 1s in A-repair if and only if 1t 1s in state (5, 4). Denoting W, () and W, () as
the instantaneous F,-lailure frequency and A-repair frequency at time ¢, respectively, from
Fig.1 we can obtain

Wi (s) =Ands {[1 —q2h (5)]51_1 (1 —e) — [1 —q:h’ (3)]-‘52_1 (1—e) +
q;_ah* (5) (Azg — Az )51_1 .E;z_l (1 — €y ) (1 — €9 ) }/B(S) (20)
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Wf (5) :pzflzlh* (S)(€1 _Ez)/B(S) (21)
Let M, and M, represent the steady state F,-failure frequency and A-repair frequency,

respectively. Then
=A21A22 [szhzz (1 —ep) — P21z (1 —ey) + gz (Aze — /121) (1— 310) (1— 320)]/8(22)

M, = pyA21A11Aiza (e1g — €200/ B (23)
4.4 N-repair frequency and inspection frequency
While the system is working, it is inspected once every time interval x; to make sure
whether it is in N or A. When the system is working in N but inspection result i1s wrong,
it should be repaired (or tested perfectly). The repair taken on the system in N is called
N-repair, that is, the system 1s in N-repair if and only if it 1s 1n state (5, 5). As the sys-
tem is 1n state (z, n) (i=2,4; n=0,1,2,++), it 1s being inspected. Denote W (z) and
W, (¢) as the instantaneous N-repair frequency and inspection {requency at time ¢, respec-
tively. By the definitions of W () and W,(z), we obtain
W () =q QA —Aa)h”™ (e 1 —qg.h” (s)e, |/B(s) (24)
W; (S) — [/1226‘1 "_/121 € — {» (/122 _Azl)h* (5)6162]/_8(5) (25)
Let M; and M; represent the steady state N-repair {requency and inspection frequen-
cy, respectively, Then
M; g1 (Azs — Az1 ) A1z1A122€10 (1 — qre30) /B (26)

Mﬁ )tlzl)hzz Dkzz €10 — A21 €20 — Yz (lzz T Az1 )610 egg]/B (27)
where B 1s given by Equation (15).

|

|

S Optimal inspection policy
We are now 1n a position to obtain the profit function of the system by using the re-
sults obtained above. The expected total profits generated by the system during (0, ¢ | are

L) = R,| A2 dz+R, | Ay(o)de— ZE W.(2)dz (28)

Taking the Laplace transformb on both sides of (28), we have

L () = [RIA! () + RA; () — ZEW* (s) |/ (29)

Applying the limiting theorem of the Laplace transferm, from Equation (29) we can
search out the expected profits per unit time in the steady state:

6
L =limL(¢)/t = lims’L" (s) = R|A, + R, A, — EEM (30)

— 0 s—{)

where A,, A;, M, (1=1,2,3,4,6) and B are given by (13), (14)3 (18), (19), (22),
(26), (27), (28) and (15), respectively. L 1s called the profit function of the system.
Taking suitable values for the parameters to make L. maximum is the optimal inspection
policy.
According to the characteristics of the system, we have
P = Fi(x), g = 1 — F (xy), p: = 1 — F,(x3), > — Fo(xp) (31)
eo = expl— (A +A)x1 ], =1,2 (32)
Substituting (31) and (32) into (30), the profit function L could be expressed as a func-
tion of two variables (x; and x;), that is, L=L(x;, ;). Using the analytical or numeri-
cal method, we can get the optimal inspection period and critical value (xf . x5 ), which
make L=L(x;, x,) maximum.
Numerical example.
Calculations are carried out using the following input data.
= 1/2470, An = 1/1560, A, = 1/115, F' =6,
;_El = 60, pgl = (6, pg_l = 156, ;,zf = 21, pgl = g,
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R, 1320, R, 1260, E, = 4730, E, 12200,
FE, = 399100, £FE, 10300, E- 1990, £E, 380.
Let us assume that X, is N(51, 12°) when the system is in N, whereas X, is N(83,
16°) when the system is in A. With a microcomputer, from Equation (30) we can obtain
the optimal inspection period and critical value, (xf , xf ) = (97. 82, 65. 23), and the

maximum expected profits per unit time in the steady state L(xf , =f )=L(97. 82, 65. 23)
=1064. 509.

|
|
j
|

|
|
|

6 Conclusion

This paper deals with the optimal inspection policies for a Z-fatlure-mode system
whose modes can be known only through inspection. By using probability analysis and the
density evolution method, the reliability indices and the optimal inspection period and criti-
cal value were obtained, which makes the expected profits per unit time generated by the
system 1n the steady state maxtmum., The numerical example 1s served for demonstrating
the feasibility of the method.
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