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Abstract One kind of optimal security investment portfolio and consumption choice problem in in-
ternational securities markets when the securities pay dividends is studied by using classical dy-
namic programming method. The economical analysis to the optimal choice of the investor is given
through the investment theory when the investor invests two kinds of securities in different coun-
tries, The explicit optimal solution is presented using very simple and direct method for two kinds
of typical utility cases, the idea comes from the technique which is used for solving the celebrated
[LQ problem in optimal control theory. At last, some simulation results are given to illustrate the
influence of the parameters on optimal choice.

Key words Consumption/investment optimization, dynamic programming principle, stochastic a-
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1 Introduction

We consider the optimal international security investment portfolio and consumption
choice problem in this paper. The international portfolio diversification depends on several
factors. These factors include the different expected rates of return, the paying dividends
of the securities, the volatilities, the regulations and transaction costs in different coun-
tries and also depends on the elfect of exchange risk. Some explanations can be seen in
Choi'!! and Black'?.

In Merton*) and Duffie'*'*, the stochastic models for security market are given. They
used Brownian motion to represent the uncertain resource in the market. Karatzas'®! used
one unified approach, based on stochastic analysis, to study the consumption and invest-
ment problem systematically. Bellalah and Wu'™ studied one kind of corporate investment
optimal problem using optimal control theory.

In our paper we use the stochastic models of security market to deal with one kind of
optimal international security investment problem. In Section 2, we study the optimal
problem for two kinds of stocks in two different countries, The investor can choose his pro-
portion of the wealth in these two kinds of stocks and he wants to maximize his expected
utility of both consumption and terminal wealth., His investment and consumption strategy
can also be influenced by the exchange rate. We give the solving frame using classical sto-
chastic dynamical programming principle and give the economical analysis to the optimal
choice of the investor using the investment theory.

For two kinds of typical cases, the important constant relative risk aversion case and
another case, we use a simple and direct method to give the explicit optimal choice for the
investor in Section 3. The idea comes from the technique which is used for solving the cel-
ebrated LQ problem in optimal control theory (see Yong and Zhou'*'). In the last section,
we give some numerical examples to illustrate the influence of parameters on the optimal
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choice which 1s obtained in Section 3 for two typical cases.

2 The optimal international investment problem

We consider a “two-country ” security market model where an investor can invest his
money in two different security markets , one 1s in the domestic , another is in a foreign
country. The foreign prices are influenced by uncertain exchange rate. The numeration is
the domestic currency and the investor retains his domestic consumption habitat, This re-
flects an 1implicit assumption according to which all projects are evaluated in domestic cur-
rency unit.,

We suppose the investor wants to invest one kind of stock in his home country and an-
other kind of stock in a foreign country, the price of domestic stock and the stock in the
foreign country satisfy

dP(t) = P()b, ()de 4+ P(t)o, (£)dB, (2) (1)
dP(t) = P(t)b, (t)dt + P(t)a, (£)dB, (¢) (2)

respectively. The currency exchange rate for the two countries satisfies
de(z) = e()b,(t)dt + e(t)o. (t)dB; (2) (3)

pos Do and e, are initial values, respectively. Here 6, (¢), b, (z) and b,(¢) represent the in-
stantaneous expected rates in security and currency exchange markets, respectively. o, (¢) ,
o1 {(t) and ¢,(¢) are instantaneous volatilities, respectively. They are all assumed to be de-
terministic and bounded. The terms B, (¢), B,(z) and B; (¢) are three one-dimensional mu-
tually dependent Brownian motions which represent the external sources of uncertainty in
the different markets with correlation coetficients p1,,5 p1.; and p.,;. We need change the
price of the stock in foreign country into domestic currency and let R(z) =e(z) P (¢),

br(t) =5,(t) _'_51 (t)+ o, (t)dg(t)pz,a. Then

dR(z) = R()br(t)dt + R(t)e, (1)dB;(t) + R(2)o. (¢)dB; (¢) (4)
Let W(¢) represent the wealth of the investor with the initial wealth W,, x(¢) represent
the proportion in foreign stock investment, 1—x(¢) be the proportion in home stock mar-
ket, and ¢(z) be the consumption rate of the investor in home country. We suppose the
stocks pay dividends continuously at the rates d; (¢t) and d, () in domestic and foreign
markets, respectively. Then

dW () =W D[ 2() (bp(2) +d; (1)) + 1 —z2z(D) (b (1) +d, (2)) ]dt +

W) (1 —x())o (1)dB, (¢) + WD) x(t)e, (2)dB, (¢) +
W) xz(t)e,(1)dB; () — c(2)dt (5)
There are several points of view to deal with the problem of stocks paying dividends in the
existing literature. The one we do in this paper can be seen in Duffie'"!, and the wealth
process of the investor is modelled such that the wealth rises for acquiring the dividends,
vet the downfall of the stock price after paying dividends is implicitly addressed in the
model.
Suppose the investor wants to maximize the expected utility of both consumption and
terminal wealth at some future time T >0 by choosing his portfolio and consumption rate

T
J(W,) = max E[j e U(c(8))dt + e Th (W(T)] (6)

(x(+) yc(+)) 0
where (x( *» ), ¢( * )) i1s the proportion in foreign stock investment and the consumption

rate, >0 is the discount rate. U and A are called utility functions if U; (0,0)—=1R is C
function and satisties 1) U( » ) is strictly increasing and strictly concave; 11) The derivative

U’(c)“aU(C) satisfies limU’ (¢) =0 and U’ (0, ) =1limU’ (¢) =co, where U can take U or

aC c— O 0
h. These ordinary properties of the utility functions can be seen in Section 7 of [ 6 ].

We first give the definition of the admissible strategy of the investor including con-
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sumption rate and proportion of the stocks.
Definition 1. An admissible strategy of the investor is the consumption rate and pro-
portion (x(#),c()), t€[0,T], where z( *+ ) is bounded process, c( * ) is nonnegative

progressively measurable process and satisfies IE J:(:2 (t)dt < oo

So the problem is to look for admissible strategy (x™ (¢) ,¢” (¢)) which is called an op-
timal strategy if it attains the maximum of J(W,). In the following part of this section we

use the classical dynamical programming to show how to solve this problem. We let
T

JW(),t;T) = max E[| e U(c())ds+ e Th(W(T))]

(I(‘}tf(')} oL

where (x( * ),c( *» )) is the admissible strategy. Then J(W,,0;T)=J(W,) and from the
classical dynamic programming principle, we can get the {following Hamilton-Jacobi-Bell-

man equation

2§ max{ LWL 20 (be (D) +,(0) + (1= (D) (5 (D) +dy ()] +
1 2%J ) 1 T _
> a“}Tsz(lm.r(t))zm(t) - aW{WZ.xZ(z)a§<z>+
1 &°J o’ J _

I aWszxz(t)aﬁ(t) | aWZWZI(Z)(l—'I(I))Jl(t)a1(t)p1,z—|— 7
aZTWzI(I)(l —I(I))J1(I)L"f (1) 1.3 ] 827‘“}'2 Iz(t)51 (Do (t)pz g =
aWZ e P ' aWz e '
o] - _
Sc (D + U@} =0,

aj(W?T) — e—rTh (W); 4 6 [OaT] -

We can try to find the optimal consumption rate by e U’ (¢) _aaT‘?IV Similar to that in

Karatzas'®' , we let I( * ) be the inverse of the strictly decreasing function U’, so the opti-
mal consumption rate ¢* (£) under the reasonable assumptions for U( » ) and A( * ) can be

obtained by
(1) = (ie”) (8)

From (7)., the optimal value of x(¢#) corresponding to the optimum proportion of foreign
stock investment in the investor's total capital budget can be obtained by

2" (1) = ?l (9)
where

27 T T —
rl—aa“{zwa§(z) I aa%/(bl(t)—kdl(z)) g‘{/(m(z)wl(z))—

2T 2T

SWIEWG'J{(I)E;L(D‘OLZ SWIEWUI(t)GE(t)Pl,a

¢

I° “":W}IZWEGE (1) _l"E% (1) +J§ (1) — 207 (t)o; (t)p1,2— 201 (t)dg(t)p1,3"|" 20, (t)de(t)pz,g:l

We have Proposition 1.

Proposition 1. Under reasonable assumptions for utility functions U, k& and the coeffi-
cients of the models in different markets, the optimal proportion x* (¢) for the investor
can be obtained by (9), the optimal consumption rate ¢* (¢) can be obtained by (8), and
the optimal value function J(W,)=J(W,0), where J(W,t) is the solution of partial dif-
ferential equation(PDE) (7) when we take place (8) and (9) to (7).

Now we give the economical analysis for £ (¢) in (9). In fact, we can write our opti-
mal proportion of foreign stock investment in the investors total capital budget in the fol-
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lowing form.

) 1 Tar(t) —a,() k
x" (1) = SE (1) _aR A Z (Si(t) — SpR (I))_: H, + H,
1 1
7 e W )
A = ]T ’ (Ip(t) — b} (t) _l" d] (t) ’ {IR(t) — bR(t) +d1 (t)

and
S.() = Sg() +S5,(t) — 25, (1) Sr(t) = a1 (DDo1 (D p1,2+ 01 (D (D p1.3
S: (1) = o1 (1) SE(1) = 61 (2) + 02 (1) + 20, (D)6.(2) p3,3

The term A corresponds to the Pratt-Arrow measure of relative risk aversion. It re-
flects the investors attitude in risk taking for domestic and foreign stock investments (see
Adler M and Dumas B'). This equation is of the general form as the one in Dornbush"*
in stock markets., The term S refers to the variability of the portfolio.

The first term H, in =" (¢) is refered to as the “speculative demand” or the aggressive
demand and depends on the measure of relative risk aversion. The second term H; in £~ (¢) is
called the hedging demand. This term describes the demand for foreign stock investments

on a risk-hedged basis. It is independent of the investor's attitude toward risk. The value
of H, can be expressed as
1 _ _ _

H, =4 5 (z)[ b.(2) + 61 (Da. (2 +b: () +d1(t) — by (1) —d, (&) ] (10)
This expression of the speculative demand embraces some theories on international invest-
ment., Some theories of investment incorporate the demand side effect. In this case, for-
eign stock investment is affected by whether the expectation and dividends rates of stock a-
broad are higher than in the domestic or home market., This idea is reflected in the term

b, (t)+d;(t)—b,(t)—d,(t). The term b,(z)+a, (2)0.(t) p2,3 indicates how the flow of in-
vestment is affected by the exchange rate, accounting for the degree of competition in the
economy of the foreign country. It also reflects that the way the investment flow from do-
mestic stock market to the foreign country depends on the stochastic changes.

Now, we turn to the second term H, in the above equation of x* (¢) which reflects the
passive hedging demand.

H, = Szl [ (Si(f) —SpR(t)):l or
g (11)
zﬂ——yiﬂuﬂﬁ—wﬂﬁaunmﬂw—wxwm@mm]

The first term in the right hand side o} () represents the home country volatility of the

stock. The second term g, (¢2)o,(2)p1,, reflects the home and foreign stock correlation vola-
tility. The third term o, (2)0.(2) p1,; shows the home stock and exchange rate correlation
volatility. This demand can be traced to uncertainty in price. For p1,2+ p1,; and p;,; are the
correlation coefficients, it is easy to prove that S (z) >0, so we have

“The great variability in domestic price can stimulate foreign investment, ”

In theory, we can solve the above partial differential equations to get the optimal
(x* y¢" ) and the optimal value tunction J(W,) for some kinds of utility functions. But in
fact, it is difficult to get the explicit solution through the partial differential equations. In
the next section, we will study two typical utility functions and get the explicit solution.

3 Explicit solutions to two typical cases

In this section we consider the utility functions for two typical cases and give the ex-
plicit optimal proportion, the consumption rate and the value function for these two cases.
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First case: CRRA utility function
We first study one important typical case called constant relative risk aversion
(CRRA) case. The idea to get optimal decision and consumption rate comes from the tech-

nique to solve celebrated LQ (linear quadratic) problem in optimal control theory (see
18]). In (6), we let

l1—a
UCe(t)) = — B pew(T)) =

1l —a

W' (T)
l—a
where a 1s constant, 0<{a<Ul. The admissible strategy (= (¢),c” (¢)) i1s called an optimal

strategy which attains the maximum of J(W,).
The solving method 1s constructive. We let Q(z) be a nonnegative deterministic
smooth function satisfying Q(T) =1, whose dynamics will be given later. Applying 1té’s

(12)

—rt

formula to f___awl"‘(t)Q(r) trom 0 to T and taking expectation on both sides, we can
write
W 1—a
J(Wo) = 7—Q0) + I+ II + IIT
where
T —rt 1
= r(na;c IEJ 16 ” T () — (1 —aOW(DOQWc(t) —aW ()R "= () |dt, a € (0,1)
I C 0 -
T

II = max E| ¢ "W ™ (Q()L(x(2))ds

(Iaf) Q

L(x())= (bp(D+d, (D) x(t)— (b, (D+d, (D)) x () Faci (D x()—ac, (e, (2) p1,.2(2) —
1 1

ac1(t)e.(t)py,sx(2) — —é—-aaf(t)xz (1) — —-é—aﬁ(t).xz (8) +ac, (Do, (Dpy,, x°(2) —
%aaf(t)xz(t) +aci1 (Do (Dpy1,32° (1) —as, (Do (Dp2;2° (1) — A, =
i % ac; (t) — %aﬁ (t) — %—ao‘f (t) +

ac, (t)o. (1) p13+ ac1 (D1 (D p1,.— ag 1 (Do. (D pz.3 |2° (1) +

Cbr (D) +d, (£)—b, (t)~—d, (t)+ac? (t)—ac, (t)a; (t)p1,:—ao, (t)ﬂ'g(t)Pl,Ii:lx(t)“At
(A))°

277
At = br (1) +d, (&) — b, (t) —d, () + as} (1) —as, (Do, (Dp1,2 — ao: (t)Je(t)Pl.S
Al = aloi (1) +067() + 62 () — 261 (D61 (D p1,2 — 261 (6. () p1,3+ 201 (£)e. (D p3,3 ]
01 = max E| e " LLow + (1 —a) (5 () +di (1)) = r —

(Irﬂ') () 1 -

%a(l — @)t () + (1 — DA Q) +aQ % () ]dt

Now we let Q(¢) be the solution to the following ordinary differential equation of Ber-
noulli type.

— Q) = M(HOQ) +aQ 5 (), QIT) =1

A, =

M@ = A=) D) +di () —r— ral =@t D + A=A,
We can get
Q) = o O 1+J i wads_ﬂ, t € [0,T] (14)
Then we can look back at I and II. If we take
(D =0—a)*Q*(OW(), € [0,T] (15)

where Q(¢) is given by (14) and is positive. One can show that I attains its maximum at
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point ¢* (¢) and I=0. This 1s also the feed back form of wealth. Then we take
x" (t) = 2;

where the denominator is positive. One can show L' (z*)=0 and L"(z* )<{0. Thus the

function L(x) attains its maxtmum at point x* and L(x" )=0, II=0. Since b, (2), d,(t),

b, (), g.(2), b,(¢), b, are all bounded, it is easy to know that (x* ( * ),c¢* ( *)) is the
admissible strategy. We conclude the above discussion in the following Theorems.
Theorem 1. For the optimal security investment portiolio and consumption choice
problem (12) in the CRRA utility function case, the optimal proportion x* (¢) for the in-
vestor to invest in foreign stock is denoted by (16), the optimal consumption rate ¢* (£)
for the investor in home country is denoted by (15), and the optimal value function is

T Mo ds T T
J(W,) = —2 Wﬂl—ﬂeﬁ*” Pl | eelimmdr g (17

l—a v 0

EFrom Theorem 1 and the proof process. Following Theorem 2 is easy to know.

Theorem 2. The Pratt-Arrow measure of relative risk aversion for CRRA case of our
optimal international security investment problem is A=a, where a is the constant in (12)
and 0<a<l.

Second case: In this part, we consider one simple case. l.et U=0 and h (W (T)) =
logW (T). We let ¢(z)=0 in (5) and look for the optimal decision x* () to maximize the
following problem:

(16)

J = max ElogW(T) (18)

We study this case and try to get the explicit optimal decision and value function. We
apply it is formula to logW (T) from 0 to T. Then

J = logW, + max IET ﬁ"; (2(2) g‘;)z | (‘2"‘%;2 Fb (D) + (D) — 0 () [
where
18 = be (D +di () = 5 (D —di (D +0t (D =01 (D5, (Dpra— 01 Do, Dprs )
A =61 (1) + 67 (&) + 062 (1) — 20, (D)o, (D)1, 201 (Do () p1,31 20, (0. (1) ps,;

And it is easy to show that A? is positive. So we have the following theorem.
Theorem 3. For the optimal portfolio choice problem of (18), the optimal proportion

Af

for the investor to invest in foreign stock is denoted by =~ =X where ™ (¢) is bounded,
A and A? are given by (19), the corresponding optimal value function is
T = AUNZ -
J = logW, + (%2 -6, (1) +d, (1) %cﬁ(t) dt (20)
v 0 L t -

Similar to Theorem 2, we can also easily get the following theorem.

Theorem 4. For the international security optimal investment portfolio problem (20),
the Pratt-Arrow measure of relative risk aversion 1s A=1,

It needs to be pointed out that we don't consider the time difference of the two coun-

tries and the periodic open-close of the markets in this paper. But the idea in our paper can
be applied to these cases, the technique is more complex.

4 Simulation results and the sensitivities of the parameters

In the last section we give some simulation results of the optimal choices obtained in
Section 3 tor the two typical cases. We also consider the influence of the parameters on the
optimal choice of the investor, which is called the sensitivities of the parameters., For sim-
plicity, we let all the coefficients in the models be bounded constants in the followings.
For some parameters, we first have the following two propositions.
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Proposition 2. For constant relative risk aversion(CRRA) case, the higher the expec-
ted rates b; and b, in foreign stock and currency exchange rate, or the dividend rate d; in

foreign stock, the bigger the proportion ™ of the investor in foreign stock; the higher the
expected rate b; and the dividend rate d, in home stock, the smaller the proportion x£* of

the investor in foreign stock; the higher the discount rate r, the higher the consumption
rate ¢” .

Proof. From (16) and (15), we can check that

ox” ox” ox” ox’ ox " ac”
abl abg adl abl adl a?"

So the conclusion is obtained.

And for the second case, problem (18) in Section 3, we also get

Proposition 3. The higher the expected rates b, and b, in foreign stock and currency
exchange rate, or the dividend rate d; in foreign stock, the bigger the proportion x* of the
investor in foreign stock; the higher the expected rate ; and the dividend rate d; 1n home
stock, the smaller the proportion £* of the investor in foreign stock.

Now we give some numerical examples to show our results in Section 3.

Example 1.

Suppose b, =0. 08, d,=0. 01, b, =0. 075, d, =0. 005, b,=0. 006, o, =0. 2, ¢,
0.15, 6,=0.05, p1,,=0. 8, 01.:5=0.0, p2,3=0.4, a=0.5, r=0. 005, T=30.

For the CRRA case, we can get " =0, 7273, ¢* (0) =0, 6059W, and J (W,)

5. 1386W 7 .

For the second case in Section 3, we can get x* =0. 8182, J(W,)=2. 21+ logW,.
We see that the expected rate and dividend rate of home stock b, and d;, are bigger

than those in foreign stock 6, and d;, but the volatility coefficients ¢, >0, ,» most part of
the wealth of the investor is invested in foreign stock.

Example 2. Suppose b, =0.075, d,=0.012, b,=0. 08, d,=0. 005, b,=0. 005, o
0.1, 6,=0.2, 6.=0.01, 0,,,=0.6, 01,3=0.6, 0,3=0.6, a=0.3, r=0, 04, T=20.

For the CRRA case, we can get £ = 0. 4176, ¢ (0) = 0. 818W,, and J (W, )
2. 167TWT.

For the second case in Section 3, we can get x* =0. 0586, J(W,)=1, 64+ logW,.

In this example, most part of the wealth of the investor 1s invested in home stock.

> 0

|
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