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Abstract Problems of stability and H∞ control for discrete-time T-S fuzzy systems with

state delay and uncertainties are discussed. A new delay-dependent stability criterion is first

proposed by defining an appropriate Lyapunov function. Then, the sufficient conditions for

the existence of H∞ fuzzy state-feedback controller is investigated in terms of linear matrix

inequality(LMI). Finally, an iterative algorithm is provided for the optimal design of the H∞

controller.
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Plant rule i: IF ξ1(k) is Mi1 and · · · and ξr(k) is Mir THEN





x(k + 1) = (Ai + ∆Ai(k))x(k) + (Adi + ∆Adi(k))x(k − d)

+ (Bi + ∆Bi(k))u(k) + B1iw(k)

z(k) = Cix(k), i = 1, 2, · · · , q
(1)z9 q Gh�t!,�ξ(k) =

[
ξ1(k) · · · ξr(k)

]T G���R�Mij(j = 1, · · · , r) Gh��}�x(k) ∈ Rn GU>�2�u(k) ∈ Rm G>1)Æ� w(k) ∈ Rl G
P)Æ�z(k) ∈ Rp G>1)2�d > 0 G~+M%�6�x(k) = 0, ∀d 6 k 6 0. U>D�� �M#,M�G�[
∆Ai(k) ∆Adi(k) ∆Bi(k)

]
= DF (k)

[
Ei Edi Ebi

]
, $J D, Ei, Edi | Ebi G~+D%I�1&� F (k) G
P1&��
H FT(k)F (k) 6 I, ∀k.n��lb"�' (PDC) k D�2XB>1}�zh�t!G�

Controller rule i: IF ξ1(k) is Mi1 and · · · and ξr(k) is Mir THEN

u(k) = Kix(k), i = 1, 2, · · · , q (2)z9 Ki ∈ Rm×n GXB>1"�1&�#} (1) | (2), �;x=Jh���,ÆBH|9hv8�S�℄V�=Ch���U>D�0hj�




x(k + 1) =

q∑

i=1

q∑

j=1

hi(ξ(k))hj(ξ(k))
[
Aijx(k) + Adix(k − d) + B1iw(k)

]

z(k) =

q∑

i=1

hi(ξ(k))Cix(k)

(3)$J Aij = Ai + BiKj + DF (k)Ei + DF (k)EbiKj; Adi = Adi + DF (k)Edi; hi(ξ(k)) =

ωi(ξ(k))/

q∑

i=1

ωi(ξ(k)); ωi(ξ(k)) =

r∏

j=1

Mij(ξj(k)), 0 6 ωi(ξ(k)) 6 1.�K|w-DO5$%Th�U> (1), �� PDC >1} (2), �C��U> (3) V�LM��
H H∞ 
P�1mq ‖z‖2 < γ‖w‖2.

2 �8asNO9�l\ 1
[7]

. T�%I1& X ,Y |)M1& R, � XTY + Y TX 6 XTRX + Y TR−1Y .l\ 2
[8]

. jM%I1& Q = QT,D,E | R = RT > 0, !T�1�
H FTF 6 R D F ,?�(?7� ǫ > 0 �C Q + ǫ−1DDT + ǫETRE < 0 *M��� Q + DFE + ETFTDT < 0.�C&
P)Æ w = 0 �bQ��U> (3) DLMm�O\ 1. T� �Mh��6U> (1), ��U> (3) �+LMD/b7�G7�%I1& P = PT > 0, S = ST > 0, T = T T > 0, M1, M2, M3, N1, N2, N3, Ki(i = 1, 2, · · · , q), 
H {
Ψii < 0, i = 1, 2, · · · , q

Ψij + Ψji < 0, 1 6 i < j 6 q
(4)
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Ψij =




Λ11 Λ12 Λ13 dN1

∗ Λ22 Λ23 dN2

∗ ∗ Λ33 dN3

∗ ∗ ∗ −dT


 , i, j = 1, 2, · · · , q$J ∗ �"1&T)J0�.D?0
Λ11 = N1 + NT

1 − M1(Aij − I) − (Aij − I)TMT
1 + S;

Λ12 = −N1 + NT
2 − M1Adi − (Aij − I)TMT

2 ; Λ13 = P + NT
3 + M1 − (Aij − I)TMT

3 ; Λ22 =

−S − N2 − NT
2 − M2Adi − A

T

diM
T
2 ; Λ23 = −NT

3 + M2 − A
T

diM
T
3 ; Λ33 = P + dT + M3 + MT

3 .p^�M�f�R y(k) = x(k + 1) − x(k). TU> (3) n��6_qj Lyapunov [z
V (k) = xT(k)Px(k) +

k−1∑

l=k−d

xT(l)Sx(l) +
0∑

θ=−d+1

k−1∑

l=k+θ−1

yT(l)Ty(l) (5)� ηT(k) =
[
xT(k) xT(k − d) yT(k)

]
, M̃T =

[
MT

1 MT
2 MT

3

]
, ÑT =

[
NT

1 NT
2 NT

3

]
,z9 Ml, Nl(l = 1, 2, 3) G5�}%I,DC��1&�E-K [8,9] bQ℄V��

∆V (k) = V (k + 1) − V (k) =
[
xT(k)Sx(k) + 2xT(k)Py(k) − xT(k − d)Sx(k − d) + yT(k)·

(P + dT )y(k) −
k−1∑

l=k−d

yT(l)Ty(l)
]

+ 2ηT(k)M̃

{
x(k + 1) −

q∑

i=1

q∑

j=1

hi(ξ(k))hj(ξ(k))·

[
Aijx(k) + Adix(k − d) + B1iw(k)

]}
+ 2ηT(k)Ñ

[
x(k) − x(k − d) −

k−1∑

l=k−d

y(l)

]

(6)l3�H 1,

−2ηT(k)Ñ

k−1∑

l=k−d

y(l) 6 dηT(k)ÑT−1ÑTη(k) +

k−1∑

l=k−d

yT(l)Ty(l) (7)! (7) ;Æ (6), ,(H=C
∆V (k) 6

q∑

i=1

q∑

j=1

hi(ξ(k))hj(ξ(k))ηT(k)Ξijη(k)

= ηT(k)

[ q∑

i=1

h2
i (ξ(k))Ξii +

q∑

i=1

q∑

i<j

hi(ξ(k))hj(ξ(k))(Ξij + Ξji)

]
η(k)

(8)z9
Ξij =




Λ11 Λ12 Λ13

∗ Λ22 Λ23

∗ ∗ Λ33


 + dÑT−1ÑT� Schur ��H [10]

, � (4) *M�! ∆V (k) < 0, ��U> (3) �+LM� �

3 H∞ k�Y�A4���? w 6= 0 ���MH 1 �4��� H∞ >1}��
Y#w�



5 y (/�H	!�NG�j��7W�E�7`r H∞ �3 837O\ 2. T�U> (1) |jMD%, ρ2,ρ3, �7�%I1& P̂ = P̂T > 0, Ŝ = ŜT > 0,

T̂ = T̂ T > 0, N̂1, N̂2, N̂3, Yi(i = 1, 2, · · · , q) |`|�1& X , �C
Y��O5�%
µopt = min

µ>0
µ Subject to LMI(10) (9)

{
Θii < 0, i = 1, 2, · · · , q

Θij + Θji < 0, 1 6 i < j 6 q
(10)z9

Θij =




Φ11 Φ12 Φ13 −B1i dN̂1 D D XET
i Y T

j ET
bi Hij

∗ Φ22 Φ23 −ρ2B1i dN̂2 ρ2D ρ2D XET
di 0 0

∗ ∗ Φ33 −ρ3B1i dN̂3 ρ3D ρ3D 0 0 0

∗ ∗ ∗ −µI 0 0 0 0 0 0

∗ ∗ ∗ ∗ −dT̂ 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ −I 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ −I 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −I 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −I 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −I


$J i, j = 1, 2, · · · , q; Φ11 = N̂1 + N̂T

1 − (AiX
T + BiYj − XT) − (XAT

i + Y T
j BT

i − X) + Ŝ;

Φ12 = −N̂1 + N̂T
2 − AdiX

T − ρ2(XAT
i + Y T

j BT
i − X); Φ13 = P̂ + XT + N̂T

3 − ρ3(XAT
i +

Y T
j BT

i − X); Φ22 = −Ŝ − N̂2 − N̂T
2 − ρ2AdiX

T − ρ2XAT
di; Φ23 = ρ2X

T − ρ3XAT
di − N̂T

3 ;

Φ33 = P̂ + dT̂ + ρ3X
T + ρ3X ; Hij = X [((CT

i Ci + CT
j Cj)/2)1/2]T. nd7��2XB>1[ (2), z9"�1& Ki = YiX

−T, �C��U> (3) �+LM�
H H∞ ��mq-�
γ =

√
µopt.p^�G���%��C��1& M2 = ρ2M1, M3 = ρ3M1, z9 ρ2 | ρ3 GjMD%,�:Z H∞ >1mq ‖z‖2

2 < γ2‖w‖2
2, �MH 1 *gx-_-��K	�	 X = M−1

1 ,

Yi = KiX
T, N̂l = XNlX

T(l = 1, 2, 3), P̂ = XPXT, Ŝ = XSXT, T̂ = XTXT, ��H 1 ��H 2 | Schur ��H,1&�/=A2 LMI(10), bXx-5℄��MH 2 9�C��1&�DqOU, ρ2 | ρ3 q;,{�ZjM��5
CD γ EE $I�,�Ye�Kj2}<� γ I�%DK;/V�
Step1. 1��C��1&qOU, ρ2 | ρ3, ��0K;6, i = 0, wF H∞ mq-� γ′, ��K;;.7� 0 < ε < 1, I9K;6, Imax.

Step2. T�jMD ρ2 | ρ3, �%
H LMI(10)DA��O5 (9), � γi G1CI�%�
Step3. U i = i + 1, pM� Step2 9
CD1& X | Yi(i = 1, 2, · · · , q), ! ρ2 | ρ3 JG�R��%
H LMI(10) DA��O5 (9), � γi G?�1CI�%�=��MY6K;1qD ρ2 | ρ3.

Step4. � i > Imax, � (γi − γi−1)/γi 6 ε, � γi 6 γ′, !;.K;���/)2 H∞ h��2XB>1}"�1& Ki = YiX
−T(i = 1, 2, · · · , q); d!? Step2.



838 F S � v � 327
4 $a�Kw-S}E�� T-S h�hjf*D �MF�`\m�6U>�j2S��U>D�6_qLMm/b7�| H∞ h��2XB>1}D��℄��;x�%}i
H LMI �+7�D��O5�=C2e}��|�D>1}��	℄��
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