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Abstract Stability analysis and controller design of discrete T-S fuzzy control systems are

studied based on piecewise fuzzy Lyapunov approach. Firstly, a new sufficient condition to

check the stability of open-loop discrete T-S fuzzy systems is proposed after the definition of

a discrete piecewise fuzzy Lyapunov function. This condition only needs to satisfy the con-

dition of the fuzzy Lyapunov approach in each maximal overlapped-rule group. Therefore,

the proposed condition is less conservative and less difficult than the common Lyapunov ap-

proach and the fuzzy Lyapunov approach. Then, by using the method of parallel distributed

compensation, the stability of the closed-loop discrete T-S fuzzy system is analyzed and the

fuzzy controller is designed. Finally, a simulation example shows the approach is effective

and advantageous.
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814 o X � � Æ 32Ol| [1]U3l2�� Lyapunov�G[�F T-S{�v^nS�Egb��℄9�KG9<E{�v^�8gb��NCqqO7�KE��VSKT P . gl3K�� Lyapunov�GgbE�=��l| [2] U3l2{� Lyapunov �G[CÆv^nS��S�8gbG&S-Y(3Kl�N��VSKT P E�=���:℄9L7 r y�KE{�v^�8gb��NC r yVSKTqq r2 y Lyapunov "H4�$ r B<�K�qqE"H4B_��=�%IB��uE�l| [3] [���v^biyg�iQu<M℄E<�[/*{� Lyapunov �GEnS��SgbE�=���OygbAG��T�Y0z'�*j/*O�qq"H4yG��l[�E2l| [4] OU3EI5Q{�o��u<5Q�KsHv
��I3℄%�o[{� Lyapunov �G�C`U3�S℄% T-S {�V\v^nS�E/oY0�sY0A�Gtyu<5Q�Ks��NVSKT[qq9*E Lyapunov "H4�9`3Kl(EnS���gbE�=�Æ�Y�
2 _' T-S ~�Y_ya*�pU�qu$�jd℄9&y_A"_A3℄%n}�v^�PEM i Y{��KUxE!z�
Ri : IF x1(k) is M i

1, and · · ·, and xn(k) is M i
n THEN x(k+1)=Aix(k)+Biu(k), i = 1, 2, · · · , r

(1)�b r:{��KG�M i
j (j = 1, · · · , n):{�'�ngA"�jG�xT(k) = [x1(k), x2(k), · · · ,

xn(k)], x(k) ; u(k) o�g{�v^EiQ�jÆA"�j�[�?O{���,&d`Æb
Pe{��gb�{�V\v^EpX{�g�
x(k + 1) =

r
∑

i=1

hi(k)(Aix(k) + Biu(k)) (2)�b�hi(k) =

n
∏

j=1

M i
j(xj(k))/

r
∑

i=1

n
∏

j=1

M i
j(xj(k)), M i

j(xj(k)) �5 xj(k) C9{�' M i
j EeCY�℄9Q�v^

x(k + 1) =

r
∑

i=1

hi(k)Aix(k) (3)6 Lyapunov Y:b��S℄%V\v^nS�E/oY0!z�z� 1. Sn℄%v^ x(k + 1) = f(x(k)), x(k) ∈ Rn, f(x(k)) : n× 1 E�j�G���℄9O7E k qq f(0) = 0. !�G x(k) (g�E�j�G V (x(k) qq�1) V (0) = 0;

2) ℄9O7E x(k) 6= 0, V (x(k)) > 0; 3) A ‖x(k)‖ → ∞ 0�V (x(k)) → ∞; 4) ℄9O7E
x(k) 6= 0, L = V (x(k + 1)) − V (x(k)) < 0, �sv^E�iQ x(k) = 0 ℄O7E k :<ff2EnSE�� V (x(k)) : Lyapunov �G�!9�� Lyapunov �G�l| [1] D3l�S℄% T-S {�v^nS�ES` 2.z� 2. 4 (3) E{�v^G�O<ff2EnSE/oY0:�;G&y��EVSKT P qq Lyapunov "H4 AT

i PAi − P < 0, i = 1, 2, · · · , r.gl3KS` 2 �N��VSKT P E�=��l| [2] U3l2! V (x(k)) =
r

∑

i=1

hi(k)xT(k)Pix(k) E{� Lyapunov �G[��v^nS�Egb�!S` 3 O5�



5 � MMSJ	#:p\}� Lyapunov iF^&}�x`pt<,+ 815z� 3. 4 (3) E{�v^G�O<ff2EnSE/oY0:�;GVSKT
Pi( Pl) qq Lyapunov "H4 AT

i PlAi − Pi < 0, i, l = 1, 2, · · · , r.N�S` 3 G&S-Y(3Kl�N��VSKT P E�=���:���? r2 y
Lyapunov "H4�$ r 9<�K�?9��uE�l| [3] [���v^biyg�iQu<M℄E<�[/*S` 3 E�=���:8gbAG δ = 1 0U(*j/*�?
Lyapunov "H4EyG��l[��Fl| [4] OU3EI5Q{�o�Hv
��DC!z=��
3 _' T-S ~�Y_yaGpU�qu=-,
3.1 ���� �x�z"~�z$ 1. GA"(2I5Q{�o�E{�V\v^b�$�*&y5Q�Ksg
gc(c = 1, 2, · · · , f), K℄%�o[{� Lyapunov �GS+!z

V (x(k)) = x
T(k)P (k)x(k), P (k) =

f
∑

c=1

λcPc(k) (4)�b λc(x(k)) =

{

1, x(k) ∈ gc

0, x(k) 6∈ gc

,

f
∑

c=1

λc(x(k)) = 1, Pc(k) =
∑

i∈Lc

hi(k)Pi, f g5Q�KsG�Lc = {gc b

E�K� }.%� 1. + P, PiÆ Pj Pg n;VSKT�!�;G n;gT AÆ B,2D ATPA−Pi < 0Æ BTPB − Pj < 0, K ATPB − Pi + BTPA − Pj < 0.*��℄�*E n j1�j x 6= 0, 7
Γ =x

T(ATPB − Pi + BTPA − Pj)x = x
T(−(A − B)TP (A − B) + ATPA + BTPB − Pi−

Pj)x = −((A − B)x)TP ((A − B)x) + x
T(ATPA − Pi)x + x

T(BTPB − Pj)x < 0 �z� 4. ℄9A"(2I5Q{�o�EQ�℄% T-S {�v^ (3), �G�O<ff2EnSE/oY0:�G{u<5Q�Ksbo�;GVSKT Pi( Pl) qq
AT

i PlAi − Pi < 0, i, l ∈ {Gqb

E�K�}, q = 1, 2, · · · ,

n
∏

j=1

(mj − 1) (5)�b Gq gM q yu<5Q�Ks�mj gM j yA"�j{�o�G�*��$ x(k) ; x(k + 1) G℄&y5Q�Ks�Kv^GM c y5Q�Ks(EJ%{�g x(k + 1) =
∑

i∈Lc

hi(k)Aix(k). !�;GVSKT Pi( Pl) qq AT
i PlAi − Pi < 0,

i, l ∈ Lc, K�J Vc(x(k)) = x
T(k)

∑

i∈Lc

hi(k)Pix(k) gs5Q�KsE&y Lyapunov�G� )#W Vc(x(k)) qqS` 1 E 1) �2) Æ 3). ℄O7E x(k) 6= 0, ( hi(k) > 0 7
Lc =Vc(x(k + 1)) − Vc(x(k)) =

x
T(k)((

∑

i∈Lc

hi(k)AT
i )(

∑

i∈Lc

hi(k + 1)Pi)(
∑

i∈Lc

hi(k)Ai) − (
∑

i∈Lc

hi(k)Pi))x(k)



816 o X � � Æ 32O℄ l, y ∈ Lc, 7 ∑

l∈Lc

∑

y∈Lc

hl(k)hy(k) = 1, F6.` 1 UX
Lc =x

T(k)(
∑

i∈Lc

∑

l∈Lc

∑

y∈Lc

hi(k)hl(k + 1)hy(k)(AT
i PlAy − Pi))x(k) =

x
T(k)

∑

l∈Lc

hl(k + 1)(
∑

i∈Lc

h2
i (k)(AT

i PlAi − Pi))x(k)+

x
T(k)

∑

l∈Lc

hl(k + 1)(

i<y
∑

i,y∈Lc

hi(k)hy(k)(AT
i PlAy − Pi + AT

y PlAi − Py))x(k) <

x
T(k)(

∑

l∈Lc

hl(k + 1)
∑

i∈Lc

h2
i (k)(AT

i PlAi − Pi))x(k) < 0-8 Vc(x(k)) GM c y5Q�Ks(qqS` 1 E 4).$ x(k) ; x(k + 1) "G℄&y5Q�Ks�K{�v^GUyA"p?(Ep{�U�5g x(k + 1) =

f
∑

c=1

λc(x(k))(
∑

i∈Lc

hi(k)Aix(k)). 64 (4) E℄%o[{� Lyapunov�G7 V (x(k)) = x
T(k)P (k)x(k) = x

T(k)(

f
∑

c=1

λcPc(k))x(k) =

f
∑

c=1

λcx
T(k)Pc(k)x(k) =

f
∑

c=1

λcVc(x(k)).  )#W V (x(k)) qqS` 1 E 1) �2) Æ 3), ��7 L = V (x(k + 1)) −

V (x(k)) =

f
∑

c=1

λcVc(x(k + 1)) −

f
∑

c=1

λcVc(x(k)) =

f
∑

c=1

λcLc < 0, K V (x(k)) %qqS` 1 bE 4). F6l| [4] E�a 2, UXG{u<5Q�Ksb;GVSKT Pi( Pl) qq
AT

i PlAi − Pi < 0, U2v^ (3) G�O<ff2EnS� �- 1. GS` 4 b�M i y�K"�qq"H4 AT
i Pl′Ai − Pi < 0, �b l′ ∈ { M i y�KOGEu<5Q�Ksb"

E�K� }.- 2. S` 4.#v^nS�O�qq"H4EyGg (2n)2×

n
∑

j=1

(mj −1). �`�$7�K℄0;G9&y((Eu<5Q�Ksb�KGO�"℄Eu<5Q�Ksb�℄0;Gqq8�KE~℄"H4�O(�S` 4 1-O�qq"H4EyGg n
∑

j=1

(3mj − 2),��9H9 (2n)2 ×

n
∑

j=1

(mj − 1).

3.2 T-S ���+�x��(2�Æo# ){�V\�[V\4 (1). {�V\�E�J{�g
u(k) = −

r
∑

i=1

hi(k)Kix(k) (6)z� 5. ℄9A"(2I5Q{�o�E℄% T-S {�v^ (2), !�(24 (6) O5E{�V\��Kv^G�O<ff2EnSE/oY0:�G{u<5Q�Ksbo



5 � MMSJ	#:p\}� Lyapunov iF^&}�x`pt<,+ 817�;GVSKT Pi( Pl) qq
GT

ikPlGik − Pi < 0, i, k, l ∈ {Gqb

E�K�}, q = 1, 2, · · · ,

n
∑

j=1

(mj − 1) (7)�b Gik = Ai − BiKk, Gq gM q yu<5Q�Ks�mj gM j yA"�j{�o�G�*��sS`EWygb;S` 4 EWy\K�
4 mR7d�<(2l| [3] bE&yQ�℄% T-S {�v^blCÆkP�F�sv^g

Ri : IF x1(k) is M i
1, and x2(k) is M i

2 THEN x(k + 1) = Aix(k), i = 1, 2, · · · , 16 (8)�b�x1(k) ; x2(k) E{�o�o�g F t
1(x1(k)) Æ F s

2 (x2(k))(t, s = 1, 2, 3, 4), !b 1 O5��� M1
1 = M2

1 = M3
1 = M4

1 = F 1
1 , M5

1 = M6
1 = M7

1 = M8
1 = F 2

1 , M9
1 = M10

1 = M11
1 =

M12
1 = F 3

1 , M13
1 = M14

1 = M15
1 = M16

1 = F 4
1 , M1

2 = M5
2 = M9

2 = M13
2 = F 1

2 , M2
2 = M6

2 =

M10
2 = M14

2 = F 2
2 , M3

2 = M7
2 = M11

2 = M15
2 = F 3

2 , M4
2 = M8

2 = M12
2 = M16

2 = F 4
2 .

A1 =

[

0.86 0.22

0.06 0.86

]

, A2 =

[

0.86 0.14

0.05 0.86

]

, A3 =

[

0.86 0.15

0.05 0.86

]

, A4 =

[

0.86 0.11

0.05 0.86

]

A5 =

[

0.86 0.12

0.05 0.86

]

, A6 =

[

0.85 0.05

0.05 0.85

]

, A7 =

[

0.85 0.07

0.07 0.85

]

, A8 =

[

0.87 0.06

0.06 0.85

]

A9 =

[

0.85 0.07

0.06 0.85

]

, A10 =

[

0.85 0.06

0.06 0.85

]

, A11 =

[

0.85 0.07

0.05 0.85

]

, A12 =

[

0.86 0.05

0.14 0.86

]

A13 =

[

0.86 0.06

0.14 0.87

]

, A14 =

[

0.86 0.06

0.15 0.87

]

, A15 =

[

0.86 0.06

0.17 0.87

]

, A16 =

[

0.86 0.06

0.21 0.87

]sv^�7 16 Y{��K��qqI5Q{�o�EY0�!9 LMI gb�02S` 2ÆS` 3 o��? 16y( 256y"H4[�S4 (8) EnS���PkNC��VSKT( 16yVSKT�O(S` 2 ÆS` 3 rb��8v^:rnS�6b 1 UX�v^�7
9 yu<5Q�Ks�[� LMI gbGu<5Q�KsbNCl 16 yVSKT�O(6S` 4 U(�S4 (8) E{�v^:nSE�G`p(02S` 4 ��? 144 y Lyapunov"H4��GO�"H4b�7 44y"H4;�P"H4~℄�-802�lOU3Egb[��? 100 y"H4��*9l| [3] O��?E 196 y"H4�gl#WS` 4 E7���℄8{�v^CÆlkP#W�kP=�W1lv^G{d13Y0zPnS�b 2 g13Y0 x0(k) = [−0.5 1.5]T 0v^E~vb�

P1 =

[

0.7465 0.1580

0.1580 0.8377

]

, P2 =

[

0.7625 0.1209

0.1209 0.8194

]

, P3 =

[

0.7666 0.1256

0.1256 0.8158

]

P4 =

[

0.7758 0.1122

0.1122 0.7989

]

, P5 =

[

0.7682 0.1109

0.1109 0.8073

]

, P6 =

[

0.7734 0.0805

0.0805 0.7893

]

P7 =

[

0.7867 0.0993

0.0993 0.7857

]

, P8 =

[

0.8044 0.0939

0.0939 0.7777

]

, P9 =

[

0.7830 0.0919

0.0919 0.7679

]

P10 =

[

0.7913 0.0865

0.0865 0.7660

]

, P11 =

[

0.7988 0.0886

0.0886 0.7613

]

, P12 =

[

0.8326 0.1271

0.1271 0.7661

]
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P13 =

[

0.8086 0.1194

0.1194 0.7608

]

, P14 =

[

0.8186 0.1252

0.1252 0.7611

]

, P15 =

[

0.8252 0.1302

0.1302 0.7410

]

P16 =

[

0.8436 0.1558

0.1558 0.7390

]

 1 B#�kFfDZ�H
Fig. 1 The membership functions of

input variables

 2 2Zi x0(k) = [−0.5 1.5]T jR�Æw
Fig. 2 Phase portrait with x0(k) = [−0.5 1.5]T

5 >F>S℄A"(2I5Q{�o�E℄% T-S {�V\v^�[��I℄%�o[{�
Lyapunov�G�DCl�E�S T-S{�v^nS�E/oY0�sY0A�Gtyu<5Q�Ksbo��NVSKT�/*l(enS��SgbE�=�Æ�Y�kP=��y�ODCEgb�l| [1] EY0}ZL���?E Lyapunov "H4Gj�l| [2,3]}*�
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