g2 FoM ﬁ Zj] = *EL Vol. 32, No. 5

2006 4 9 A ACTA AUTOMATICA SINICA September, 2006

EF @ MEHRMLKS WM BFR RS
R B HIE iR 5T

FEgir # O
(P REEEREETRE%E K¥W  410075)

(E-mail: xhnian@csu.edu.cn)

i E UPR T ARMRGET U AR A B DR A I A R (IR 5 B 45 e Y B )
RO R SR 2 F DR 28 B A DR 285 4R 22 B i L Bt 0 B AR SR R 77, L A vt SR
BT T 2R GER) Fe Uil IR 4t T S DR 285 SO0 0 48 A0 32 AR 285 X0 i 4 g D bR 25 B B3 42 ol
HTFAEEZR . RE 2R G B DAL DR 2 XL 00 28 A1 i U0 2 A 28 ) B I R e A 29 — X Riccati J7 Ry
RGBT, F 7R I e PRSI 75 — B 00 T ATFAE. FFak— 2058 T TRV 2%
HU P AR, 45t T 2T LMI f b5k,

XA IS, EREEW, oy XK, Riccati R
hE4HE TP13; TP273

Design of Optimal Observer and Optimal Feedback Controller Based
on Differential Game Theory
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Abstract This paper deals with the problem of designing optimal state observers and opti-
mal state feedback controllers for linear systems based on quadratic performance index. The
theory of differential game is used to study the problem by assuming ‘state feedback of ob-
server state’ as the first player and ‘output feedback of state error’ as the second player. The
existence conditions for optimal observer and feedback controller are given and the solutions
can be obtained by solving two algebraic Riccati equations. It is shown that the optimal
state observer does not exist in general. Furthermore, the problem of designing suboptimal
state feedback controllers based on state observers is studied and sufficient conditions are
given in the forms of LMIs.
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ST BB T IR AR BOT A, JUE DA, T XGE, A ST IR Kronecker
FREEIMER N TSI S8 Bt [F A AR RS S5 5 2 48, BE4E, R
. ZRM Heo X Z B ENAMEFR 2. TR T ARSI A% 89 2 77 vk
BIBFFE I ICHR (1 ~ 7). d1 T — BB T RERPRES AN RE S 2 a2 ARSI 2%
(BT IR B S Tz W A, BORRTINBILRE ANH E E RE R R ARy
AR REAN G BER RGBT BARE 2 R B AR T2 TR LI A% 5 1
BB IIEE AR, R, A2 AR T Y SO0 S LI 258 A1 2 TR S S 2% i
BT A7 B9 27 5 BT R A BF 7S H1R ILARGE

1990 4F, Huang Al Li"™ SEA T 7 — M8 BL T, 4 i B2 05 b 76 R BLAE A7 T B e A
FRREAFAER .l TR A8 762 R _LAH Y T — A R AR IR Z R H th 5, IITAE —
AL AR T B4 S PRI A8t 57 A ZEBL R PR 5. A SORF F2 BT 7T KB 13 T B9 B AR ST
25 A B D AR 25 S A4 ) A B £ 5 v TR A KRR 2SR 222 04 ) B A5 M XL 25 R3S
A AR X SR P AXE 577, BB X SRR 45 th T S bR 2SR 0] 2 i g D0 DR 785 I 45t
s ] A 04 77 TE A% 1R S R 0 R B9 AREK Riceati J7 2. BFFE4E SRR, 7E RBLHE AR T B9
DXL 5 — MR ANAFAER . N T e — BT 00 T RS LI 5% A1 e DR 75 B A3 42 ol #5% /Y ¢
THIEE, #E—2B BT T RGO T 2 THbRZS I 45 A U D0 IR 285 B f3 2 ol i Y st 7 D7 vk

2 [REEE
FBIEM T RERS
&(t) = Azx(t) + Bu(t) (1)
y(t) = Cx(t) (2)

XH: z(t) € R" RS HEL, u(t) € R™ AEHIAE, y(t) € R b A, HpE A e RV,
B e R™ ™ (e RX™ Sy B 1.
BERL (1), (2) BPRASRA, ATEERY, WA E W T UM

2(t) = Az(t) + Bu(t) + L(Cz(t) — y(t)) (3)

KL 2(t) € R™ WRPARARSAL AL, L e R WL &5 38 S5 AE M. 25 iU IR 285 52 457 7
A

u(t) = Kz(t) (4)
BUEARY. XH: K e R™™ R4l g 4.
ATHRARRGEHTREM,, BRITFBREIREREE () = 2(t) — 2(t). WHMTIT

2
é(t) = [A + LO)e(t)

RN T R TREMIREZ A RL

i(t) = Ax(t) + Bul(t)
é(t) = [A + LCle(t)

TE XA G PERE1E AR
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EX 1. HFE K L #15

J(K aL aZEO):III(l}EJ(KaLa:EO)

M4 L=L* BFRARG (3) MRS (1) WRMARSWM AT, w*(t) = K*2(t) HET BN
Ar B B RS SO PE . AR, L BN R DUARZS ORI 4 3 a2 R P, K BROM S RS I

A% SCHY T2 H AR S B 78 B DR 285 L0 25 1 22~ e D R 285 O 00 45 4 e 10 bR 28 B 45 92 1
A TFTE SR AT BB I R IR 58 2 1RSI 25 6 AR 725 B 45842 ) 45 1 A7 TE 25 1
LB Ik

3 EELGg®
N T HIFERGE (1) B S PRSI 758 A 22 1 B AR S T 5% 4 o DR 75 B 43 9% o 75

weit, AT AN e X R AR A
{ x(t) = Ax(t) + Bu(t)

7
&(t) = Ae(t) + v(t) @

I RE 15 B8 2K
J(@(t), e(t), u(t), v(t), xo) = /Ooo[wT(t)Qlw(t) +eT(t)Qae(t) + u' (t) Ru(t) + o™ (1) Su(t)]dt (8)

RN RGBT WRMRZS SR w(t) BB R R — AR J7, TREIR A 5 22 10 i i8R
v(t) B RES XT R B —X w77, WERARERIE o (1) = K*2(t) MR &S 5 L i
T 3 AT S0 ot 456 B B SR i

LY w(t) = Kz(t),v(t) = LCe(t) B, 2% (7) IR RS (5).

B Lyapunov B V(x(t),e(t)) = 2T (t) Prx(t) + €T (t) Pae(t), N

V(z(t),e(t)|(7-s) = 2T (O)[AT Py + P Alz(t) + u" (t) BT Pia(t) + 2" (t) P Bu(t)+
eT()[AT Py + PyAle(t) + vT (t) Poe(t) + €T () Pyu(t)

£ X Hamiltonian p&%{

H(z,e,u,v,x0) = V(2(t), e(t))|s—0) + 2" ()Qux(t) + " (£)Qae(t) + u" (t) Ru(t) + v™ () Sv(t) =
T (O)[AT P, + PLAx(t) + uT (t)BY Pyx(t) + =T (t)PLBu(t)+
eT()[AT Py + PyAle(t) + v  (t) Poe(t) + €T (t) Pov(t)+
2T Qra(t) + et (1) Qae(t) + u () Ru(t) + v (t)Su(t)

FJ&, Hamiltonian BREFTERAERI &R
OH

u

0OH -

(9)

=2BTPix(t) + 2Ra(t) =0
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0?H 0*H

o = 2R > 0, 2y = 2S > 0, # Hamiltonian & ¥ELEN/ME.
7 2. 1 (10) ATUAEH, SRS R BHEH] a(t) = —R™'BT Pua(t) A RGRE =(t) L
PERRE, TAENRIMPIRES 2(t) BLRPERE. 4 FI PR S BRI 2% w*(t) = —R™ BT Pi2(t)
B at)=—-R'BTPia(t) BERSH —ERE, WPHEX LY, o () BRMESRE. H
FISBIRRMWOLIRENE, 2 ¢ T KREE, o (t) = a(t), BAVER LA w*(t) R
T T TR S I A A B R A S AR A AR IR T L A

() = —R~'BT P (t)
(ﬁ) = —S_nge(t)

(ST~

HT

u*(t) = —R'BTPz(t
(t) 12(t) (1)
v*(t) = =S Pe(t)
ERE v(t) = —LCe(t), #t: v*(t) = —L*Ce(t), T/ L* I Tz
L*C=5"'P, (12)
¥ u*(t) = —R™IBYPia(t), v*(t) = =S~ 1 Pee(t) {8\ Hamiltonian pF ¥ 7] 75
H(‘I767U*7v*5$0) = H(U*,U*,I,B,ZEo,eo) =
2T (t)[ATP, + PLA— P BR™'BT P, + Qi]z(t)+
e ()[ATPy + PyA+ PLBR™'BTP, — P,S™ Py + Qa]e(t)
TREGE] P, P VR Riccati J7F2:
ATP,+ PPA— P BR'BTP,+Q, =0 (13)
APy + P,A+ PLBR'BYP, — PS7T'P + Q2 =0 (14)

TOREA T 2 B
EIR 1. HFFEIEE M P, Py 12 Riceati J7 2 (13), (14), MRS (5), (6) FE&m A
AR 285 I 45 2 1 i

u*(t) = —R™'BTP2(¢) (15)
YER T8E, I BN A8 55 T4
L'C=S8"'p, (16)
ARG PEREHE b B/ MER -
J(x,e,u,v) = 3 Pixg + ef Paeo (17)

. W W R A BHE R E . T Lyapunov BEL V(2(1), e(t)) = 27 (1) Pra(t) +
ETPQB(t), D—I\IJ:

V(x(t),e(t)) =z () [A*P, + LA — PLBR™'BTP, + Q]z(t)+
eT(t)[ATPy + PyA+ PP BR™'BTP, — P,ST Py + Q1]e(t)—
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2T ()Q1z(t) — eT(t)Qae(t) — uT (t) Ru(t) — v (t)Su(t)
# Riccati F#& (13), (14) fAL, M-
V(x(t),e(t)) = 2T (1)[Q1 + PLBR™'BTP]z(t) — v" (t)[Qa2 + PaS™  PyJu(t) < 0 (18)

EITTAFR ARG (7), (8) $HEFE. TR lim 2(T) =0, lim o(T) =0, lim (T) = lim [«(T)-
e(T)] =0, lim V(a(T),e(T)) = 0. X (18) BHAEX I [0, 7] LA IR T — oo MR
A (1) 3 O

& 3. i1 (16) TRl BRI A F IR BB AR CTC > 0. 45 rank(C) =n H
CATHRR, MRS WM AFFAEME—, HREMMIE R L = S~ PCT; % rank(C) =n
{5 C AEATI B, TUIAT 106 Bk i DR AR 25 XL I 8% 47 12 (AN P —

i 4. & rank(C) < n, WD LO = 571 Py Tk, RN G HAFTE.
T T A SRS R EE B BB, RIS — 4 2R 5 3C [15] Ao i S i3t e AL A 7
— AR UL T I A FE R AR — B

o T ik g B D0 T LI 20 e D 2 8 B O 11, e 1B BOR SE I PR RE A A -

J(x(t),e(t),u(t)) = /OOO[:;:T(t)le(t) +eT(1)[Q2 + CTCle(t) + u™ (t) Ru(t)]dt (19)

KT LT, |A1A T m e .
EIR 2. HHAFEIEEHEE P, P 1 2 Riccati 772

ATP + PPA—PBR'BTP,+Q, =0 (20)
A'Py+ P,A+ P BR'BT"P - C"C+ Q=0 (21)
MRS (5), (19) RSP R 25 (15) /£ T2, HFEMMENHEE L= P, 'CT. REH
HRETERR J (2, e,u) = 2l Prog + eo Paeo.
THEAF R A EE AR B BT R, I — 2P R R R RE R IR
J(x(t),e(t), u(t)) = /Oo[xT(t)Qx(t) +eT()CTCe(t) + uT (t)Ru(t)]dt (22)
0

EIE 3. AFEIEEMIE X1, Xo R AT LRI FEAFRK

X;AT + AX; - BR'BT X
A+ AL <o (23)

X1 -Q
ATXo + XoA+ X 'BRT'BTX ' - CTC <0 (24)

MRS (5), (22) FERPRS BRI R v (t) = —R™BTX ' 2(0) /E A FHBERE, JFHMN
MEFREE L =X"C". REMMERISIRHER: J(a(t),e(t),u(t) < af Pz + e Paeo.
WA SERE 1 pgiEWIZel, AIAn4an N ARG
ATP + PPA— P BR'BT™P,+Q <0 (25)
APy + P,A+ PLBR™'BTP, - CTC <0 (26)

WILEE, FHERRLE (5), (22) WHERUGE. #4: X1 = PIL X = Py, U (25) B4 T (23),
(26) T[54 (24). 0
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BT T 2t R GEHE T R LS 4 9 o DR 285 SO 000 50 T 22 1 O 00 33 Yy 5 DAC AR 285 B A 422
) A B B T 2 T e DA DR 2 UL 7 A T O 00 4% 4 e 0 AR 2 A o 9 1 A AE A
FAFFF B AT 0 KA REL Riceati T RAIHH. BFREREZW, & RSN A7
T, M CTC >0, HY C AlSmtME—. [FEFERFFE T 2 T bR W00 75 B U D0 bR 25 e 4% 2 ]
BB, 45T MR A RO B FE 0 2 A
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