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Abstract This paper deals with the problem of designing optimal state observers and opti-

mal state feedback controllers for linear systems based on quadratic performance index. The

theory of differential game is used to study the problem by assuming ‘state feedback of ob-

server state’ as the first player and ‘output feedback of state error’ as the second player. The

existence conditions for optimal observer and feedback controller are given and the solutions

can be obtained by solving two algebraic Riccati equations. It is shown that the optimal

state observer does not exist in general. Furthermore, the problem of designing suboptimal

state feedback controllers based on state observers is studied and sufficient conditions are

given in the forms of LMIs.
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, l%g1_YH��_Y���_Y�wui�qw�*_Y} Kronecker�H_Y;�}�/#u)rF��#�-l%[�F/#u)rH{9�&9�:��6�^|} H∞ H;�Cxg0b�Fw^t-�mSÆ�/#u)rF��_YFg1�<L [1 ∼ 7]. ��o
uDIG.F/#"h1{��)�xVÆ�/#u)rF��_Y7�o6w^F�}℄���Cy�C7�"}O℄F��G.F��[2,5,8∼11]}7�:���F��G.F��#[6,7,12]

. !~�tW9Y��IÆ�/#u)rF8�����_Yr�g1�~V��tW9Y��IF8�/#u)r}Æ�/#u)rF8���rF5���>&Fg1|:�ÆD�
1990 j�Huang } Li

[13] �aS�o
uDI��6[F���W9Y��IF8�*�"<�F���/#u)r��"�PB�ojt�/#C+F�6[F�xV�W9Y��IF8�u)rn{�J�F℄"��<#)kg1W9Y��IF8�/#u)r}8�/#[F��rF5���>&�#/#C+F�6[F}u)/#F/#[F<:2S&FPjS4_�{}2S&KZm6S8�/#u)r}8�/#[F��rF<�* �p{^7F�� Riccati _1�g1(z�a��W9Y��IF8�u)ro
�"<�F�6S*:o
uDIF/#u)r}8�/#[F��rF��>&�-o$g1SW9Y��IÆ�/#u)rF9�/#[F��rF��_Y�
2 �(��=X�IN℄G.

ẋ(t) = Ax(t) + Bu(t) (1)

y(t) = Cx(t) (2)�N�x(t) ∈ R
n 6/#�R�u(t) ∈ R

m 6��RR�y(t) ∈ R
l 6�6�R�6� A ∈ R

n×n,

B ∈ R
n×m, C ∈ R

l×n 6-�6���OG. (1), (2) F/#:��6S�OG.�A_rÆ�Iu)r
ż(t) = Az(t) + Bu(t) + L(Cz(t) − y(t)) (3)�N�z(t) ∈ R

n 6u)r/#�R�L ∈ R
n×l 6u)r�v6��=Xu)/#[F��r

u(t) = Kz(t) (4)�OG.��N�K ∈ R
m×n 6���v6��6Sg1�	G.F=O℄�A_=XG.F/#C+ e(t) , x(t)− z(t). ���I_1

ė(t) = [A + LC]e(t)��EC�It�/#}C+F�	G.
{

ẋ(t) = Ax(t) + Bu(t)

ė(t) = [A + LC]e(t)
(5)OuG.F℄h���

J(K, L, x0) =

∫

∞

0

[xT(t)Q1x(t)+ eT(t)Q2e(t)+xT(t)KTRKx(t)+ eT(t)CTLTSLCe(t)]dt (6)



5 o lT�I	��4eU(G9�0$v*s�9�0$\GB sG	� 809�N�Q1, Q2 ∈ R
n×n, R ∈ R

m×m, S ∈ R
l×l 6�O6��x0 65�/#�A\ 1. �<� K∗, L∗ �E

J(K∗, L∗, x0) = min
K,L

J(K, L, x0)�B L = L∗ /G. (3) 6G. (1) F8�/#u)r�u∗(t) = K∗z(t) 6Æ�8�u)rF8�/#[F���P{J�L∗ /68�/#u)r�v6��K∗ /68�/#[F�v6���<F)kd��g18�/#u)r}Æ�8�/#u)rF8�/#[F��rF<�* �p��_Y�-g1Æ�/#u)rF9�/#[F��rF<�* �p��_Y�
3 +m)℄6Sg1G. (1) F8�/#u)r}Æ�8�/#u)rF8�/#[F��rF���A_=X�I2S&Y

{

ẋ(t) = Ax(t) + Bu(t)

ė(t) = Ae(t) + v(t)
(7)}℄h��|�

J(x(t), e(t), u(t), v(t), x0) =

∫

∞

0

[xT(t)Q1x(t) + eT(t)Q2e(t) + uT(t)Ru(t) + vT(t)Sv(t)]dt (8)�z#G.Fu)/#[F u(t) <02S&FojS4_�V#/#C+F�6[F
v(t) <02S&FUoS4_��8���r u∗(t) = K∗z(t) }8�u)r�v L∗ F��>&?}2S&FKZI*:[14∼16]

. 1. B u(t) = Kz(t), v(t) = LCe(t) �G. (7) �6G. (5).z Lyapunov |� V (x(t), e(t)) = xT(t)P1x(t) + eT(t)P2e(t), ��
V̇ (x(t), e(t))|(7−8) = xT(t)[ATP1 + P1A]x(t) + uT(t)BTP1x(t) + xT(t)P1Bu(t)+

eT(t)[ATP2 + P2A]e(t) + vT(t)P2e(t) + eT(t)P2v(t)Ou Hamiltonian |�
H(x, e, u, v, x0) = V̇ (x(t), e(t))|(8−9) + xT(t)Q1x(t) + eT(t)Q2e(t) + uT(t)Ru(t) + vT(t)Sv(t) =

xT(t)[ATP1 + P1A]x(t) + uT(t)BTP1x(t) + xT(t)P1Bu(t)+

eT(t)[ATP2 + P2A]e(t) + vT(t)P2e(t) + eT(t)P2v(t)+

xTQ1x(t) + eT(t)Q2e(t) + uT(t)Ru(t) + vT(t)Sv(t) (9)���Hamiltonian |�<���F* 6
∂H

∂u
= 2BTP1x(t) + 2Rũ(t) = 0

∂H

∂v
= 2P2e(t) + 2Sṽ(t) = 0
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{

ũ(t) = −R−1BTP1x(t)

ṽ(t) = −S−1P2e(t)
(10)�� ∂2H

∂2u
= 2R > 0,

∂2H

∂2v
= 2S > 0, s Hamiltonian |�<��U�� 2. � (10)?s<6�8�/#[F�� ũ(t) = −R−1BTP1x(t)6G./# x(t)FN℄|��Vbu)/# z(t) FN℄|��B}u)/#[F��r u∗(t) = −R−1BTP1z(t))� ũ(t) = −R−1BTP1x(t) 6��oOC+�;fitu�%�u∗ (t) �9���Y�A=XCG.F"/=O℄�B t 4>�u∗(t) ≈ ũ(t), A_q~?s�6 u∗(t) �8�u)/#[F��Y�I`%ZÆ�/#u)rF8�/#[F��rF��>&�V

{

u∗(t) = −R−1BTP1z(t)

v∗(t) = −S−1P2e(t)
(11)-tC v(t) = −LCe(t), s�v∗(t) = −L∗Ce(t), �� L∗ �I�:O

L∗C = S−1P2 (12)# u∗(t) = −R−1BTP1x(t), v∗(t) = −S−1P2e(t) �� Hamiltonian |�?E
H(x, e, u∗, v∗, x0) = H(u∗, v∗, x, e, x0, e0) =

xT(t)[ATP1 + P1A − P1BR−1BTP1 + Q1]x(t)+

eT(t)[ATP2 + P2A + P1BR−1BTP1 − P2S
−1P2 + Q2]e(t)��EC P1, P2 {^7F Riccati _1�

ATP1 + P1A − P1BR−1BTP1 + Q1 = 0 (13)

ATP2 + P2A + P1BR−1BTP1 − P2S
−1P2 + Q2 = 0 (14)���I`OK�AQ 1. �<��O6� P1, P2 ^7 Riccati _1 (13), (14), �G. (5), (6) �8�u)/#[F��r

u∗(t) = −R−1BTP1z(t) (15):}I�O��t8�u)r�v�I�m6
L∗C = S−1P2 (16)G.F℄h��8U�6�

J(x, e, u, v) = xT
0 P1x0 + eT

0 P2e0 (17)`S��a�a�	G."/=O�z Lyapunov |� V (x(t), e(t)) = xT(t)P1x(t) +

eTP2e(t), ��̇
V (x(t), e(t)) = xT(t)[ATP1 + P1A − P1BR−1BTP1 + Q1]x(t)+

eT(t)[ATP2 + P2A + P1BR−1BTP1 − P2S
−1P2 + Q1]e(t)−
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xT(t)Q1x(t) − eT(t)Q2e(t) − uT(t)Ru(t) − vT(t)Sv(t)� Riccati _1 (13), (14) 0O���
V̇ (x(t), e(t)) = −xT(t)[Q1 + P1BR−1BTP1]x(t) − vT(t)[Q2 + P2S

−1P2]v(t) < 0 (18)xV�	G. (7), (8)"/=O��� lim
T→∞

x(T ) = 0, lim
T→∞

e(T ) = 0, lim
T→∞

z(T ) = lim
T→∞

[x(T )−

e(T )] = 0, lim
T→∞

V (x(T ), e(T )) = 0. S (18) P��y� [0, T ] ���wB T → ∞ F�M?E (17) �� � 3. � (16) ?��8�/#u)r<�F�k* ��CTC > 0. � rank(C) = n t
C \^!��8�/#u)r<�5o�t8�u)r�v L = S−1P2C

T; � rank(C) = nA C b\^!��\^!8�/#u)r<�A"5o� 4. � rank(C) < n, ���_1 LC = S−1P2 B*�xV8�u)r�"<����u)r?<0/#C+F�6[F�xV�o(z�< [15]#t��6[F8����o
uDI�"<�F(Z�o�F�6S*:o
uDIu)r}8���rF��>&�A__fG.F℄h��6�
J(x(t), e(t), u(t)) =

∫

∞

0

[xT(t)Q1x(t) + eT(t)[Q2 + CTC]e(t) + uT(t)Ru(t)]dt (19)J���`%Z�A_�I`OK�AQ 2. �<��O6� P1, P2 ^7 Riccati _1
ATP1 + P1A − P1BR−1BTP1 + Q1 = 0 (20)

ATP2 + P2A + P1BR−1BTP1 − CTC + Q2 = 0 (21)�G. (5), (19) �8�[F��r (15) :}I�O��tu)r�v L = P−1
2 CT. G.F℄h�� J(x, e, u) = xT

0 P1x0 + e0P2e0.I`#%Z9���rF��>&�68-o$��G.F℄h��6
J(x(t), e(t), u(t)) =

∫

∞

0

[xT(t)Qx(t) + eT(t)CTCe(t) + uT(t)Ru(t)]dt (22)AQ 3. �<��O6� X1, X2 ^7�IN℄6�"H�
[

X1A
T + AX1 − BR−1BT X1

X1 −Q−1

]

< 0 (23)

ATX2 + X2A + X−1
1 BR−1BTX−1

1 − CTC < 0 (24)�G. (5), (22) �9�/#[F��r u∗(t) = −R−1BTX−1
1 z(t) :}I"/=O��tu)r�v L = X−1

2 CT. G.F℄h��^7�J(x(t), e(t), u(t)) < xT
0 P1x0 + eT

0 P2e0.`S��OK 1 F�aJ��?�B�I"H�
ATP1 + P1A − P1BR−1BTP1 + Q < 0 (25)

ATP2 + P2A + P1BR−1BTP1 − CTC < 0 (26)0O��	G. (5), (22) "/=O��V�X1 = P−1
1 , X2 = P2, � (25) H�� (23), V

(26) ?W6 (24). �
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4 )℄g1SN℄G.Æ�W9Y��F8�/#u)r}Æ�u)rF8�/#[F��rF��>&�m6S8�/#u)r}Æ�u)rF8�/#[F��rF<�℄* �t?,{w*Pj�� Riccati _1I���g1(z�a��8�/#u)r<��� CTC > 0, tB C ?i5o�-
g1SÆ�/#u)rF9�/#[F��rF��>&�m6SN℄6�"H�[�F4* �
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