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Application of the Maximum Principle with State Constraints to
Reservoir Operation
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Abstract Optimal control theory is proposed to describe the characteristic of continuous
variation in reservoir operation. After constructing the optimal control model of reservoir
operation, this paper solves it using the maximum principle with state constraints. A neces-
sary condition of optimal control strategy is presented and the characteristic and expression
of optimal control strategy are analyzed under different conditions. A numerical example of
a certain reservoir operation indicates validity of the method.
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1) BhaSHLKI. HRTT ik Gt ZAF R R R BN A, T8 SERR AR A AR AR 8 7]
B, ARSI VAT A R A B0, LA EER A 4 R

2) AL, S BT T EEE IR TR IR, KSR, SR,
BORISEILE, BRSNS, SIAOKEAE, MK RE L R GE. HATX
AT BTG S B IEER, AR BB EE

3) RAGKZ BRI, WRI7TIE N 2 B AR AR R G800 i P8 77 12 %5 K RO A 1A B
] AT A AR A

7K PR JBE 2oL 7 D\ A I3 AR e E — A T B P X K B HOK o AR Y P, B SRR L —
AL R, TEX DSBS EF, KRR ERAR, TR AR S K AL
B K RIS BB HY, 7K 28 1A B A e AR X 28 2 W 3 25 28 Ak #e /K 2 TR BE 1Y E P s T
BT BE L AR K PR TROK 2 7 1 DA SRE R4 o SR e

B HAN 7152 Bellman"? N g 2 W By 5 1l B4R H A, & —PlodE R T 2 M Btk
PR RH I, TERERBEM AL BRI T T2 AR . B, N SEER R Y A R
A, SHRERIN, EHNER ST AR, ERAMIN

HIE, BRI LRSS R UL T — 2 P B R X B AR AT M AL
PERETTE, (HF B E B LR RERT i K 2 R B Rk Bk b /2 K384k
W EMBOKS BA AR B, S2br LB R — e auh R K % 8 B 203 BRI 3h
STk, KXo T KB T SR B AR5, AN E T B LR AT

LUK, Bl A Sl 1 R SR AR o0 R R RE L. ATl iy M BER U, SR Ry
I IT R, RV R SRR A e, XX S PR B R W] BB T (R Ry, EXE T B
WM RMBRATTET .

e PR IX ] Y 32 B R B AR U — Pl BT 2 B B RS A5 AR A i R
WO, TARER B IR E S S S A Fr . AP L, AKEEER - EREAE
NTOK PR (B5K) 1L BEH R R (X4 R R0 R0 B AR R X0 SO iy b el . i
T P ] ek e AR DAy 92 ] ke SR 4 F TR g B, AT /K P2 A B 3B Ry B A S B L — 7
IR VR JBE PP 25 b 2 RO OR A o R B TROK 2l R 06 R IZ bR BRARIX P o 8 3 T X 7K
VA BERERG B R, {5 by T 3F e REAT BRI S0 A 4 R A R S B b SR S A T LA A e S
B ) AL I S8, AR A0 N DI/ i R 7K 2 8 B [ A A SR AF 5 K ARG A R B T
. Massé™ ¥ 7E 1946 10 T K BEK 1 % BB SR Al Ak 22 B 2 S TR ) T 28
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MR, Massé FERF B T MR EA L (W&6ES) B2,
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st dV/dt = Q(t) — u(t), V(0)=V,
0<V V)LV
t€0,7) (1)

H, Ajpr = {u®)|0 < u < ut) <a, tel0T]},V AKEEKE ), vV Bk
FRAHIKEE KR BmE, XERMWE. V oy e, Kir. oK. FEAEEHY
TRIFESRK P e i B R K i, X B W . ¢ A (s), Q(t) AKENR
(m?/s), X BRERKTBREH, HHRMWE. o HKETHRE (0/s), v K2 T M
IBEOR, KETBE RN E, XERAWE. o HKEIERRSKTE, RN
B N(V,u,t) = nupg(Zu(V) = Za) = cu(Zu(V) = Za), N AR T (KW), p HKEHE
(kg/m?®), g AESTHIEEE (m/s?), n N R AR L BALFA, c AREWEE, Z.(V) K LTK
LK R KERRBOCR, A pUKALEARMESRS, BhEM. J hEEEE (KWh), T
[ 8 it ] (s). RIRFRE 0 <u<Q<a, V<V <V.WLER, B8 (1) FEARS
LRy R A G, KRR BE B A] ARy FR— DB VR u(t) € Ap,
R AREXERERA TIPS V() =W ik, BWSREHR, B RIER 2 X
BRI T 458, HEYEREdats J R E &K,

3 KEVEESMBOK S RS ER

1E L35 B4R R, KRR R R A H AR T BRA RS AR R U # ] . xt
TSI, AR FISCHR [15] AP BARS R SR E R B AT R . i L3 iy K
V22 JE B G P AL A SR [15] R g B 4.1, AT A3

vty = 10 3] 50 = [700 5] 50
H(V,u, A\, t) = N(V,u,t) + A[Q — u(t)] = [c(Zu(V) — Za) — A - u(t) + AQ
L(V,u, A 0,8) = H(V,u, A t) + i [u(t) — ] + pala — u(t)] + 01 [V (8) = V] + o[V = V(1)

J
u*(t) = arg u&a{ugﬂ H(V*(t),u, A\ t) (2)
Ly,(t) = Hy(t) + ngy(t) = c(Zu(V) — Za) = A+ 11 —p2 =0 (3)
Mt) = =Ly (t) = —c-u-dZ,(V)/AV — v1 + 1y (4)
pi(t), p2(t) 20,  pu(t) —ul + pela —u(t)] =0 (5)
vi(t), v ()>0 nlV(t) - V]+V2[V V()] = (6)
dH*H/dt H/d Li[t] £ OL*[t] /ot (7)
MT™) =~ -hy[T] = -hiy[T ]+72 hav[T]=m — 2 (8)
Y1, 7220 N [V(T ) V]+7[V-V(T)]=0 (9)

Xt ¥ X A AR ) 7 SRR AR 1] 7, A AT REAFAE i T SUBRER AR 145 Hh B RN IES
P

%’ﬁ

(77) +n(r) - hi[r] (10)
H*[r7] = H*[r"] = n(r) - hi[7] (11)
n(r) =0, m(r)-h’[r] =0 (12)
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a, A(Zy(V)=Zg) —2>0
u*(t) = { undefined, ¢(Z,(V)—2Z4) —A=0 (13)
u, A(Z,(V)—Z4)—A>0
R T RER TR BB, EX BB Z,(V) = aV +b(a > 0), M= (3)(4) &
A= —p2 +c(Zu(V) = Za) (14)
A= —acu(t) —vi + 1 (15)
H (7)), FESX R N, dV/dt, g, h ¥3F BB T ¢, B 2] mHE, B
H*[t] = const t€[0,T) (16)

M (13) ATULEE], BEOREE o (1) MEXMRIEX [Z.(V) - Zd) — N AT RN, HiL

w

K(t) = c(Zu(V) = Za) = A(t) = c[aV(t) + b = Za] = A1) = pa(t) — (1) (17)
FHMEER S, "7
K(t) = acV — A = ac|Q — u(t)] + acu(t) + v1 — vy = acQ + v — vy (18)
T
K(0) = c(aVo + b — Za) — A(0) = p2(0) — p11(0) (19)

K(0) A5 TCIEME, B HAE 3.1 /1 3.2 o mfE gt frite. £ TR\ErEE,
W%, BEIMSRUMEKIE RS H.
3.1 K(0)<o0

BBFET S (13) 47 0°(0) = w, B2 (5) H1 i (0) = 0, paf0) = 0. HI TRV < Vi <V, ¢
Bz (6) B v1(0) = v2(0) =0, N K = acQ > 0, A = —acu < 0. WF—BBFHEA, K(t) <0,
u*(t) = u, p(t) = 0, p2(t) = 0. f dV/dt = Q —u, V(0) = Vo [BE| V(t) = (Q — w)t + Vb,
TEt=ty =V -V)/Q-u B, Vt) =V. FHREt <ty B, V< V(@) <V, IR
(6) F vi(t) = va(t) = 0, K(t) = acQ > 0, \(t) = —acu, W \(t) = —acut + cx1, K(t) =
c(aQt+aVo+b—Zg) —ca1. Bt=tx = (cx1/c—aVo+b—Zg)/aQ B, K(t) = 0. 7ERF[E] ty
I tr,, BRHARS A REARSEIRFE, T H. tp Mt BURTHE X T2 )R HARS B A oo 1
BN, RN ENREERRETITR, SR 1/ 2.

WRE L A K(0)<0,ty <t <T HV <V(T) <V, MERAMEH 5 RMHLD 5 R

u, [0,ty) (Q —w)t + Vg, [0,ty)
U*(t) = { Q, [ﬁf/atc) ) V*(t) = { V, [t\77tc)
U, [te,T) (Q—-)t—T+ (aV+b—Zyg)Jau] +V, [te,T]

Hrty =V -1)/(Q—uw), te =T — (aV + b — Z3)/a.
# K(0) <0, ty <tg <T B V(T) =V, WEMmEH 5 & Ln 5 h:
u, [07 tf/) (Q - ﬂ)t + Vo, [07 tf/)
U*(t) = { Q, [t\77tc) ) V*(t) = { ‘77 [tV7tc)
u, [tcv T] (Q - ﬁ)(t - T) + Ka [tc, T]

Hfrty =(V-)/(Q—-uw),te=T+V-V)/(Q—u).
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XFHE—FER, BT o> ty, BULRZEX.

au[T — (V= V)/(Q —w)] = aV + b — Zq (20)

BUAELRFE T M 1 o0 B/ ME S K R NV I R R B B E R LIRS R RETE A, TRFET
3 B oA B K BT A5 21 A9 BOK 1 B8y B TR AL S AR A B R T 5 T Bomr LK AL S T iF K
Pz 2.

BT V(T) =V +(Q—a)(aV +b— Zy)/au, BIR V(T) < V, BEHFENELEE
V(T) >V, B

au(V -V) /(i — Q) >aV +b— Z, (21)

2 BEORTE R T LS N e KR /K B R A I\ L BRAA B R BR B /i 18] P9, B Fr T T3
TN BR B A% 2 B T8OK i3 AR L i K AL AR R T 56 T e LKA S TR L2
%

PR MER, BT e > ty, BULER T Z8R:

T>(V-V)/(Q-u) — (V- V)/(Q— 1) (22)

BI T ZER T ORFr T ML 1O B /M A5 7K 22 22 28 DA A) 46 R 280 38 B PR 28 L BIR i % Wf 1) 5 fR
I A O B R AR AR K 2R R A A PR IR B T BR B 7 B[] 2
WEF AT UHE Y N(T) = c(aV + b — Zd) + aca(V = V) /(Q — u). FHEE WFE N H L, B
ZER NT) =0, Bp
ai-(V-V)/(i—Q)<aV +b—Zy (23)

B AECRFr T M0 8 Ok B KA A5 7K R R 28 I\ L PR GK 2 T BR Br Jg i 1] P, ORRe T I 2 R e K
P A B B OK B3 SR LK AL AL K T T e LKA S KLz 2.
@Rl 2. #F K(0) <0, tg <ty <T, WHRMMEH 5 RMPLS A
e Ju 0tx) [ (Q—-wt+ Vo, [0,tk)
wi(t) = { a, [tx,T]’ Vi = { (Q—a)t+cy, [tx,T)
Hi tg = (exi/c—aVo — b+ Z4)/aQ, cx1 = [acQuT + c(aVo + b — Zg)(u — w)]/ (@ — u + Q),

cv = (@ —u)(ear/c—aVo — b+ Zg)/aQ + V.
It K(0) <0, tre <ty, T <ty AT ASH3115 2K

aul > aVo +b—Z4 (24)
ati- [T —(V-=Vp)/(Q—u)] <aV +b—Zy (25)
T—-YV-W/(Q-u) <(a-u)(aV +b-Zy)/aQ(Q — u) (26)

HorAr =X (24) BERFEEEAJH A PIORFE T 1308 18 o B R A5 31 W BROK B3 A A B i KAL) 28
KT RIIRET 2] LKA S T KM 2 2. W (25) NI ERFELR TR T M & o8 & /ME
KRNV R B BER LR G RRETE P, PR T 0 o8 & K r S 2 8 oK
i B B KA AN T e LKA S T KAz 2.

EOXMNT T <ty T <tx WHER, 5005 TEM 3.2 gL, XEAFIER.
3.2 K(0)>0

Rl 3. & K(0) > 0, Mg REH 5 HRMPLS AN A: uw*(t)=a, V() =(Q—a)t+ Vo,
te€0,T].

WEtd K(0)>0,T <ty H:

auT < aVy+b—2Z,4 (27)
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T<W-Y)/(a-Q)

2 (27) ZERAEREA A 1 PO AR T 0 B O B R B AR B 9 T50K B A B LK A2 g A AL 1
INTETRIIEZ] IR S Tk ALz 2. 5 (28) ZORTEREA AN RFF TR 28
B K B AR Bl i 2 0 PE R R T T FRYE.

L LR BRRR A R AT AR E . 1) BRI S BN TR B R4 R AR5
Wi, N[ B ZRO0 BE AN R R 450, AR B S S iEs 2) BOua il i g ok ik
LA AP —S2 LAY bang-bang #E, FERL LATFAELF X, RURELHRN
KX 73—I LA i, PR LAFEL S X .

4 Hpl

EF R ERRUK B K B, HAN BRI H A ¢ = 8.5, a = 2.3547 x 1078, b = 540.9074,
Zq = 503.6m, 1FH &KL K 588m, FEKAL K 558m, Q = 322m3 /s, @ = 956m3 /s, u = 213m3 /s,
WHRIE R R T = 1800h, EIFK LK 584m.
4.1 ZEARKERERBHER

(28)

A LARE, ARG SEF G 1 S BT (22) A1 (23), BT RS
u, [07 tf/) (Q - ﬂ)t + Vo, [0 tV)
u(t) =9 Q, [ty,te), V(E)=1V, [ty te)
u, [tcv T] (Q - ﬁ) (t - T) + Kv [t ]

Hoit ty = 1.5585 x 105=432.9h, t, = 4.4705 x 10%s =1241.8h. i H A H AR %L J* = 5.6624 x
10°KWh.
4.2 ERAESERYKFHLER

Xt FAKAL Z, AR AL i AZ, B H SR E R I T, Hof o, 6 AR
P B PR YT 6], AR tp 5 e, BETRERE S T BRI HH AZ, = 1m
il AZ, = 0.01m PIFHER T 89 SR ARFEH A0 1 Brs.
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u/m® /s
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t/h

1200 1600
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—
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0

400 800 1200 1600
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Fig. 1 Optimal control

1) AZ = 1m, t; = 325h, t» = 1137h, J = 5.5833 x 105K Wk;
2) AZ, = 0.1m, t; = 423h, t, = 1218h, J = 5.6433 x 10°KWL;
3) AZu = 0.05m, t; = 428h, ¢ = 1235h, J = 5.6575 x 10K Wk;
4) AZ, = 0.01m, t; = 432h, to = 1239h, J = 5.6606 x 10°KWh.
F T S A AR — A~ B Y 22 G Be e SR (MU 26 00T 0L — I G2 e [ SR TR, B3
Hy o R R EORPIR S AR A D SR AR iR, DGR e AR S i Ac | RS AR
Bt AZ, Mg R Au X T RS REB WA E R RE RN, 72X ELH
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T At 5 Au RERCHEE, B AZ, WEREDS#ITESR. N EEEZRT
BEH, HEE AZ, KBEEORE/D, BIRHA BB A, 3SR 2 By 45 R BR s
AR EFRERAF R SR, BT U O BGE R B A, NTTIER] T A< SCHr 42 Hh M O 9A Y
IEB PR .

5 45

A T BAIRAS 205K B4 B R i B /K2 R 38 [ R P By — b S . A T B pe
i BV X K P A BE AT Rl A, TS BK R W e e B 2 s, VEF 2 I RA
RS LR B R BB B U By ek 5 RN B AT T i, 1981 T RIS, 4
Xt —AEARE TR, A SORE 3 25 AR B9 45 R 52 SO 4R DT IR TR B 45 R AT HUEL,
Bk T TR IERR AT M. AT T — P H/EATH LIRSS 1) HRE L HIRHRAR R
fit I 2) BB A K BEN T R R YRR .

References

1 Yeh W W G. Reservoir management and operations models: a state-of-the-art review. Water Resources
Research, 1985, 21(12): 1797~1818

2 Mei Y D. Dynamic programming model without Markovin property of cascade reservoirs operation and its
application. Advances in Water Science, 2000, 11(2): 194~198

3 Mousavi S J, Karamouz M. Computational improvement for dynamic programming models by diagnosing
infeasible storage combinations. Advances in Water Resources, 2003, 26(8): 851~859

4 Miao Y P, Ji C M. Improving neural network algorithm for establishing reservoir operation function. Engi-
neering Journal of Wuhan University, 2003, 36(1): 42~45

5 Chandramouli V, Raman H. Multireservoir modeling with dynamic programming and neural networks. Jour-
nal of Water Resources Planning and Management, 2001, 127(2): 89~98

6 You J J, Ji C M, Fu X. New method for solving multi-objective problem based on genetic algorithm. Journal
of Hydraulic Engineering, 2003, 34(7): 64~69

7 Tilmant A, Faouzi E H, Vanclooster M. Optimal operation of multipurpose reservoirs using flexible stochastic
dynamic programming. Applied Soft Computing, 2002, 2(1): 61~74

8 Liu B, Odanaka T. Dynamic fuzzy criterion model for reservoir operations and a case study. Computers and
Mathematics with Applications, 1999, 37(11): 65~75

9 Zhou X Y, Zhang Y C, Ma Y W. The identifying type optimal dispatching method. Journal of Hydroelectric
Engineering, 2000, 69(2): 74~86

10 Chen Y B, Hu J Q. Study on integrated operaion of cascade hydropower stations. Journal of Hydraulic
Engineering, 2004, 35(3): 47~52

11 Yang K, Liu Y B. System decomposition-coordination macro-decision method for reservoirs based on multi-
objective analysis. Advances in Water Science, 2001, 12(2): 232~236

12 Bellman R E. Dynamic Programming. Princeton: Princeton University Press, 1957

13 Massé P. Reserves and regulation of the future in the economic life. Paris: Hermann, 1946

14 Morel-Seytoux H J. Optimal deterministic reservoir operations in continuous time. Journal of Water Resource
Planning and Management, 1999, 125(3): 126~134

15 Hartl R F, Sethi S P, Vickson R G. A survey of the maximum principles for optimal control problems with
state constraints. SIAM Review, 1995, 37(2): 181~218

F OB WERRRAE. EEMFRI A AR AR R .

(FANG Qiang Ph.D. candidate. His research interest includes application of optimal control theory.)

FER & HLAESIN. FEFRITAFIRITSRFRREEHE, KRERZTESKETHER.

(WANG Xian-Jia Professor. His research interests include decision analysis and investment decision
management, water resource system engineering, and water and electricity market management.)



