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Abstract Pose determination by a single image of a single space parallelogram is investi-

gated in this work. The main results are: If only a single image of a single parallelogram is

known, the rotation matrix and direction of the translation vector from the camera system to

the object system can be determined. If the length of one of the parallelogram′s sides is also

known, the translation vector can also be determined. In addition, we show that the entities

such as the length-ratio of two adjacent sides and the including angle of two adjacent sides

of the parallelogram, since they are not projective invariants, cannot provide any additional

useful constraints on the pose parameters.
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5 3 yu�O
6�A�0Pu�NAx�=L)	Z� 747X�ol/�w(vzM1�;M��G"Jolaqz�J PnP !� (The Perspective-

n-Point Problem)
[1]

. PnP !�g*�X n(2 < n < 6) KyIS�Æ<S%IJ`v�-�CX'�P�-�S<7P�-���2�-Jg1ol�PnP !�� 1981 *| Fisher� Bolles  d�2�h('G`5_O�YO[d��� PnP !�J9aW�~	C
n = 3 ℄�L�yIJ 3 �{-S�S<7�I���g�
4R℄��`vJ P3P !�~$<KZ[2]

. v��`vJ P3P !�M~tKZ;ZJR7w:[1,2]
. C n = 4 ℄�L�yI 4 �{-SÆ ;}. $��S<7�I��`vJÆ P4P !�~�gZ[3,4]

. CyIJ 4 �{-S$Æ ℄�`vJtÆ P4P !�Mw(~ 5 �Z;ZJR7w:[5]
. C n = 5 ℄�L�yIJ 5 �{-SHqP�$Æ8�;Hq 4 �$Æ ��`vJ P5P !�M~ 2 �Z[6]

. ����DQ[7] M�z Wu ol` P3P !�JZ;�2���J>q"o��(0M[8] 8>#J�S2k�!$�CS<7�I��|{-SCXJ�4
= (Danger cylinder) R℄�`vJ P3P !��E~ 3 �Z�CS<7�I���{-SPPMJ48JP�4'. JHg. ℄�`vJ P3P !��~ 4 �Z��℄��(0M[9] 1[d�4�`v'8J'�X�ol�� [dJ'K� PnP !�~�:J�-�� PnP !�/�FXyI n �{-SJP�<4`v n �Æ<SJP�m"�&J��CX'�P�-�S<7P�-%IJ�,�-�� ��J!�g	FXyIg�.Ot�M<4`vÆ<m"�L#CX'�P�-�S<7P�-%IJ�,�-�� J9aW��v)�~�4|Po~�~vJ�E�
2 jG��$a
2.1 [YxW�TU{����o��#�SatOSJ56P�!e��� /�g�i�S x = (x, y)TJ56P�I!e� x̃ = (x, y, 1)T.

2.2 y�l�T\� PnP !�:���� /�#�IFXS<7J')qm�X�$\gQ�#�IFXS<7J')qg����g��= K = I.

2.3 ���T
h��e
$\gQ���o�6K�#�IbzLÆ 1 zeJ'�P�-	
� 1 {LzJQ /

Fig. 1 The used object frameefgr�M.Ot�Mz�J. Xr�'�P�-J (o− xy) . �	SXr�.Ot�MJg�WSR�ox 5�.Ot�MJg�2&���`JP�-1�yISFÆ<S%IJww!e�[10]
:

λim̃i = (r1 r2 t)x̃i, i = 1, 2, 3, 4 (1)



748 H \ - Z � 32l4/ x̃i �.Ot�M 4 �WSJ56P��m̃i �.Ot�M 4 �WS`vJÆ<SJ56P��λi ��"�	�r1, r2 �?>JU�g�J8��Æ>	�t �?>J.k>	�C r1, r2 IF(�r3 w�� r3 = r1 × r2 >I�=wn�gIFU�g��zn�z�JX�!��fgL#> r1, r2, t J!��g� (r1 r2 t) � 6/g-�yI. FÆ<. Jwg� (homography). zn�z�JX�!���.RfgL#CXwg�J!��
2.4 ^rÆ	�v�rCyIS38�~�2_	J*℄ (LS�->�IyIJP��8J+_M), �X�℄+wnCX.k>	Jo>�$w(CX.k>	J;D�f`R���W�e''��|��~�2_	J*�zn�Xi�:vJ'��;'�s��S<7�JPo�D'�s��S<7`gSJPownIF�`JÆ<�zn℄℄8Æ<g$lCX'�Jp`;DJ�=$lCX.k>	J;D�
3 <dY�#�M��'TAw�Uw�2i1$�Jol��2� J9aW��
3.1 �om}`_ps 1. CyI.Ot�MJHg�+m"℄��d (1) /JU�g��.k>	wn��.Ot�MJ�wÆ<�gCX�1 z��l|!$}W��$\gQ�FXÆ 1 /�+ |OA| = L m"�CP ∠COA = θ, �+ |OC| = S. θ, Sr�"��.Ot�M OABC 4 �WSJ56P�w!e�
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S sin θ
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L + S cos θ
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FX} 4 �WS`vJÆ<SJ56P�� m̃1, m̃2, m̃3, m̃4, ��id (1) Jw�-�~
λ1m̃1 = t (2)

λ2m̃2 = Lr1 + t (3)

λ3m̃3 = S cos θr1 + S sin θr2 + t (4)

λ4m̃4 = Lr1 + S cos θr1 + S sin θr2 + t (5)Rd/�λi, i = 1, 2, 3, 4, S, θ ��"	�m̃i, i = 1, 2, 3, 4, L �m"	�(r1 r2 t) �?>	�8RdwnIF1 J�-d
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m̃4 wAwIF��wi�m"	�MRoW�>Od
(2), ~

r1 =
c2m̃2 − c1m̃1
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6�A�0Pu�NAx�=L)	Z� 749�|� r1 �U�g�JÆ>	�� r
T
1 r1 = 1, zn λ4 wn��1d>I�8gIF>	

r1.

λ∗

4 =
L

|c2m̃2 − c1m̃1|�.k>	 t wn��1d>I
t = c1m̃1λ

∗

4z r
T
1 N/d (4), |� r1, t mIFn< r

T
1 r2 = 0, zn

r
T
1 (c3m̃3λ

∗

4 − t) = S cos θ���8d (4) w"�
S sin θr2 = λ∗

4c3m̃3 − S cos θr1 − tzn
r2 =

λ∗

4c3m̃3 − S cos θr1 − t

|λ∗

4c3m̃3 − S cos θr1 − t|wnMR JAw�0IW�




c1

c2

c3



 = (−m̃1 m̃2 m̃3)
−1

m̃4, λ∗

4 =
L

|c2m̃2 − c1m̃1|

t = c1m̃1λ
∗

4, r1 =
c2m̃2 − c1m̃1

L
λ∗

4

S cos θ = r
T
1 (c3m̃3λ

∗

4 − t), r2 =
λ∗

4c3m̃3 − S cos θr1 − t

|λ∗

4c3m̃3 − S cos θr1 − t|� ps 2. `4��w.Ot�MÆ<J'�X�!�g℄�m".Ot�MJgFJ*�L��J�+��|OC| : |OA| = r, ��JCP ∠COA = θ M�$w(`X�!���HJ�p�5℄�U�g�wn�gCX�B℄℄(CX.k>	Jo>�.k>	J;D$lCX�W� 2 �`wnz��l|!$�f`R��iQ 2.4 DUJr$�|���J����JCPMr$g_	J*�zn�5℄Mwn>2.k>	Jo>�U�g��1 �2L#>.k>	Jo>�U�g�Jol�8W� 1 J!$"�5℄�`~1d.�




c1

c2

c3



 = (−m̃1 m̃2 m̃3)
−1

m̃48d (2) "�t = λ1m̃1 = λ4c1m̃1, |� t J;D$lCX�zn$\gQ�$rFX λ∗

4 = 1. 5℄��"�+ L = |OA| wn��1dAw
L = λ∗

4|c2m̃2 − c1m̃1|�zXXJ λ4 �R AwIFJ>	 t ��+ L, ( AwU�g�Jol�W� 1 /Jd�A:����f$�2{��



750 H \ - Z � 32l8R J���0w"��CXU�g��.k>	Jo>℄�#�#�~zF��J����JCP�FJ*�zn��FJ*`CX'�JD�#�~��H#d�J~zJ*�
3.2 j�z�SiY`_8R JW� 2 w"�|�.Ot�M��J����JCP$gUw$�	��`CX'�JD�$(��~zJ�p��8�go er$�℄℄"G.Ot�MJgwÆ<fJnCXU�g��.k>	Jo>�1 #�M8Uw>#J�S|r$��_�8gw.Ot�MJÆ<fwnCX�F	2)

. 9a	sg	8.Ot�MJiK.O`�JÆ<�wnCX`vJi�AwS (Vanishing points), i�$�JAwS�wnCXAw8 l (Vanishing line, p=$<�'8Jw). |�S<7m�X�znS<7J')qg� K m"��iUw>#���$<�. Rp`i6?8 (The absolute conic)Jw C = K−TK−1( 6/-�p`i6?8J<	 The image of the absolute conic) pwnCX��`�C � l Ji�TOSfg$<�. i�
/SJ< (The image of the

circular points). 8
/SJ<#�wn'o�P>2 r1, r2. M.Ot�MJHgWSO�'�P�-J	S��wn>2.k>	Jo>�8R J��w"��z.Ot�MX���.RgCX.Ot�Mz�. J
/SJ<�1 �2j�JAwol�l2�8Uw>#��w"�FXmI �g�
/SJ<���g�
/SJ<�mIJÆfS m̄I , ; mI �U�g�J8i�Æ>	 (r1, r2) ~L1�-
λImI = r1 + ir2 (6)�gs�.Ot�Mz�. Ji�
/S�	(1 ± i 0)T, M (1 i 0)T >Od (1) fwnIFd (6). 8d (6) "�'�JX�!���.�>
/S< mI J!�����8Æ 2 w"�FX�Æ<. /t�M oabc�yI.Ot�M OABC Jw���iUw>#���.Ot�M OABC iK.O`�`vJAwS V1, V2 w��1dAw	

V1: '8 oa �'8 bc JOS�
V2: '8 oc �'8 ab JOS�|�Aw8 l �� V1, V2, J'8�zn l ewn'o�PCX�

� 2 CyULDZ
Fig. 2 The vanishing points determination

2) ��V0�GY^�aVx?$�1'K�[�Ma%=(9�%=/!�BxT�Bx9��0T�qaj7�9N5��,�hYK�[�
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/SJ<gp`i6?8J< (g�T�
)C �Aw8 l JOS�zn�
/SJ<wn81 Jo0KZ2	
{

x
TCx = 0

l
T
x = 0L 2.2 Uzo�|��� /FXS<7m�X; C = I, znR Jo0K��	

{

x2
1 + x2

2 + 1 = 0

l1x1 + l2x2 + 1 = 0��ZR Jo0KfwnIF
/SJ<�8gCX (r1, r2). �ZR Jo0K℄�SaZg�g�i6o0�f`R�
/SJ<wn	o�P8Q>Z�|�AwS V1 � r1 ~1o�-
λV1 = (r1 r2 t)





1

0

0



 = r1zn
r1 =

V1

|V1||� r
T
2 r1 = 0 ; r2 ��Aw8 l R�= r

T
2 l = 0, zn�r2 � r1 � l J>	*:�=

r2 = ±
l × r1

|l × r1|5℄�Rd/�� r2 J �|�$lCX�r2 J �|�wn�� O, A, B, C SJw|oX�|�S O, A, B, C r�S<7J8o�zn�d (2)∼(5) /J λi, i = 1, 2, 3, 4 r� q�i5wnCX r2 J Cy����.k>	Jo>� L 3.1 Uze�wn!e�	t = λ1m̃1 = λ4c1m̃1 = c1m̃1.8R J��w"�℄℄8.Ot�MJUwQ.�fwnCXU�g��.k>	Jo>��e�g6r$�7L.Ot�M��J����JCP�F	�|�}�$gUw$�	�zn`X�6$F_g&�pOz����1 Jolewn'o�PCXU�g� R. �iUw>#��"��XgKn r ���l>	JyI.O8�L� V �`vJAwS�� r � V ~L1�-
r =

V

|V ||Ro���U�g� R wn!e�
R =

(

V1

|V1|

V1 × (V1 × V2)

|V1 × (V1 × V2)|

V1 × V2

|V1 × V2|

)

4 ��"Y�� nUw>#�'TAwi1$�Jol�̀ 4�yI.Ot�M�wÆ<J'�X�!�_O�[d#�2�j�JAwol�� !$�C℄"G��.Ot�MJ�



752 H \ - Z � 32lwÆ<℄�℄(CX'�P�-:`S<7P�-JU�g��.k>	Jo>�C_g&"G.Ot�MJg
�+℄�.k>	J;D�℄wnCX�� �℄!$�.Ot�M��J�+����JCPMJ*�|�$gUw�21J$�	�$(`'�X�M.HJ�p����� �~�2H#j�`_��9ag4�n1u�	
1) ��W�J CQ	� W�J CQ�8j�qW!$/wnr$��~�a_O%)_!�
2) ��wlJq)�ÆQ!�	8q)�ÆQJ�St�� ol�Æ P4P !��A:�� 6/��Æ P4P !�JW����e.��s5�~�a�2{ 6/J~v`_�LÆ P4P !�/JW�	C.Ot�M 4 �WSJÆ<:*%I�J���wl��Æ�v���$�ÆM����e.��
3) ��Uw>#ol�'TAwolJ�S!�	|�4�Uw>#JolSaAwAwS�gAwSJAw`�Z'#��zn�g|r�a�4�Uw>#Jol~��RJ��Q�B'TAwolB~AwRJ�ÆQ����gS� 6/m~'j��E���f�~�a��`_2{_!��M(�Sar$Jg�`4��wÆ<J'�X�g℄�� !$�.Ot�M��J�+����JCPMJ*$(��HJ�p�B�#$q�B`4�wÆ<JX���"gX�!��S<7�X!��℄>Z℄��FJ*e$(��~z�p�f`R�L?�NM[11] *2�`4�iwÆ<JX�g℄�.Ot�M��J�+�C``S<7J')qwn��HJ�p�
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