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Abstract A new problem of continuous batch scheduling arisen from the heating-process of

blooms in the iron and steel industry is addressed, which differs from the traditional batching

machine scheduling where jobs in the same batch have a starting time and a finishing time.

Each heating furnace is modeled as a continuous batch processing machine, which can handle

up to C jobs simultaneously, where jobs in the same batch enter and leave the machine

continuously. The processing time of a batch Bi in this paper is related to |Bi|, pj and C,

where |Bi| is the size of Bi and pj is the processing time of job Tj in the batch. We give

the expression of the processing time of batch Bi as p(i) = max
Tj∈Bi

{pj}(1 +
|Bi| − 1

C
). We also

present a dynamic programming algorithm with complexity of O(n2) and the properties of

the optimal solution to minimize makespan.

Key words Iron and steel industry, heating-furnace scheduling, continuous batch, dy-

namic programming algorithm
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1 8�W1��5�7m3MU�bp6��I5h�!/�`r��spS;��O#m�1U�`oC�	�^\p`IL�#m�;�,U�`joC�^\	}IL��;�I�#mm��#m;�y��`�IGH�2/�;�IU℄��#m��`1-��`U;�m[|X����`1;�m[UGH���UHH/���`U���z�U;�m[zD��1U℄m��`p`IL (}r;�), RG9m��` (;�,) 	}ILÆzUm[�vB�U;�m[��UHH��`U;�m[MILU℄�l�#��5Æ�3�bp6�2/�^O�;�Ibp6� (Continuous batch scheduling problems), ^2/�^O�bp6��y�0�_=	g� n��` Tj(j = 1, 2, · · · , n),�m��;�Id;��;�m[/ pj (j = 1, 2, · · · , n).�K�`�r	3b����T/ B1, B2, · · · , Bm. �;�IU℄�/ C, � Bi UHH/
|Bi|, �;�/41�#m�1�`U;�m[T/ p(i), P p(i) = max

Tj∈Bi

{pj}; �U;�m[T/ p(i).�5duU�bp6��r.duU�bp6�&#';��	r.duU�bp6��2/#m;�bp6��m�lz�p�7[1]
. 5h	/��	℄m�z#O�`#m;�Ubp6� (Parallel batching problems), G�7���P�i-/41�-�U;�m[z���`1Æ��`;�m[UGH��Ikura 4 Gimple

[2] G�| ���bp6�U3.�5A [3∼9] jdu/��bp6��#UT�
ÆUi.�!m�zAO�`#m;�bp6� (Serial batching problems), -�U;�m[z���`1Æ��`;�m['4�5A [10∼13] Xldu/��bp6��Brucker X[14] L/#�#m;�bp6�UC���5duU�bp6�jz#m;�bp6��N�`z
�^p��^7UQspS;�U��;�m[�d/�3�;�m[l&C#���6ND,�Zdu/��5duU6�zKH>GH,�m[6��/��#O�`#m;�bp6�MAO�`#m;�bp6�T	}��z
,� u}T/	1|c-batch, C|Cmax.�5℄ 2 gmf�6�UpU�s�℄ 3 g�7��U;�m[ p(i) UR
!sM
1|c-batch, C|Cmax G{kUU/��℄ 4 g�7�m���U/ O(n2) Uh�):
}�#$2���
}UG{U��℄ 5 gz�)�<pm(�2�B
}UR
/4�
2 8�W�t�5�'6�UpU�sz� �k1UWX$�=/rBQWX$/��^Lmfm=I�K�`�BQWX$m�� 3 R 5 �WXT�m�ÆXT4m�Q�t�_( 1.-�%>DQ�tp`WX$�r/ÆXT���WXTWX9�ERQ�t�V9DQ�t7�	}WX$�pS=mS�℄�BQWX$�#m;�%>U��2/ILU℄��T/ C. �Gy C �%>� “CD ” �WX$U[)mKWX�WXRmeU4p9mK�	\FNph�m�%>DQ�t7��#m�m�%>p`WX$�m(R���`UG9m�%>p`WX$�WX,	}IL� u�m��`;�i��
:I�%>p`WX$WX�Mm��`}r;���K/4�d�m,�



732 A j A 
 � 32{
) 1 CRXY%V"�6�L�a

Fig. 1 Primary operations of rotary heating furnace�x;�M�m�`p`;�IU6r�s&#���6�	/�3�O�m3z;�M�m�`>b$[D)�V9�	\7m��`�pm��`�!m3�Oz;�M�m#&D)$[�zz�`�	\p`WX$��GRWX$U℄�9���	\7m��`�pm��`�O,��`p`WX$m�$:U�`Dz
��U	ppSWX(Ri���5du9m3Qs�P�1U�`m(�	\p`WX$�WX4	}IL�%>UWX-pz��Q�xX;�U��zeU��Q&#U%>ZhWXU4p&mg�9.Æ�^;�U%>�3m�����UHH/���`U������ILU�KU/z�^p��^7�Ær�U℄�/:B���%>�>�m4p�[GRmeU�p�ÆrÆ���`1hSGRUG�U4pK/��1-��`U4p����Yg4p��;�Um[�0�P�`;�Um[�4p3#��8+#m�1�`U;�m[zC#U�lX���1;�m[G0U�`U;�m[��U;�m[/D��1U℄m��`p`IL�RG9m��`DIL1	}ÆzUm[�z��6�&oo7��BQWX$U�K/41��� �kUI��K/41jE�F��vBdu�3p`�;�4	}l�^pS��U;�m[��UHH��`U;�m[MILU℄�Xl�#U�^O�bp6�y�(�UxzZ)4�pst�
3 8�WB=Æo℄fuOJ~lW0��7�U;�m[ p(i) Uet'N�>��=/U�<�a 1. �& 11 ��`� C = 4 Um��<�I1��`U;�m[/	

p = (8, 8, 7, 6, 6, 5, 5, 4, 3, 2, 1)bv�`	�/	B1 = {T1, T2, T3, T4, T5, T6, T7}, B2 = {T8, T9, T10, T11}, �� B1 1-��`U;�m[l/ 8; � B2 1-��`U;�m[l/ 4. ;�/4_( 2. I1g�`D m�}r;���`
}r;�m[U>9oCp`�	};�I�D( 2 1�r�7��[7m�;�IGy�#m;� 4 ��`�+�Om��`;�,9*�r;�=m��`�#O℄m��℄{�U;�m[	"/
p(1) = max{8, 8, 7, 6, 6, 5, 5}(1+

7 − 1

4
) = 20, p(2) = max{4, 3, 2, 1}(1 +

4 − 1

4
) = 78sR� Bi 1-��`UpU;�m[/ p(i), �;�IU℄�/ C, #O�`z�	\p`�	};�I��^\pS;��vB-�Wm��`�;�m[wh�W 1

C
p(i).
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LIAIJ-�n\VMJ�_PAdr7� 733� Bi 1�`U��/ |Bi|��:℄m��`Zh p(i) ;�m[+�DZh�W |Bi| − 1

C
p(i);�m[�vB-�U;�m[ p(i) /

p(i) = p(i)(1 +
|Bi| − 1

C
) = max

Tj∈Bi

{pj}(1 +
|Bi| − 1

C
), i = 1, 2, · · · , m (1)

) 2 � 1 Vdr)
Fig. 2 Gantt Charts of Example 1=/�'6� 1|c-batch, C|Cmax UU/�>�7=/Uet���Æ�`
 LPT �3�P p1 > p2 > · · · > pn.St 1. bbp1U[s�� P 4 Q, � P �� Q N;��s3:&F��gU�`

Ti, Tj , qT Ti ∈ P , Tj ∈ Q, O pi < pj , �2B	�/� -LPT ℄U�St 2. ��bp (B1, B2, · · · , Br) 1�b℄ l �1� jl+1 − jl (l = 1, 2, · · · , r) ��`�� Bl = {Tjl
, Tjl+1, · · · , Tjl+1−1} O�:�℄j
=�DHRH=��2Bbp/ LPT ℄U�qy 1. �6� 1|c-batch, C|Cmax UG{bp1�;�m[C#U�`me�#m�1�xe�z�$}�g�G{bp π∗ 1�6�2�)/ Cmax(π∗),�` Ti, Tj �C#U;�m[ p, 	"��U;�m[/ pP , pQ U��� P, Q 1�g pP = max

Tj∈P
{pj}, pQ = max

Tj∈Q
{pj},&lm�U�g pP < pQ, � pP = pP (1 +

|P | − 1

C
), pQ = pQ(1 +

|Q| − 1

C
). �b Tj D Q 1p` P 1�I��`&��" P �/ P ′, Q �/ Q′, I��&��Q3MUbp π′, 6�2�)/ Cmax(π

′). �� Ti ∈ P , pi = pj = p, Ær p 6 pP , P pP ′ = max
Tj∈P ′

{pj} = pP ,

pQ′ = max
Tj∈Q′

{pj} = pQ. z |P ′| = |P | + 1, |Q′| = |Q| − 1, pP ′

= pP ′(1 +
|P |

C
) = pP (1 +

|P |

C
),

pQ′

= pQ(1 +
|Q| − 2

C
), Ær

pP ′

+ pQ′

= pP (1 +
|P |

C
) + pQ(1 +

|Q| − 2

C
) = pP + pQ +

pP − pQ

Cz pP < pQ, � pP ′

+ pQ′

< pP + pQ, Cmax(π
′) < Cmax(π

∗). � π∗ zG{bp*x� �qy 2. �6� 1|c-batch, C|Cmax 1�meF��gUG{bp�I#m�U�`z;�m[C�U�Pb pj1 > pj2 > · · · > pjk
, I1 k 6 n, z Tj1 , Tj2 , · · · , Tji−1 , Tji+1 , · · · , Tjk

�#m�1�� Tji
��B�1;��xe�z�$}�g π∗ /G{bp�6�2�)/ Cmax (π∗),� P �1�` Tj1 , Tj2 , · · · ,

Tji−1 , Tji+1 , · · · , Tjk
, z Tji

�� Q 1;��� P, Q U;�m[	"/ pP , pQ, g pP =

max
Tj∈P

{pj}, pQ = max
Tj∈Q

{pj}. �w� 1 �& pP 6= pQ, � pP � pQ +;z=�R�'m	
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1) pP < pQ

2) pP > pQ9.}>�� 1): pP < pQ, pP = pP (1 +
|P | − 1

C
), pQ = pQ(1 +

|Q| − 1

C
). �b Tji

D
Q 1p` P 1�I��`&��P �/ P ′, Q �/ Q′, I��&��Q3MUbp π′,6�2�)/ Cmax(π

′). �� pji−1 > pji
, Tji−1 ∈ P , � P ′ 1-��`U;�m[&���q&�T�pP ′ = max

Tj∈P ′

{pj} = pP , pQ′ = max
Tj∈Q′

{pj} = pQ, |P ′| = |P | + 1, |Q′| = |Q| − 1,Ær pP ′

= pP (1 +
|P |

C
), pQ′

= pQ(1 +
|Q| − 2

C
), v/ pP < pQ, � pP ′

+ pQ′

< pP + pQ,

Cmax(π
′) < Cmax(π

∗). � π∗ zG{bp*x�
2): b pP > pQ, b Tji+1 , · · · , Tjk

D P 1p` Q 1�I��`&��Q �/ Q′′, P �/
P ′′, I��&��Q3MUbp π′′, 6�2�)/ Cmax(π

′′). �� pji
> pji+1 > · · · > pjm

,� pP ′′ = max
Tj∈P ′′

{pj} = pP , pQ′′ = max
Tj∈Q′′

{pj} = pQ, |P ′′| = |P | − (k − i), |Q′′| = |Q| + k − i,

pP ′′

= pP (1+
|P | − (k − i) − 1

C
), pQ′′

= pQ(1+
|Q| + k − i − 1

C
), v/ pP > pQ,� pP ′′

+pQ′′

=

pP (1 +
|P | − (k − i) − 1

C
) + pQ(1 +

|Q| + k − i − 1

C
) < pP + pQ, Cmax(π

′′) < Cmax(π
∗). � π∗zG{bp*x� �U/ 2 �2meF��gUG{	��I/� -LPT ℄U�qy 3. �6� 1|c-batch, C|Cmax 1��eF�m�G{bp (B1, B2, · · · , Br) z LPT℄U�xe��[sm�G{bp1���LIbpKH>GH,�m[6���`U;��℄:#�&�g��[
� LPT ℄U=�;�����U:)�pU;�m[lC#�&�
=�DHRH=��I6�2�)&����G{bpwz LPT ℄U� �U/ 3 �2�v�S6� 1|c-batch, C|Cmax UG{bp��r}>Æ�`
 LPT �3�V9v�� LPT ℄	�P��

4 k�+=���6� 1|c-batch, C|Cmax UU/�9.�rTR=/USk��6�Uh�):
}��`
 LPT ℄�3�P T1, T2, · · · , Tn, qT p1 > p2 > · · · > pn 9���
}pUdS7�D℄ 1 ��` T1 R[m��`UG{	��_=Uxpzr/zRU�_. B1, B2, · · · , Bl (I1� Bi UG9m��`/ Tji
,

1 6 j1 < j2 < · · · < jl = k, i = 1, 2, · · · , l) z�`D T1 R Tk vxUG{	��8+�`D
T1 R Tji


 B1, B2, · · · , Bi 	�G{�xpd_.��i'&3��g B′

1, B
′

2, · · · , B
′

p z�`D T1 R Tji
UG{	��"�`D T1 R Tji


 B′

1, B
′

2, · · · , B
′

p 	��D Tji+1 R Tk 

Bj+1, · · · , Bl 	���9m3	��}vxU6�2�)w�Nm3	��}vxU6�2�)hH��� B1, B2, · · · , Bl z�`D T1 R Tk vxUG{	�*x��=�h�):
}1�f(k)  u�`D T1 R Tk vxU6�2�)�Bk z
 f(k)	�UG9m��argmin{ϕ(i)}  uq ϕ(i) UGH)mvxU i )�h�):
} (DP):M{ 1. Æ�`
 LPT ℄�3�q p1 > p2 > · · · > pn;M{ 2. " f(0) = 0, B0 = Φ, r0 = 0, k = 1;
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_,�4
f(k) = min

rk−16i6k−1
{f(i) + pi+1,k} (2)R
 f(k), k = 1, 2, · · · , n. I1 pi+1,k = pi+1(1+
k − i − 1

C
); " rk = argmin

rk−16i6k−1
{f(i)+ pi+1,k},

Bk = {Trk+1, · · · , Tk};M{ 4. [s�=��UC℄�S7 f(n) 9��z�F9BwTR�Æ��`Um�G{	��f(n) wzG{)�=/$2
}UG{U�S` 4. G� LPT Uh�):
}TR�bp6�UG{k�xe��U/ 3, +h$2v LPT ℄	�9U�`pS	�w��=/z�`,9}�$2��i'�O k = 1 m�?V3��O k = 2 m�+;��3	�R�	T1, T2 	�m�F�>E3m�;���e�.UHHw�TR6�Uk���
}1qr���i'3��Yg k − 1 mi'3��P�zd�h�):
};TR6�UG{	��&lm�U�g�`
 LPT =℄9U�℄/ T1, T2, · · · , Tk−1, � p1 > p2 > · · · > pk−1; gG{	�/ π: B1, B2, · · · , Bl; O Bl = {Tr+1, Tr+2, · · · , Tk−1}.=/$2i'v k ��`j3��g
d�h�):
}TR k ��`UG{	�UG9m�/ Bq, I1 Bq = {Tr′+1,

Tr′+2, · · · , Tk}, �me� Bq ⊆ Bl ∪ {Tk}, jwz r′ > r. =/z�$}$2�mi'�Ygd�i'&3��P r′ < r. �Yg��`
 LPT =��Ær
pr′ > pr′+1 > pr > pr+1 (3)Bmg f ′(k)  u�`D T1 R Tk vxU6�2�)���

f ′(k) = f(r′) + pr′+1(1 +
k − r′ − 1

C
) = f(r′) + pr′+1(1 +

k − r′ − 2

C
) +

pr′+1

C
(4)� (4) sU��1�N�DzN k − 1 ��`U6�2�)�z

f(k − 1) = f(r) + pr+1(1 +
k − r − 2

C
) (5)zN k − 1 ��`U6�2�UG{)�Ær

f(r′) + pr′+1(1 +
k − r′ − 2

C
) > f(k − 1) (6)� (4), (6) T

f ′(k) > f(k − 1) +
pr′+1

C
(7)� (3) �

pr′+1

C
>

pr+1

C
(8)Æ (5) � (8) K` (7) T

f ′(k) > f(r) + pr+1(1 +
k − r − 2

C
) +

pr+1

C
= f(r) + pr+1(1 +

k − r − 1

C
) (9)
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 � 32{s (9) 1XsU�szb Tk (f#` Bl :;��zI��`
 B1, B2, · · · , Bl−1 	�ÆvxU6�2�)�Ds (9) �r�7Yg&3��P r′ > r.vB�W Tk �`9�G{bp+;�=�
3R�	
1) Tk �	� Bl 1;��
2) � Bl 15��` Tq ;u}�{Tq+1, · · · , Tk} / k ��`G{	�UG9m��
3) Tk LnQ3m�;��zd�h�):
}zv�
3R��e9UGH)�Æri'3�� ���
}1h�):/4U��Uz O(n2), zv�`pS LPT =℄Um[��Uz

O(n log n), ÆrB
}U��U/ O(n2). zO�
}��Wm��`9pS	�m�+D2�W���`U	�1G9m��`pS�'��gR
�_e�\y��IO	U���ym�
}U{y�2?��d�	�/4(f�TR=/U*'�kd 5. �6� 1|c-batch, C|Cmax 1��`
 LPT ℄=���G{bp1�b pj <
pi

C
,� Ti � Tj &;�m�1W��DB*'�&�b pi+1 <

pi

C
, �(fD Ti+1 ;	��)T8sUz����6�1�Æ��`b
 SPT )�=℄��rTR��Uh�):
}�I&#`z6r) f(n + 1) = 0, z f(1) wzG{)�

5 �*�=a 2. �& 10 ��`� C = 5 Um��<�I1��`U;�m[	"/	p =

(10, 10, 3, 1.8, 1, 1, 1, 1, 1, 1).zd�h�):
}R
�/4_=	
f(0) = 0, r0 = 0, f(1) = 10, r1 = 0, B1 = {T1}

f(2) = min{20, 12} = 12, r2 = 0, B2 = {T1, T2}

f(3) = min{14, 22, 15} = 14, r3 = 0, B3 = {T1, T2, T3}

f(4) = min{14, 24, 15.6, 15.8} = 15.6, r4 = 2, B4 = {T3, T4}, · · ·rB�*�T	f(10) = 17.6, r10 = 4, B10 = {T5, T6, T7, T8, T9, T10}.�G{)/ 17.6; "/�F9BTRÆ��`Um�G{	�/ {T1, T2}, {T3, T4},

{T5, T6, T7, T8, T9, T10}.

) 3 � 2 Vdr)
Fig. 3 Gantt Charts of Example 2
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6 j(�5r� �k1E�+zUBQWX$/�s��7U�3MOU�^O�bp6���� �kUI�;�/41jE�F���?%U�;�Ibp6�&#��1-��`U}rW�m[M,�m[l&C#��1�`Up`�;�4	}l�^pS�:KH>GH,�m[6�+�I�6�2�_KH>D,�m[6���`�{�m[M�FB-X6��pU1jr/�R�vBv��m4OI�6�2�Udu)Tpm(���
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