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This paper proposes a new multiclass support vector machine (SVM) for simultaneous gene selection and microarray

classification. Combining the huberized hinge loss function and the elastic net penalty, the proposed SVM can perform automatic
gene selection and encourages a grouping effect. The coefficient paths of the proposed SVM are shown to be piecewise linear with
respect to the single regularization parameter, based on which the solution path algorithm is developed with low computational
complexity. Experiments performed on the leukemia data set are provided to verify the obtained results.
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The DNA microarray technology“iQ] is a powerful tool

for biological and medical research. To classify microarray
gene expression data, support vector machine (SVM) has
attracted considerable attention® =12, It is well known that
SVM and its various extensions have been successfully ap-
plied to two-class classification of microarray datal’~¢. In
recent years, a few attempts have been made to generalize
the SVM to multiclass problems[77121. In particular, mul-
ticategory support vector machine (MSVM)[8] that consid-
ers all of the classes at once has been developed. However,
this method selects genes by using the marginal criterion!!,
which tends to yield redundant genes. To perform joint
classification and gene selection, L;-norm MSVM/ and
sup-norm MSVM!? have also been developed. Unfortu-
nately, they cannot reveal the mutual information among
genes.

The group lasso I has been developed to select rel-
evant variables in groups for two-class problems. However,
rare results on extending this method to multiclass prob-
lems have been reported since it is difficult to construct
gene clusters in advance. When used as two-class classi-
fiers, the elastic net penalized methods!*~2 %! appear to
perform well on microarray data and encourage a group-
ing effect. The key feature of these methods is the use of
the elastic net penalty which not only retains the benefits
of the L1 norm penalty but also tends to generate similar
coefficients for highly correlated variables. Taking into ac-
count the advantages of the elastic net penalty, this paper
is devoted to extending it to multiclass problem and fur-
ther developing a new MSVM. This is still a challenging
problem due to the following two facts:

1) Gene selection of multiclass problems becomes more
complex than the binary case. This is because that the
MSVM requires to estimate multiple discriminating func-
tions, among which each function has its own subset of im-
portant predictors. Moreover, gene selection is a necessary
demand for microarray classification, especially grouped
gene selection. Hence, the grouping effect for multiclass
gene selection should be encouraged.

2) The normal solving algorithms for MSVM, such as
quadratic programmingwfs] and linear programming[gflo],
fail to work since multiple penalties are required simulta-
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neously. Furthermore, the piecewise linear regularization
path algorithms[w*m used for parameter selection are not
suitable due to multiple classes and multiple tuning param-
eters. Hence, new solving algorithm and parameter tuning
method should be developed.

This paper attempts to deal with the aforementioned
difficulties by developing new statistical learning tool. To
this end, we first propose the huberized multiclass support
vector machine (HMSVM). Second, the grouping effect of
HMSVM described by using 2-norm is presented. Third,
we prove that the coefficients of the HMSVM are piecewise
linear with respect to the single regularization parameter
and give their concrete form. Next, an efficient regular-
ized solution algorithm is developed to compute the opti-
mal coefficients. Finally, we apply our method to leukemia
classification and achieve promising results.

1 Problem statement

Assume that the n training pairs {(z;,y:),i =1,--- ,n}
are independently and identically distributed according to
an unknown probability distribution P(z,y). For microar-
ray gene expression data with multiple cancer types, ; rep-
resents the i-th sample and y; represents the tumor type,
which can be coded as {1,--- ,K}. Let f = (f1, -, fK)
denote the decision function vector, where k = 1,--- | K.
A popular multiclass classifier!” can be defined as

¢(x) = arg, max fi(z) (1)

The K-class classification problem is to learn the decision
function vector and hence accurately predict the cancer
type of a new sample.

There are some popular machine learning methods for
the K-class classification problem, e.g., MSVM® 1-norm
MSVME! and sup-norm MSVMUIY. However, all these
methods cannot reveal the mutual information among
genes. This paper aims to deal with this problem by de-
veloping a new MSVM. In the following, we present our
notation. Similar to sup-norm MSVM!? we use the lin-
ear decision functions fx(z) = by + wix, k = 1,2,--- , K
to build the classifier, and let b = (b1, ,bx)" denote
the bias vector, w denote the coefficient matrix, X =

(T1;2; ;%0) = (T(1),Z(2), "+ ,T(p)) denote the model
matrix, where z(;y = (215, ,an;)", j = 1,---,p. We
use wi = (Wit -+ wip) " and wy = (wij, - wiy)T to

represent the k-th row vector and the j-th column vector
of w, respectively.
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2 Main results

2.1 Huberized multiclass support vector machine

The elastic net penalty has been successfully applied to
binary classification problem(*~%*%. Taking into account
the advantages of the elastic net penalty, we extend it to
K-class classification problem, i.e.,

Jbw) =X > > wi;+ A > > |wgl  (2)

k=1j=1 k=1 j=1
Similar to binary hybrid huberized SVM™ we substitute
0, if by, +’w’1££1 < -1

1+by 4wz — if by +whx; > 140

Ly; = 2’
T, \2
Atbe +wiZi)” o wise
20

for hinge loss function [by + wjx; + 1]+, where Ly, is the
abbreviation of Ly;(bk, wk, ;). Combining the elastic net
penalty (2) with the huberized hinge loss function Lg;, we
propose the following HMSVM

1 n K K p K p
arglgl’glﬁzzaikLki‘F)\szwij +/\122|wkﬂ

i=1 k=1 k=1 j=1 k=1j=1
3)

subjected to the sum-to-zero constraint4
1"b =0, 1w =0 (4)

where A1, A2 are regularization parameters, a;x = I (y; #
k), and I(-) represents the indicator function. Substituting
(4) into (3), we have the following unconstrained convex
optimization problem:

arg min L(\i, A2, b_,w_) (5)

_w_

where b_, w_ denote the vector and matrix formed by the
first K — 1 rows of b and w, and L is defined as

1 n K-1 K-—1
L= - (;aiKLK (— Z by, — Z wk/7$i> +

n K-—1 k;il 2 o p K-—1
5> L> oy (z St 303 wm) +
i=1 k=1 k=1 j=1 J=1 k=1
K—1 p P K-—1
)\1< Z\wk]‘H—Z Zwk’j>
k=1 j=1 i=1 =1

(6)

Define each region of the k-th classifier as £r = {i :
bk—l—w;f:z:, < —1}, Er = {Z —1< bk—l—w;fmi < —1+5}, R =
{i :by+wiz; > —1+6} fork =1,--- , K, define the indices
for non-zero wy; as Ay = {j : we; #0, j = 1,2,--- ,p}
for k =1,--- K — 1, and define the indices for non-zero
Shtwpyas A={j: S pnTwey; #0, j=1,2,---,p}.
If we continuously decrease A1 or A2 or both of them, some
of the sets of Ly, &, Rk, Ar[).A will change. We call
this an event, and four types of events may occur: 1) A
training point reaches the boundary between £ and E; 2)

A training point reaches the boundary between Ry and &x;
3) An index j leaves Ay () A; 4) An index j joins Ag () .A.

2.2 The grouping effect

Since the correlations between genes sharing the same bi-
ological “pathway” can be high, the correlated and relevant
genes should be selected or removed together. From the
statistical point of view, this can be described as a group-
ing effect. In the following, we prove that the HMSVM can
encourage a grouping effect described by using 2-norm.

Theorem 1. Let b and w denote the optimal solution
of the huberized multiclass support machine. If z(,,) and
z(;) are normalized, then

[y — w1 [, < % 2(1—p) (7)

where p = m?m)m(l) =30 TimTi.

Proof. From the sum-to-zero constraint, it is easy to
know that b_ and w_ formed by the first K — 1 rows of b
and W will be the optimal solution of unconstrained convex
optimization problem (5). For k = 1,2,--- ,K — 1, j' =
1,2,--- ,p and any given 1 < m,l < p, we construct the
following vector and matrix

b =b_

1,. R e .
. = (Wi, 4 i), ifj =morj =1
wkj/ =

Wy, otherwise
By the definition of i),, w_, b*  and w*, we have

0 < L(A1, A2, b" ,w™) — L(A1, Mg, b, 0) (8)
Note that |Lgi(b}, w}, i) — Lyi(by,wr,x:)| < |(w) —

W)@l |00 (@rm — 0w) (@i — za)| = |(rm —
Wk1)(zim — z4)|. Hence,

=1 k=1
n K-1 K-1
1 * *
- a;x |:LKi <— Z byr, — Z wk/ﬁz’)
i—1 k=1 k=1
K—1 K—1
L < Z byr, — Z ﬁ’k’yzz):| <
k/=1 k'=1
1 n K-—1 1 n K—-1
S @i 0T+ DY i @) =

i=1 k=1 i=1 | k=1
1 n K-1
o Z Z | (Wi — Wt) (Tim — Ta)| +
2 e v

K1

1 n K
— Z |Tim — za] - Z | Wi — W] =
2n k=1

1 ) )
o 2o =z, - e -,
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matrix. Let b_ = (31 — B, by — B, br_1 — lA)ﬁK_l)T,
K-1 p P K-—1 K—-1 wy, = (’L‘Z]kjl w%cjl P wkjé wfqz, T 7wkjmk
Z ("UJZ]| - |’I_Z)k]’)+z ( Z w;:/j - Z ﬁ)k’j ) - wi]mk )T7 w- = (,&)'11‘,,&]2T7 e ’U];F{ 1)T7 All =
k=1 j=1 j=1 \|k'=1 k=1 ZZES% ailr_1 + diag{Ziegl i, ’Ziegl - aiK 1}
K—1 . .
<2'w - |7~Z]km‘ - |wkl|) + A221 = (Akk/)(m1+m2+ Ampg_1)%(mitmototmg_y) T
k=1 2 dlag{Au,AQz, 714}(—11(—1},
- + W - 21, I, I
2 kim Ll Wi Wer] <0 P p P
> [ |- [ < Lo b b
k=1 k=1 k=1 Ao —
(10) 229 — . . . :
K-1 p P K—1 K—1 I I : 2.[
33 (uif - a) + X33 i~ (5 ] - bl 2
et =t = = XT+ X7 X7 X1
K-1 K-1 vT T v T
1 . R 1 R R X Xy +X XZE
—3 (Wrm — H)kl)2 —3 <Z (Wrm — wm)) = Ajp = ‘1 ? ) 2 Kt
k=1 k=1 : :
1 X7 XF X+ XE
=5 e — w03 ! : Ko
(11) where):(T:(Z. L QikTijys s D iesl QikTij ),)_(;f:
From (8) ~ (11), we have i€Ey Tk e, ;’“”k /
X (Srcey, @ik > Licey, i, ) X (G, K) =
0< 5 lleem —zwll, - [[bem —@ol, - (Cieel, i@, Yoseel, Grcdisis, )
N N 2 12 [ ikLij ij ) %
H’UJ(m) — W) H2 = n/\ H-’B(m) x(l)Hl X (12) 1§£ GikTijis i zezsjl GikTijir Lidmy,
oy =y [, = [l — Bl - 2, BT ezgl ik gk Ttk
Akk — 1 k i
which is equivalent to
N N VK . :
H’w(m) - w(l)||2 < na Z |Zim — wat (13) ezs:l AikTijypm, Lijgy 6% AikTifypm, Lijrm,
i=1 L i @ _
If () and z(;) are normalized, then we have and my X 7, submatrix of i
VK 5T
H-’”(m> fo(m) 2, = X G =k = K)
- T
21? x = \/ 2 1 — kk! =
\/*)\2 \/ (m) ) = \/*)\
~ T . .
Substituting (14) into (13) yields (7). 0 X (5= kak,k:’ =k)
For the highly correlated predictors Z(.,) and z) (p = B ;L o
1), HMSVM tends to assign the same coefficient vectors to fork=1,---,K-1,k' =1,---, K—1. Let Apy = 7542, +

them. This means that the highly correlated genes tend
to be selected or removed together. According to the ter-
minology of statistical learning*®, we claim that HMSVM
exhibits a grouping effect. For K = 2/ it can be easily
obtained that

}w(1m>—w(1l>|—f)\ 2(1-p)

This coincides with the known results of binary SVMsl—
2.3 The piecewise linear regularization solution

Similar to the hybrid huberized SVMM | we continuously
decrease A1 and use the superscript [ to index the sets 1m—
mediately after the I-th event has occurred. Let b, wkj,

A4, AL be the values of these parameters at the point of en-
try, my be the cardinality of set .AL. For A} > A1 > )\ll+1,
let

_B-a
In(e + A})
where 0 < a < § are given constants.

Let 1x—1 denote the (K — 1)-th-order matrix whose
elements are all ones, and I, denote the p-th-order identity

Ay =f— (15)

2X2A22,, where Aga, is constructed by orderly selecting the
Jr1-th, jra-th, - -+, jgm, -th rows and columns of the k-th p
rows and columns in Asa,.

Theorem 2. If the regularization parameters satisfy
(15), then the coefficient paths of HMSVM are piecewise
linear with respect to the regularization parameter A1, i.e.,

be = by, + (A1 — A\))aro

_ 16
— NDayg, for j € A [ A (1)

Wiy = Wiy + (M1

hold for XY > A1 > M k=1,-..  K—1,andj=1,---,p,
where aro and @1  are respectively the k-th and (K + j)-th
elements of vector Al_lla, Gr; is the (K —14+mq + -+
mi—1 + k + j)-th elements of vector A[lla for k> 2, and
A; and 1¢ are defined as

| A Are
Al‘{A?z A22}

0K71

- [ sgn((Azz, — 1)iL) + sgn(i’ ) ]
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Proof. Note that (5) is an unconstrained convex opti-
mization problem. Hence, for by # 0,wk; # 0, ZkK:_ll by, #
0, and 3" 0" wy; # 0, we have

8E(A1,)\2,b,7w,) -0
abk b_=b_ LW _ = _
(17)
8]:()\1,/\2,b,,w,) -0

8wkj b_=b_,w_=w_

where k =1,--- K —1,j=1,---,p. Note that sets &k,
RL, £L, AL A and the regularization parameter Ay will
not change for A} > A\; > >\l1+1. Hence, we have

1 I; ’ﬁ)T.’Ei
3 Qi T O T WETi

— no
€€y
K-1
aiK 7 ~T
.5 <—1+ > (b +“’k'xi)> + (18)
i€l k'=1
1
LS aw Y ] =0
ieRY ieRL,

14 by +wFa: P
3 ey SO o (15 ) +
iegl k=1

K-1
QK Tij Z - T

iegl, k=1

E AikTij — E ;K Tij | +

; 1 ; l
i€RY 1€R G

A1 (Sgn(lﬂk]’) + sgn (Z wk’j)) -0
- (19)

where k = 1,--- , K — 1, j € AN A" Analogously, for
A1 = )\ll, we also have

7l T
Z%k%ﬁ‘% Z Gk — Z aix | +

icgl ieR! ieRb,

S

K-1

> aé? (—1+ > (Bﬁc/ +zb§f,xi)> =0

i€l k'=1

) T K-1 (20)
1+ bj, + ), @ ) )

E aik:cijka—i—Q)\lz wfcj—i— E ’wilj +

icgl k'=1

K—1
Qi K Tij > T

i€l k=1

E AiKTij | +

el
1ER G

E QikTij —

el
i€ER

K—-1
)\ll (sgn(uﬁcj) + sgn <Z ’l,ailj)> =0
k'=1

3=

(21)

Subtracting (20) from (18) gives

Z aik(i)k — by, + (wg — ﬁ)éc)Tmz) +
icgl

K1 (22)
Z aix Z [ZA)k/ - 62/ + (Wyr — ﬁ}L/)T.’Ei] =0

ol I—
1€E Y k'=1

Note that sgn(ik;) = sgn(wh;) and sen(Sp ) W) =
sgn(zg;} w;,j). Subtracting (21) from (19) gives

b — bl + (wp — wh) Tz
Zaikxij b k+(n; k) +

icgl
K-13

b /-i)l/-i- w /—’Ibl/ Tmi
Z ;K Tij Z b k (n; &) +

i€l k'=1
K—1

225 (thiy — iy + D (W — Whr;))+
k'=1

(A1 — A1) (Sgn(wij) + sgn (Z_ wfm)) =0

k=1
(23)
Note that

K—1
Z aik(l;k — BL) + Z a; K Z (Bk' - BL’) =

icgl iegl k'=1

K—1
Z air(by — b},) + Z Z aixc (byr — blyr)

iegl k'=lieel

K—1
Z azk(ﬁ)k 7’1])2)T.'L‘1+Z aQiK Z (ﬁ)k/fﬁii/)T.’Ei =

iegl iegl k=1

N N
E g ik Tijr (Wpr 5o — Wier 1)+

—1
'=1 j/eAfc, icgl

K
k
N ~l
aikl’ij(wkj - wkj)
. L l
jE.Ak €€,

Hence, system of linear equations in (22) can be rewritten
as

Alli)f + Apw_ =0 (24)
Note also that
K-1
Z Ak T (i)k — 62) + Z A K Tij Z (Bk’ - 62/) =
iegl i€l k=1
K—1
Z aikl’ij(i)k - ZA);C) + Z Z ainij(i)k’ - Bi/)
ic€l k=liegl
K—1
Z ik Tij (’ﬁ)k— ’ﬁ)L)T’L‘H-Z ;K Tij Z ('ﬁ)k’ - ﬁ)fc/)Txi:
icgl iegl, k'=1

2 : 2 : ~ ~1
aikxijxij” (wkj” — wk]'”)+

; I gl
JEAL i€EEL

K-1
- N
aiK:Eijxij/(wk'j' - wk’j’)

— . .
K=1jeal, icel,
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r K—1 T A .
Py i Do — k. parameters in ;) becomes zero. Hence, the step size for
P = Wi+ k/2_21(wk i~ D) the third event can be determined by
Az, w— = . K1 ds = Hllin ik {nin K |ﬁ7]| (28)
Wajy, — Whiy, + Z (Wit jyy — Wt gy ) jeAL AL kE{l -+, K} @i
=1
: where Wk ; = Zk, 1 Wy, and ar; = SNy Ay
A. For £k = 1, ,Kfl j = 1,---,p, we define
L Gy = S a1+ KD e + 950 () +
K—1/+ i -
where Azza = Zk' 1(wk’jK,1mK71 - wk/JK,lmKil) + Zzegl aikTij (1 + by +wkxi)/(n5) + (EieRl AikTij

Al
wK k- Impg 1"

ear equations in (23) can be rewritten as

WK 15K —1mp_, — Hence, system of lin-

5A b +2/\2A222w,
(A1 — A0 (sgn((Aa, — D)@' ) + sgn(@' )
(25)
If A; has full rank, then (16) can be obtained by solving
the combined systems of linear equations (24) and (25). O
It should be noted that if A; does not have full rank,
then the solution paths are not unique, and more care
has to be taken['®. According to the sum-to-zero con-
straint, it can be easily obtained that bx = — f 11 Bt —
(A — Al)z,f:f aro and Wiy = —Yor Wk — (A —
M) S Kt Gy;. Substituting (16) into fr(z) = br + wiz
gives fi(x:) = fi(x:) + ( — 2D (aro +Z]e,4l AL Tijlky)

and fx (i) = =30 file:) — (>\1 - /\’)Zk ! (@ro +

jeAl ) Al Tijakj ), where k — 1, , K —

2.4 Algorithm

Similar to the binary solution path algorithms!—% 16l
0

our algorithm starts from A1 — oo and we let W~ =
-0 . n _
Oxp, b_ = argmin,_ (37, S aiLi(br, 0,0) +
Z:’i;l a‘ikLk(_ 25;} bk'volo))a b[I)( = _25:711 b% Ac-
cording to the obtained b, we determine the sets £F,
£% and RY for ¥ = 1,---,K. Furthermore, we let
— aikLTij (7 K—17
A = rnax?z1 makazll(\Ziegg ’:u; 2 (b% + > 1b D,
ikTij (1. K—1
Ag = argmax;ec{i,... ,p}(l Ziegg 2 I:L;c . (bg + Zk/ 1 bo')|)
A = B—(8—a)/(In(e+\})), and determine A° according
to A%, This completes the initialization.
After the [-th event has occurred, the most important
problem of our algorithm is to determine the step size for
the event which will occur first. Note that the first event

will occur when fi(z;) reaches —1. Hence, the step size for
the first event can be determined by

dl = min {d117 d12} (26)

where di1 = ming=1,... p—1 miniesiu% |(—1—f,i(a:¢)/(&k0+
Djeat natTigarg)ls diz = mingeg g [(=1
S 11 fh@) /(e (aro + Ljeal nal Tijlkg))- Let
k-1 mingegt ri (=148 = fi(@:))|/|(@ro +
ZjeAl n A ﬂfij@kj)\ dz2 = mincer et [(=1 + 6 +
Z fk(xl))/( k 1 (EL’CO + ZjeAkﬂﬁl xijakj))|~ Analo-
gously, the step size for the second event can be determined
by

d21 = mlnk:lyA.A

d2 = min {d21, d22} (27)

Note that the third event will occur when a non-zero pa-
rameter Wx; reduces to zero or the sum of the first K — 1

ZZG'RI aik@ij)/n + 2Xs(Wk; + 51 ;). Note that
|Crj| < 2X1, for 5 ¢ ALNAYS Cr; = 0 for j € A, N A
and. sgn(iin,) = —sgn(X05 ) ,): Ciy = —2Aisgn(ivg),
for j € AL A" and sgn(iy;) = sgn(>r_1 ;). Hence,
after |Cr;] (7 ¢ AL .A") meets the decreasing 2\; or

reaches zero, the fourth event will occur if we keep moving
A1 in the same direction. For j ¢ AL .A', there are

three cases: 1) j ¢ A, and j ¢ A5 2)j € A, and
j & A 3) 4 ¢ A, and j € A'. Note that 1y = 0
and Y5 idp; = 0 for j ¢ A, and j ¢ A'. Hence,
for case 1), we have Cy; = Ci; + Cerj(M — Ab),
where Cer; = Z,Lesl ai’flzij (aro + > jreAl Tyjnggr) +

ziegl 'Kz” Zk, l(ak/o + Z] real, x;j Gk ;). The step

size da11, Wthh makes |Crj| (j ¢ Al N A" reach zero, can
be calculated by

.
Cerj

da11 = (29)

The step size dai2, which makes |Ck;| (j ¢ AL [ .A") meet
the 21, can be calculated by

|Cllcj — Cepjdarz] = |Crj| =2\ = 2()\l1 — da12) (30)
If sgn(C,lcj) = sgn(Cer;) and da12 < |Cllcj|/|cfkj|a then

d 72)\11_|C}cj|
412 — 27|Cgk7|

If Sgn(C;le) = sgn(Cer;) and dar2 > |C,lcj|/|Cgkj|, then

- 2Xh + |C} |

a2 = e Con |
Otherwise, we have

b 2Xh — |CY

412 = 2+ |Ceny |

It should be noted that the inequality dai2 < |Ch;|/|Cer;l
(or da12 > |Ch;|/|Cer;l) is equivalent to the computable
inequality Aj|Ce;| < |Cij| (or Aj[Cens| > |Cyyl). Hence,
the step size d41, which determines the fourth event for case
1), can be determined by

dig= min  min  min{ds1,da2}  (31)
nggc,jg_Al k=1,--- ,K—1

Analogously, we can get the step sizes d42 and dss, which

determine the fourth event for case 2) and 3), respec-

tively. It should be noted that the calculation proce-

dure is the same as the case 1) except the different value

of Cerj. Note that wr; # 0 and Zg;} Wy = 0 for
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j € AL and 7 ¢ A'. Hence, for case 2), we have
= AQipTii /= _
Cgkj = 2)\2ak]~ + Zieé’}c 126 J (ako + zj”GAL mi]—uak]—u) +
aiKk@ij \~K—1- _
Ziesg =Ly e (Grro + ZJ'/EALI x;jGy ;). Note also
N K—1 - . 1
that r; = 0 and 357 dw; # 0 for j ¢ Ay
and j € A'. Hence, for case 3), we have Cgp; =
l K-1 - AipTii /= _
202 2y Gy + Zig}c w5 (ako + Zj//eAﬁc Tijr@rgr) +
AiKTij K—1,/- _
Ziesk "o 4 Zk/:l(akzo +Zj/€./4§c, a:ij/ak/j/). To sum up,
the step size for the fourth event can be determined by

dy = min{da1, daz2,das} (32)

The algorithm that computes the whole solution path IS, W
proceeds as follows:

Step 1. Initialization: calculate °, l;l, A0S, &R, LY,
R2 A% and A°, where k=1, - , K.

Step 2. Find X' and AP let Xy = B — (B —
@)/(In(e + A})), calculate b, & and fi(z:), and determine
the step size d = min {d1,d2,d3,ds}.

Step 3. If the generalized correlation reduces to zero or
a pre-specified maximum iteration number is reached, then
stop the algorithm.

Step 4. Otherwise, let [ =1+ 1, >\11+1 =\ —d, /\12+1 =

B = (8~ a)/(n(e + X)) and update b', 0!, &, Lk, Ri,
AL and A'. Then goto the Step 2.

3 Experiments on leukemia data

The aim of the leukemia benchmark!® is to form a deci-
sion rule capable of distinguishing between acute myeloid
leukemia (AML) and acute lymphoblastic leukemia (ALL).
This data set contains 38 samples for training and 34
samples for testing. The samples were assayed using
Affymetrix Hgu6800 chips and data on the expression of
7129 genes (Affymetrix probes) are available. The origi-
nal data set is available at http://www.broad.mit.edu/cgi-
bin/cancer/datasets.cgi. The identification of the two can-
cer types was based on their origins, lymphoid (lymph or
lymphatic tissue related), and myeloid (bone marrow re-
lated), respectively. Similar to MSVME!, we modify the
leukemia data set as a three-class problem by dividing ALL
into B-cell ALL and T-cell ALL. This study examines 72
samples from three types of acute leukemia with 38 samples
in B-cell ALL, 9 samples in T-cell ALL, and 25 samples in
AML.

In the first experiment, we train and test HMSVM using
the original separation for the training and testing data. In
the original training data set, there are 19 samples in B-cell
ALL, 8 samples in T-cell ALL, and 11 samples in AML.
The remaining 34 samples are used to test the prediction
accuracy. To make the computation more manageable, we
use the pre-processing steps proposed by Dudoit™ and se-
lect the most significant 3571 genes as the predictors. Let
B =10, « = 0.5, § = 0.05. We compute the entire regular-
ization solution paths according to the algorithm in Sub-
section 2.4. Fig.1 shows the curve of correlation between
the two regularization parameters. It is shown that As is
the piecewise constant function with respect to A;1. Fig. 2
shows the curve of prediction error. It is shown that the
prediction error is piecewise linear with respect to A1 and
the optimal mode is given when the regularization param-
eter A is selected in the interval [2.280905, 2.951294]. The
corresponding prediction error is 0.02941176, i.e., only one
sample in the test data set is misclassified.

In the second experiment, we compare HMSVM with

several competitors for multiclass classification, includ-
ing one-versus-all (OVA) classifier, Lo-norm MSVM and
Li-norm MSVM. We test their averaged prediction ac-
curacy using a randomly splitting approach: the original
training and testing data are combined together and we
randomly split it into 38 and 34 samples for training and
testing, respectively. The entire process is repeated 50
times and Table 1 gives the averaged test error and the av-
eraged number of selected genes. In Lo-norm MSVM, 100
most important genes are selected to build the classifier
by adopting the marginal criterion. Although Ls-norm
MSVM still works well by setting appropriate Gaussian ker-
nel parameter o and regularization parameter Az, it does
not select genes in a satisfactory way. L;-norm MSVM
seems to overcome this disadvantage and improve the pre-
diction accuracy. However, the number of the selected
genes is upper bounded by the sample size and the selected
genes vary largely with the randomly splitting training set.
The HMSVM gives the best averaged test error and selects
the moderate amount of genes. It is likely that the grouping
effect in the process of automatic gene selection contributes
much to the improved prediction accuracy.
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4 Conclusions

The huberized multiclass SVM has been proposed in this
paper, and the corresponding properties have been studied.
It is shown that the HMSVM can encourage a grouping ef-
fect for multiclass gene selection. Based on a reasonable
correlation of the two regularization parameters, the opti-
mal coefficients are shown to be piecewise linear with re-
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spect to the single regularization parameter and an efficient
regularized path algorithm is developed. We have applied
HMSVM to the leukemia data and achieved promising re-
sults.

Table 1  Classification results for the leukemia data

Averaged number of

Method Averaged test error (%)
selected genes
OVA 6.24 26.73
2-norm MSVM 4.20 100
1-norm MSVM 3.76 20.92
HMSVM 2.94 62.37
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