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A Novel Logistic Regression Model Based on Density Estimation
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Abstract
nonlinear classification problem in this domain. Based on a Nadarays-Watson density estimator, the training data is

We propose a density-based logistic regression (DLR) model for classification to address the challenge of the

mapped into a particular feature space. Then, an optimization model is set up to optimize the feature weights and the
width in the Nadaraya-Watson density estimation algorithm. We show that it is superior to not only standard logistic
regression but also kernel logistic regression (KLR) with radial basis function (RBF) kernels. The results show that DLR
compares favorably against other nonlinear methods including KLR and support vector machine (SVM). The introduced
approach achieves not only better classification accuracy but also better time efficiency. Another major advantage of
our method is that it can be naturally extended to cope with hybrid data with both categorical features and numerical
features. Moveover, our approach shares with logistic regression the same advantage of interpretability of the model, which

is not obtained by kernel based methods such as KLR and SVM.
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SOVE W] DASE 36 AL B i AT X e ) . H RTAFAEIR 2
Iy R AN FE A EAL (Support vector machine,
SVM). ##&[FlJH (Logistic regression, LR)\ #%Z &
[\l 55 #r (Kernel logistic regression, KLR). #
B (Decision tree, DT). #h2 V- (Naive Bayes,
NB) 732855, B TATRES 73 o B T4 E KA
HHmaim . B, SVM Je 78 4b B 7 Fl 4R Ze e mp
SrEERTT AR R A LS, T LR W SCHRERE 2 R A 45
I

SFEREML (SVM) P & —Fh 2 g (1) — {8 4 2%
A, IR AR Y 24 R R 1 R AR AR e AR ST A
LA . 5 HAE IR, HEZH
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EAEY SVM § R Z KK M TIRZ %71, &
JITJE 50, 3 8 0 vE A ARG AR £ i i e ma =T 4]
n, Z2K5052K%, SVM —%F £ [ 4k 5K 7 1L IR %2
o SR R AP R . Sy — S B L ) R
A BN [F]— Sl o L gh 242K, ARV 2 7 R4
HH SR AR PRI L [, (R e AT HeAt AR 20 b
WIRLE. SVM ()45 R gk — 4y 1), A SCRFE R 4
H. SVM M\ —"MESBEUE R 5 55— MES R
EH ARG, sk, H5ERTEEEN RS
AL, X PRI A PR i 0 BOE 0 T 280 P Sk PHR A
RS JE I X

W E I (LR) 20 KM EE AL —. brik
B[R] A48 FH NS 5 1) R BB 2 Ak 4 2K
AR T SR ENL, BRE—SERE L, FriEZ R
VAR ZA tHAH B 28 o A il vk, I HLAE A AL I 2RI TR
A AR Ak, BRI (] U b S ) AL
HRGY RBZEDIK. FEPA RN E, brdiZ i n
VAR ZR A 1 7 2R 28

A% oK A S b I8 B (R A AE 45 A R AR I R 2
#ET (KLR)E, 5 SVM A & U5 2% B L.
A A AR R PE, KLR A RESEIl S SVM
FAeh, ER TP VERE, JF H LR R R R
. {Ha2 KLR AgefERN R @il e, & %
TG 2 AR AR AL r) R, AT 75 R 2R 1 ik AR Ak
Hy%, W Newton A1 Quasi-Newton &%, T i85
R UGEAR B EER AN, BT DA B R A EEE
FNEE =

SVM. LR. KLR #0] DLAE B H {8 SR R HFAE.
2 4b AR AN 4> SR AR A SR BRI, L STV
F o R OB R R . ST — 1N m A
BRI 3 G, — TR B m AL EUE R R R0,
m MEEF RA A 1, RN 0. HZ, XA
A ER 7 I T RHE R, Rl G — AN E
KA, R G RIE N = 4E 7 S ot 53 1.

AR LT (NB) 432 B3 % p(w;|y) 3T
DUk U HE R SR p(yle). 2 o NEUEIRY
A, FEE DU 2 B Bl B 2R 4y 25 B 1LY
BEAh, kb2 DL 37 2 88 02 2 TR AIE 25 A ST 1 1
W, — BHAREA W S X — ik, Ho KRG 2
KEZF5.

TR L By AR A ) R, AEASC R, 3R
I T — P T %5 2 [F )3 (Density-based
logistic regression, DLR) BiAL. $:7Fk, TATH £
MV IR BT et BT AR A (1) BE S A B AR A S B A 1)
BRNE. 1 W, BATENBESH LR Bk
TEE 2 Fivh, JATHE T8 DLR 1 = J6 4 R4 EAR
BN TR AXMHES RN, A5, £5 25
Hh OB 5 Nadaraya-Watson 2 Al it 540 h

Ghty, TATTHE Y — Fh I T A I 54 B A DL 4R 3R
¥ S B ARAL S 5 /7% DLRH.
1 iZEEY3 (LR) B%

'fgiﬁﬁﬁ[ﬁgkp = {xi,yi}, i=1,--- ,N,x; €
R”, y; € {0,1}, fAFRER z = (20, .-, 2P),
Kb y N MEEE: y 90 851 4EEH (LR)
ST PR A

1

ply =1lz) =o(w'e) = ey s S
1

1+ exp(— éwdébd(x))

(1)

X, w T ER ST RHE AR, 1T ¢(x) &
ST HHE R R R AL 9o = 1 RFE I A
SCHRH T Ao TN A R AR AR TT R 6.

T 1, B b = p(y; = 1x;) W (1).
A [ e A RS AR R

pwho) = [0 (- by @

w = ('I,UO, T 7wD)T %%ﬁﬁ%
W EEAN T e ME S UA R, B LT
T8 QR R 22 R Y
Ew) = — Inplylw) =

N

- Z{yz Inb; + (1 —y)In(1—b;)} (3)

i=1

R E(w) KT w 345, 520

VEw) = (b —y)p(x:) =" (b—y) (4)
=1
AL SVM BB SE T fe /M
1 N
N Z(l —Yi) (5)
=1

5 SVM —Ff, ZigRIHEAT LIS B &4, ek
2 E I (KLR)B-%12, ¥ SVM 5 KLR i
R 248 O(N®). A% 4 Al H He/Mb R T R
EAE

Ew) =

> Awilnbi + (1= y,) In(1 = )} + Alfw]f?
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(NEGEIE
gy = Py =1
p(y = 1|z) (W)
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1
1+ exp(—7(x)) (8)
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@) =y =0) )
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I R R A:
D
de¢d($)) =7(z) (10)
PrtE2 5 )= R e s A T ¢d( ) z N

[liEEEIE

1) & wg >0, W p(y = 1|z), HEEE 2@ fH
K, 7(z) #hn;

2) #wg <0, M ply = 1|z), HEEH 2D K
D (z) B,

PR, ST FH 16 S T B K ga () = 2@ B9 —A
e M p(y = 1) 1 2@ ?s%ﬁ@i&ﬁ’]ﬂﬂ&%,
1245 A 3 SRR AR I T 4 R R IX —
TR BE R, By IR R AR S 2 KT P .

2.2 DLR #REIf0 8 T S ARET

ARATH VAR AT A DLR #8L. JyfE
IR, FATE Je b A28 v A MERIEN: y
€ {0,1}.

FATHR H B DLR AR AR SRS LR 723K (1)
IS HER. (B2, R HERE ¢, FATTH)
FHERR S B g 7E XLAAF:

_pPy=12) D1, ply=1)
dal@) =In 0@ T D My =0)
(11)

I 1 BUNHE 2@ By = 1 MR, 5 2 1
Dl 1n PU=D SR AR BN T A R RO [, i

p(y=0)

H gg(x) ATLHAAREY 2@ By N1 “UBR”
RPN ERE. wg IR T 5 d ANMRFIEAZ XS
Ty $ibrich 1 TRk .

SI38 1. WK 1 FoR, X T4E y, RIEA
& x BEAMALR,

Bl 1 DLR & ar i
Fig.1 The independence model in DLR model
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=R 7 i
JERR. MRHEN (9) FleHEE 1, JAIE 2

AE

o

I
Il
_

In

o

I
Il
—



134 BREE: ST E AT Z 5 [ 65

Lo (ply = 1]z )p(z'?)
lndl;[1< p(yz())DDl()>_
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I dl;ll <p(y =1)"% > _
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SERL 1 R, ARSI ATIR T, T wa
= 1 I, DLR ] bL5g Bt fifi b Hois i) sk oA, [A)
i, FATTR AT BUE BUAN & DU A BAT 142 9 DLR
TR 2 TRV T R R 3 DU S @57 p(a(D]y) 1R
M SRR DU HE AR 21 p(yl), THEATTHE
DLR EE@EEAH] p(yla@), it (1) BIAr453)
p(ylz). WIEEH 1, BATREEAT BIAE S AT BE
AR, MFTE wy = 1 I, DLR o] LL5g 8 ik
AR E L, 1IX 5 NB 2WE 1. BIRRAREN
DLR HRA R 26 A AL R s, E2 5 NB A
[, IXIFAE DLR P H BRI . 245 %€ I8
BEANRE 58 AT B AR ASZ I, DLR R SR BB % 18
i KA BUA R RAS BIBE S w, QR LR —
FE. PiAFEIR /2, DLR fEARZePERY, 1 LR 24k
1. DLR % 1 LR MBI RE S AT NB i
A RS, T NB 70 2K45 i LA 72 DLR 1My
.

2.3 HEEMVTEY S

TE5S 2.2 idr, st (11) Fros, AT E T4

X DLR W4 ¢. T HPEE RN B anfarfiti 112K (11)

IR, SENSG%E D = {z,y},i=1,--- ,N,

BT EXN G4 d 15 gq(z). ¥ D 5 WA

T D, F Dy, il y=1Fy=0 BFI%dE .

da(x) BIFEON p(a'@,y) A p(y). ply) ATEAHIfH
W y £ D RIS .
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2 7(x) = In B2 BATRERAGE: Wk 7(2) > 0,
BB RN 1, K2R 0. Mo 1, AR ST
wy = 1 B, DLR #8% T 7(z) ARFERE. 1
Gb, W 1 FroR, NB A R 5% o R %
X or25AAr &, DLR R NB il id i+ 5 a—
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3 (11) FEEFREEI R AT
2.4 hy B¥EAE

7£ Nadaraya-Watson fliitH, hy fENEH HZ
B, VPARTREWRST. REARZEREERFI hy,
HEBSHEIMERG TR, KRB —FET &K
AR 5L BARLIR B B0 ) I R A 2 3 O vk, H
EMT A (3) I E. A T RSN ]
BFRENHE KT ha 0578 GE.

S
1
S (20)
R4 (19), B30
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XH
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iEDj
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2@ _ (@D
> (@@ — 22 K (=)

A
i€D;

(25)

> K (2T
i€D;
05 [ 4, ARAEC (1), 195

exp(— i wedal®:))

olnb, | Oa(®:i) _
— d =
Ora 1+ exp(— dﬁ: waPa(T;)) o
Opa(z:)
(1 — bi)wdTm (26>
LA,
In(1 — ) = In 2P Dy wada()
‘ 1+ exp(— ZdD:l Waha(x;))
D
— Z wd¢d($i) +Inb; (27)
d—1
oln(1—b;) O¢a(x;) | Olnb;
T - 87"(1 + 87“(1 N
Opa(z:)
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¥ (28) F1(26) FRAR (3), 340 T RL=:

OE <[ b, Oln(1—b) _
N U e A
=1
N
Opa(T;)
S (29)
ML (20), FRATIAE 2
OF _ OB ona _
8hd N 67"d ahd a
1 & 09q(x;)
}73 ;(bz - yi)wd ory (30)

2%, Bk (24) A0 (25) AR (30), MimifF2] S
1) e kR IE .
2.5 HiEER

/?\h - (hl, hg, o ,hD), ﬁ (30) *ﬁg&ﬁh Elj
AR SR, B e S B R M, AR
AL w A h LS 2 (A Newton SLVE1R XESZIN.
X AR — M AR w A FTE S BN
JERACHEZE, sk 1 s, BARAHEZE 60 5
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A NZ N VISR E RS, ok, 1
I, REAEAERE o ARAEETI b (56 4~ 8 17) TR
SRR S SRS UL 7t i Y U VALOL 1 B
@Dy = 1) F (2D, y = 0) MR xFHUH
RUBOR 2@, RATEFA R (19) M2 B fh 5ok
PR R KR E gu () (55 9~ 11 47). 1EWHEMEIR
e, JRATE i b, AR5 T O R E T Newton
BERMRA w. B, AR (30) (BB 12~16 17)
I S HU R BT SRR AL .

®% 1. DLR 7 EMHES]

1. Initialize w

2. Initialize h

3. repeat

4. fori=1to N do
for d=1to D do

// Outer level
// Feature mapping

5.

p(zf;d),yzl) . .
6. P, 4 — lnp(x@,y:o) // ® is feature matrix
7. end for
8. end for
9. repeat // Inner level. Fix h and optimize w
10. we—w— i // Newton’s method

11. until w converges

12. ford=1to D do // Fixw and tune each hq

13. if 2% is a numerical variable then

14. hq < hq — 'ygTb; // Gradient descent.
15. end if

16. end for

17. until h converges

AR 1, WATREWHESF ) DLR RS
AR, ALK EA E B EIEFN DLRH, By
BEA G B b, WRILATEVI GGG IS [ 5E h,
FpE 12~ 16 1THIPLAL IR, AR A% DLR.
KON 55 LR Hik—kE, ROR R M f i
A4 M T AR S, A2 SRt oy, JATRX DLR
5 DLRH 73 5 3E47 DA

3 1Tig: —IETEIE R E R

AN BATRE MAZTT IR 00 oKk T 18 DLR #57,
M B DLR AR — AN IE5E S, B —Fh
BN, BATR S S I A LR 1 i

— AL A TS EATER T AR AR A AL R TH X A
PRI
1
min £ = 5”“’”2 + CZQ(—%‘ ‘W) (31)

LR KA LOG #5123
g(n) = log(1+e") (32)
SVM M FIH hinge 512 A%

g(n) = max(1 —n,0) (33)

i1 Representer &3, P/ R & F FH 1% ok 0k
PRAFIELE B, WX AR, St 1) DLR A4
AEVEER R LR 8 d LOG #iik i %, B2
DLR RH T 40 F HIZ AR

kpir(z,2') = ¢(x)d(x’) =

(34)

K, ¢q RN (11) HIEHR, I A ky(z,2') =
ba(x)pa(x’). EHMIEE B, —AWZE LT HA
Hm S 2 () PR AR, ol an, i AR AR RS TR
SRR, R4 (11) A5 2.2 RIS,
A pg REMGEE D B,y FIAREZE 1 Z 8] ISR
RN, ka(z, ") FREWALHIZE d MR A
(R AFIACLRE T 2 Ak 1) A UL R A g — 44 () A AL BE 1)
Aok e . FRATTRERS AT T 9]+~ 75 21 ik st

1) % 2@ F1 2@ G R m IR AR LA
1, B4 galx) T dg(x') ¥ RIE, i B EATH T
(BF kg(z,2')) BiEK;

2) Wi 2@ Al 2@ BH R EREEE AR E N
0, WA da(x) Al pg(a’) ¥, M EHEATFFAN
B,

3) Wi 2@ Al 2@ FIRE MR AR AR
[E A, A% N g BA— IE—4, 1 HEAT
OB/ il

WA, DLR 7E30 (34) H %2 — AN IEE 1,
PR A " A SR AIE 25 TR) B AR R B A R IR e .
SCHR [14] Bk, XFT—A> RUF A% ok 2, JRAT 75 2
k(z,z') WiRFMH Yy =y B, k(z,2') >0 flYy
£y B, k(z,2') < 0. {—MZRE> k2 DL B
AT, B AR R IR S A T BE A 58 42 4 SRR A
E o, AR E 2], AR HE DLR
e B AN A, B LA s A —
A IEE M, T HZ = R R . S5I7 R
PR#Y, b Polynomial # . Gaussian #ZAHLE, 3AT]
P& 0% eR E0E 1 S 1 ) 2 R LR R TR0
RSB IS B, ANITASEAS AR ALY ) 88 & 5 v, T
X — AN A% R 2L, bl Gaussian BB %
HHRER.
3.1 MEEHREDH

% SVM 5 KLR KR & R FEH8 O(N?). H
BN OREIEER KA. BB AR RES
HATH P BARAL SRR O, — MR E, Hom A 5 2%
FER O(M)S] Hop MO IERE R AEE LRI
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AN AR DU SR SR AR R I 1) 2 % B Dy
O(N). ASCHRHAHE Y DLRH & 24 38 i =%
IRURTE A% P A (R R 3B R [m] VA (1 (] A
Y5 H W] A% % SR R 0] 5 5 e &= D
BB, VIR H RS SRSk EEA ¢ (%
PR RER A E— RIS B S HUE A T — 20
WG R, RO T WS ), Bt DA SCI e (]
HE RN OM) +0(D). mi—BH T D < M,
JIT VA 2200 A S IR I (B A% B O(M), iz iz {I%
T4% SVM 5 KLR I i) & 44 .

4 FMXIME

ARRIH (LR) 5982 Bl 1248 . Hdl 7y 2K b
N7 FH 5 R B v 2 — 50 R SCWIR 45 DE 6l
TATIRAEFEOT) L Tk 57 e 810 S0y IR
JZ MR . Das %5200 S HUK AR & 5 18 4 0] )5 45
B R LRI A 8] U A Tl 2R 1) 5080 B v L0 i 22 )
i) @, % e [A)H (Multinomial logistic regres-
sion, MLR) #AAEJy—FhHE ] 1) BAPIAS L B
Bah R B R [ AR AL 2 e SR th A3 3 T
JZ BN . SCHR [22] A 1E R 32 48 [a] )= 6k i £
K| (Magnetoencephalography, MEG) #i#f 317 %
fEI%FE.

228 A1 VA58 W] LA DU S8y 1) 5 B Sk 14T BE 9T
JE U DU e B2 AN TTAT Y, BRI OR RR 2 —
LB, 0 i AR KR, A o A B 7%
5 SVM i) 8 47 s /ML (Sequential minimal
optimization, SMO) 5012 [y g A L. 1E
KLR #iik b 5l AR A EAL (Import vector
machines, IVM), {3 B4 7 SVM [HELEP. SN
)& (IVM) HA 24 R EAR 24 R e, dsfl
THES B AR AR 2 2 K e ). 5 Hoph & 2%
M SIRAR LG, an DU 32 48 (a3 A SVM, FRATT 5
AN 52— AN B TAL 3, N ) B AR 4y
FRAE, IF HAani 4R [ 3 —F R 2 — A LR
Al ie) . E AT IR Gk ARG T [ H A SVM R34

Raina 24t —#f H 570 IR & 4 i/ % 51
BRI [E R, MDA R xRN RE
o = ln(ﬁ(m,y = 1)) - ln(]ﬁ(l‘,y = 0)) 127‘%7 =
RERH] o BEBUERER. JFH, p(z,y = 1) A
plz,y = 0) BERZ M DU B2 3] 19 31, 75 20K
FORFE. 0 TIESA o« JEAEH. 5HAR), 347
R — AP0 % 8 FE AL T S0, AT A A5 ) T 3%
o TR ADEMRFE S, SHEE, AT %
hy, W LA B ZhRA A L.

FECA SCHR Y, 38 HA AR S I 25 6 A R 28
AR ZEAZ . Jaakkola SF4& H T 7EA R J1 140 26
A Fp 5 FH A B R0, Al AT T4 H {3 A Fisher 43

O A A R R A i — AN W A%, AT AT BUA T X )
B fltn SVM A1 LR. H2, XA “A Rl #ZAAR
W T LR E AR S5, iy KA M ER, I
HAEAS[R] ()4 55 SR AN [F) 1 A B Ase 2. g, s
s n 2 1 A DNA 1 Fisher #5 H B2 5 /R
Al KA (Hidden Markov model, HMM) 4 /26,
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Table 1  Accuracy of various methods
Accuracy (%)

Data set LR NB  KLR(Polynomial) KLR (RBF)  SVM (Polynomial) ~SVM (RBF) DLR  DLRH
1-D data set 63.33 67.02 96.67 96.67 96.67 96.67 96.67 96.67
2-D data set 50.3 54.0 52.5 86.3 52.5 83.5 86.5 89.3

£ 2 BATHI LR
Table 2  Running time of various methods
Time (ms)

Data set LR NB  KLR (Polynomial) KLR (RBF)  SVM (Polynomial) SVM (RBF) DLR  DLRH
1-D data set 46.8 54.6 78.5 140.4 889.2 390.0 62.4 62.4
2-D data set 31.2 124.8 187.2 3868.8 140.4 2808.0 109.2 249.2

*3 UCI Hdase
Table 3  UCI dataset
Data set #Instances #Attributes #Positive
Breast cancer wisconsin 699 9 239
Hepatitis domain 155 19 32
Ionosphere 351 33 126
Cleveland heart disease 297 13 137
Pima indians diabetes 768 8 268
4 UCT B¥nsE EEIER R A
Table 4  Accuracy of various methods on UCI dataset
Accuracy (%)
Dataset LR  NB  KLR (Polynomial) KLR (RBF) SVM (Polynomial) ~SVM (RBF) DLR DLRH
1 93.9 94.3 93.0 96.5 93.9 96.2 96.5 96.5
2 85.2 82.4 80.4 84.3 84.6 84.3 86.2 88.2
3 85.1 77.8 82.8 93.1 84.6 94.3 93.1 93.1
4 84.5 81.6 79.7 83.8 75.0 7T 85.1 85.1
5 74.7 74.4 74.0 75.0 70.8 71.1 75.5 77.8
5 UCI #¥E4E F5EVE AUC Wi
Table 5 AUC of various methods on UCI dataset
AUC
Data set LR NB KLR (Polynomial) ~ KLR (RBF)  SVM (Polynomial) SVM (RBF) DLR  DLRH
1 0.9923 0.9690 0.9534 0.9835 0.9890 0.9860 0.9960 0.9960
2 0.8004 0.8040 0.5000 0.5207 0.8049 0.8512 0.8732 0.8781
3 0.8711 0.7980 0.9264 0.9635 0.7994 0.9610 0.9695 0.9695
4 0.8060 0.8040 0.5000 0.6053 0.8217 0.8168 0.8128 0.8134
5 0.7602 0.7642 0.5000 0.6322 0.5949 0.7740 0.7665 0.7873
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Table 6 Running time of various methods on UCI dataset
Time (ms)
Data set LR NB KLR (Polynomial) KLR (RBF) SVM (Polynomial) SVM (RBF) DLR DLRH
1 46.8 249.6 1700.4 312.2 2620.8 1716.1 296.4 702.0
2 62.4 156.0 842.4 124.8 93.6 93.6 78.5 249.5
3 62.4 140.4 1154.4 1201.2 421.2 3822.0 124.8 546.0
4 31.2 124.8 1060.8 1154.8 499.2 93.6 124.8 604.2
5 62.4 140.4 3042.0 3556.8 22245.7 5772.0 452.4 764.4
®T O RBEESE ESPE L
Table 7 Accuracy of various methods on categorical dataset
Accuracy (%)
Data set LR NB  KLR (Polynomial) KLR (RBF) SVM (Polynomial) SVM (RBF) DLR DLRH
SPECFT heart data 57.8 654 65.6 74.5 63.3 76.7 77.8 87.6
Tic-tac 959 96.0 98.1 97.5 98.1 91.5 98.1 98.1
Monk problem 69.8 67.1 97.3 97.3 97.3 96.2 97.3 97.3
R8RS EREYIZRES ) HL
Table 8 Training time of various methods on categorical dataset
Time (ms)
Data set LR NB  KLR (Polynomial) KLR (RBF) SVM (Polynomial) SVM (RBF) DLR DLRH
SPECFT heart data 187.2 280.4 530.4 171.6 1716.0 280.8 46.8 62.4
Tic-tac 218.4 256.8 8907.6 1872.0 11548.7 764.4 46.8 46.8
Monk problem 187.2 124.8 1388.4 795.6 12230.4 390.0 31.3 31.3
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