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The Judgment for Hamming Sphere Dimple in Binary Neural Networks and
Its Logical Meaning

YANG Juan' LU Yang® YU Leit FANG Huan'

Abstract In boolean space, Hamming sphere dimple is able to express a kind of boolean function with clear structure.
Hamming sphere dimple contains linearly separable and nonlinearly separable structures because of its special geometric
characteristic. It is very important to analyze the logical meaning of Hamming sphere dimple for extracting rules from
binary neural networks. However, how to extract the rules with explicit logical meaning of the linearly separable and
nonlinearly separable Hamming sphere dimples and how to judge whether a nonlinearly separable boolean function is a
Hamming sphere dimple have not yet been settled. To solve these problems, we firstly analyze the features of Hamming
sphere dimple with Hamming-graph, and then propose an algorithm for judging whether a boolean function is linearly
or nonlinearly separable Hamming sphere dimple by sorting the weighted height of the true nodes. Furthermore, we
decompose Hamming sphere dimple into two known structures to obtain the logical meaning of Hamming sphere dimple
by using the logical meaning of the known structures. Finally, we explain whether an arbitrary boolean function is a

Hamming sphere dimple through examples, and obtain the logical meaning of the corresponding Hamming sphere dimple.
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XX XS X2 RS X T A
RN TE ) T A X X2 X202 D
ﬂ:[j%’éff’ﬁ, X2F(d—1) %EEE Xl,XQ, . ,XF(d_l)_l
ProA el R T A H O OH Al R
XF(d71)17XF(d71)27 e X F(d-1)Sp—1) H o
Zf:(f_l) S, = C’ff, T = (Xi 1D, G
XSy (i = 1,2, ---, F(d—1)) MK 14k
(F(d—1),C%) 1 H.

TEX 10, X T e A% 0 AU n B K]
HG = (V,E), % (d—1) ~ d ZHIKE #1458
K (F(d—1),C8), ¥ d—1 )2 F(d—1) MRt
XU X2 o XFED 2 AN RO TOAR T AL

K5 hH1 ~ 2 BRI TS0 (FQ),
CH mEl, WK 5 s 1 EZrKs A
»(1,0,0,0,0,0), (0,1,0,0,0,0), (0,0,1,0,0,0),
(0,0,0,1,0,0), (0,0,0,0,1,0) B rf 25 2 2 )
Pl CF = 15 A1 AL, 194 (0,0,0,0,0,1) ATLAR
A, (F(1),C2) RN

T'=((1,0,0,0,0,0) : (1,1,0,0,0,0),
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(1,0,1,0,0,0),(1,0,0,1,0,0),(1,0,0,0,1,0),
(1,0,0,0,0,1))

7% = ((0,1,0,0,0,0) : (0,1,1,0,0,0),
(0,1,0,1,0,0),(0,1,0,0,1,0),(0,1,0,0,0,1) )

T* = ((0,0,1,0,0,0) : (0,0,1,1,0,0),
(O) O? 1)05 ]'7 0) b (07 07 17 07 07 1))

T* = ((0,0,0,1,0,0) : (0,0,0,1,1,0),
(0,0,0,1,0,1))

T° = ((0,0,0,0,1,0) : (0,0,0,0,1,1))

EE 5. W T O A o 4N
HG = (V,E), H% (d—1)~d 2 ¥ i

gy (F(d—1),C%), WILRATH T =

(Xi:XilaXizf" 7XiSi) (121727 7F(d_1))
A BOKS fR) 45 K, D B AR R 1 R
X X2 XS (i =1,2,  F(d—1)) T

AN TR AL

IERR. PR T = (X7 X X2 XS,
w X" 5 X ARREICA) my, X2 5 X AN
TELR ma, -+, X9 5 X' ARRISGICH ms,. BT
(R 75 R A RS T 2, AR s SC 9 I3

X A AT ) 1 s X AN R Y
TCALIMHIA Mo, ma, - M,

X2 M A AN B 7 s X2 AR
TCALA A g, - s,

XS0 B AAELZNF I A S
XS R TEAL A ms,;

HIBRIAF X% W5 LA R 719 0, i
X5 ONTURT R, AR B, A TR

XX XS P AT RO TCR T L O
EIR 6. 0Tl E LT RN 0 dEDU] K]

HG = (V,E), % d ~ (d+1) FHF 74

thF(0) = 1.
iE BR. ¥ d BEHCL AR SR

d—1) ~ d EWKEF T4 (Fd-1),0%)
o BEX 9 WA F(d - 1) 7R, R
ﬁ\] T (Xl :Xll,X12,~-- ,Xlsl), T2 —
(X2 . X21,X22, . ,X2S’2)’ TF(d-1) —
(X P s XFED1 XF@=12 . Y F(=1)Sra)
W Cd Ak F(d— 1) 41, XT84,
A RORS R AR, RIS RIS d ~ (d+1) K
458 (F(d),Ca), dEH 5 alf, &4l
X X2 X A AN RO TUAR T AR,
Fd)=Cl—F(d—-1). 54 XFHE0ER
AN R TE 1 )E, W F0) =1. O

HHEH 6 AI%N, 56 d 20 a0 1m0 H AE
NG BT T 4 2 20n] BATH S Ok, WO THAT:
EIDWIERTE M (d, k), fEBIAE DL, &
KA M (d, k) =U(d)VC (Ly,1,)VC (Layly — 11)V
-V C (L, k = lp@y-1), Hh, C (L l; — 1i-y),
(lo=0,lp@y =k, i =1,2,--- , F(d)) AHLTE Ly,
T — Lo DR AERREK, BV R RERI 2L
HAERINIIEOL NN F(d) 4.

MY F(d) =Ci—F(d-1) < C¢ JHR
AT R R BN, RFHIE d < [n/2]
DHERSE, W F (d) < C < O [R5 58
MO XY X2 XP B ERSE M (d, k), 2B
4 R MEEELBHE XREAM M k) =
U(d)VX'V X2V v XFfEEER

9
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K5 n=6Mm,%5%1~2 Rk 7450 LT R s K

Fig.5 The schematic diagram of 1 ~ 2 simplified substructure and its subtrees, n = 6
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X I S0 1R A A v 32 A R S BRI
i 1 A 2 43 ) FHZR A 1T 2 RO R G S S kAN 1T
I3 I ERSE S BT i W5 1 3 Fg 4 i3k — 20 Ui B A
Wi B ERSE 1B TR S, DA 285 9 28 L)

5 1. BS H, X = (x1, 2o, 3, T4, T5, T6), FIN

FEALES Dy = {5,9,12,13,15,17, 20, 21, 23, 24, 25,

27, 28,29, 30,31, 45,47, 52, 53,55, 56, 57, 59, 60, 61,
62,63}, 1t 6 4EA/R 2 m, Dy AP InRPIEA
fHA 17, HRFEARPIFEARAE D <07, X< E
Kl 6.

“xsxzfl 00001 011 010 110 111 101 100
000 °

001 [ ] L Il )
oiljle|ee ole oo
oo |e oo e
110 oo e
1le|e|e oloje e
101 oo

100

6 D Rl
Fig.6 Karnaugh map of D;

FR U Al 2 3] 5 ykRe wp LU e % bR
B nmil, FRINEW =
{10, — 8, 12,12, 14, — 4}, Fﬂﬁ§9<—-21

BT 1% ok e 4 PE AT g eR G, R H
MR O(15] A U7 vk, A OH E HO® AR 45 R I
%ﬁ%,w%@Tﬁmﬂ%ﬁ% H A
(1,0,1,1,1,0), ¥ & %ﬁﬁ64 il
ﬁ®&01MJM&LM%®, 1,1,1,),
( OLUJmﬂmamm@,&,)ﬁ
4, WFHEHICR T RN N

=U2)VvC((1,1,1,1,1,1),4) v
C((1,0,0,1,1,1),1) v C((0,0,1,1,1,1),1)

EP) U(Z) A (170a 1, 1,1,
Hﬁ EH ik; (7((1,1,17171’1)74)
1)

">\<

J1,1,1,1,1), & F 4

(om¢1nﬂ)ﬁ¢uﬁ( ,0,1,1,1),
4%55%%\m<ﬂm0111nﬂ)

*nﬁ(o 1), FH 1 AR AMTRR

Bk, % $%$¢Aﬁ%3A%%mﬁﬁT%$

3 < F(2) =10, AN@ T EI N

5l 2. BS 1, X = (21,22, 23, 24, T5,T6), FIN

ﬁfQ’:N’)FIt

FEALES Dy = {1,4,5,7,9,12,13,15,16, 17,19, 20,

21, 23,24, 25, 26,27, 28,29, 30,31, 37,41, 44,45, 47,

53,57,60,61,63}, 7E 6 4ifi /RA5 [, Dy SEHH
TCERMIFEARME N “17, HRFEARPIFEARME N “07, X
MR B W 7.

xg%xxzf)'oo 001011 010 110 111 101 100
000 |@ 0
001 |@ e oo
lllje|loe|®o(® o & @ |®
010|® | @ | ® [ [ I J
110 °
111 [ ] [ [ B J
101 |@ ofeo|0
100 °
K7 Dy Rkl
Fig.7 Karnaugh map of D»
R AT 2 3 S0 T LK) 5 1% ok B0k 2k
ATy R I AS SO A S
) St m = 32 AEA A, Mom €
(CO+CH+C2,CY+CL+C2+C3), W Al fE A
M(2,10);

2) HE 32 MR I EE, X =
(1, To, T3, Ta, T5, Tg), W E L5 THEH Cy = 32,
C, =22, Cy, =10, C3 =21, Cy = 20, C5 = 19,
Ce = 10, 31 w; = 12, wy = —12, wy = 10,
wy =8, wy = 6, weg = —12, WEIMBREMWEE 1.

#1 Dy JLEINBUR R

Table 1  The weighted height of elements in Dy
X H(X) X H(X)
000110 14 111111 12
000010 6 111101 6
100000 12 101000 22
100100 20 101100 30
100110 26 101110 36
100010 18 101010 28
100111 14 101011 16
100101 8 101111 24
110110 14 101101 18
110010 6 101001 10
010110 2 001000 10
011110 12 001100 18
111000 10 001110 24
111100 18 001010 16
111110 24 001111 12
111010 16 001101 6

FH AH T A IR e 8 e R IR 50k (1,0, 1,1,1,0), R
X°¢=(1,0,1,1,1,0);

3) £ 4H {(Xldp(X,X°) = 1} 5 {X
dp (X, X°) = 2} R SN R

4) 45 {X |dy (X, X) =3} HAHE k =
m — (CY+ Ct+C2) = 10 4, iz eh ok 2 1k
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AT or (BB ER 5 M (2,10), BP0l Xe =
(1, 0,1,1 1 0) FAeh 2, RAHy 10, 709
4 (0,1,0,1,1,0), (0,0,0,0,1,0), (0,0,1,0,0,0),
(0,0, 1, ,0, ) (1,1,0,0,1,0), (1,1,1,0,0,0), (1,
1,1,1,0,1), (1,0,0,0,0,0), (1,0,0,1,0,1), (1,0,
1,0,0,1). % 10 A5 s A B 3 W] 195215 £,

J& T HIR ) Tﬁm, TEF (2) = 10 MER/RERIT#
18, ZIEHE RN

F=U(2)vC((0,1,1,1,1,0),1)V
C((0,0,0,1,1,0),1) vV C ((0,0,1,0,1,0) ,1) v
C((0,0,1,1,0,0),1) v C((1,1,0,1,1,0),1) v

C((1,1,1,0,1,0),1) v C((1,1,1,1,0,0),1) v
C((1,0,0,0,1,0),1) vV C ((1,0,0,1,0,0),1) v
C((1,0,1,0,0,0),1)

Hrp, U (2) 202k (1,0,1,1,1,0), 24224 2 #1X
WIEK,

C((0,1,1,1,1,0),1),C((0,0,0,1,1,0),1),

C((0,0,1,0,1,0),1),C((0,0,1,1,0,0),1),

C((1,1,0,1,1,0),1),C((1,1,1,0,1,0),1),

C((1,1,1,1,0,0),1),C((1,0,0,0,1,0),1),

C((1,0,0,1,0,0),1),C((1,0,1,0,0,0),1)
B R — A5 SRR ER.

il 3. I@n [17] o 7 bit kR %L, 4R =
{0,1,2,3,4,5,8,9,16,17,21, 32, 33, 34, 36, 40, 48,
64,65, 66,68, 69, 72, 80, 81, 84, 85, 87, 93, 96, 100,
101,102,108,116, 117} #11# 36 NICEMFEARE N
“17, HARFEARMFEAME N “07.

BESE % 1) 8, SCER (18] SR I M B Y
Bk, EREMAH 3 M& i, B ma
JL N, WK REA A = {0,1,2,3,4,5,8,9,
16,17, 32,33, 34, 36, 40, 48, 64, 65, 66, 68, 72, 80,96}
SE Ok, B oAEIE Ny, WTUKFEA B =

0000000
0

0000001
1

0000100
4

0001000
8

0000010 ‘
2

0010000

{21,69,81,84,85,87,93,116, 117} 4 & ik, # =
ML IT Ny WL FEA C = {100,101, 102, 108}
oy Bk, BRI AT U A Ay 17 i 11 009 9% 45 Ay s
LA R R E, (H I AT 2 3 H RS PR 2 T 2
B, EANRELT BZ R N I AR R A
KA SCH 5%, AT DLADIREAEE A i
BIERSE M (1,15), e 4 n[f98 L8 E RN

F,=U(1)VvC((0,0,0,0,0,0,1),6)V
c((0,1,0,0,0,0,0),4) Vv C((1,0,0,0,0,0,0),5)

Hop, U@) kb £ (0,0,0,0,0,0,0), 3k
7 oh 1 Bk C((0,0,0,0,0,0,1),6),

C((0,1,0,0,0,0,0),4) 5 C((1,0,0,0,0,0,0),5)
XA R ORIR, Wl 8 Fron (SEOTT REAE
441”).

FEALE B rRafE (1,0,1,0,1,0,1), 2F40 1
B ERIE M (1,1), e R 4 nfFHEH KRN

Fp=U(1)VC((1,0,1,0,1,0,0),1)

o, U(1) RhafE (1,0,1,0,1,0,1), B4 1 /1
PAEK, C((1,0,1,0,1,0,0),1) A KRER, WK 9
TR (ST FEARAE N “17).

FEALE C ArPaE (1,1,0,0,1,0,0), 2454 0
RPCHIERSE M (0, 3), BRI -R/REK, MR A

Fo=C((1,1,0,0,1,0,0),3)

I 10 FFoR (S50 SBEAA N <17, B g ke
KA <17, (ALERZETE Ny, Ny o
IR, MO AR T A

Wt ERSAEIE Ny, Ny A1 Ny, W T
Thit —HEHIEE L (1) = Dy, RN

F =M (1,15)V M (1,1) VM (0,3)
AR T 24T R R B R IA.

=FaVFpVFo
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3 y

0000011 0000101 0001001 0010001 0100001 1000001 0000110 0001010 0010010 0100010 1000010 0001100 0010100 0100100 1000100 0011000 0101000 1001000 0110000 1010000 1100000
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12 20 36 68 24 40 72 48 80 96

K8 HiZIC M F)TTE’J/XEW* M(1,15)
Fig.8 Neuron N; expressing Hamming sphere dimple M (1, 15)
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K9 Fh4It No o ieRe M(1,1)
Fig.9 Neuron N, expressing Hamming sphere dimple M(1, 1)
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-

-
-
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=
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0100100 @1000100 @/1100000@ 1100101
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|

@ 000 @ 101100 @ 1110100 Q)
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Kl 10 MATT N Jios i ekaE M (0, 3)
Fig.10 N3 expressing Hamming sphere dimple M (0, 3)

f5 4. X7 SCHEK [19] Y 6bit & T 5 B
A TE (4,4), BN 4, HAERN KR EX
FEARAE A “17, V& A6 B AN AR AR D <07, &
11 frown, HRwEwmE 12, 0% 2 8 9 4
PERT 20 o 2, W LA 500 — A BS A i AR
IR F (21,00, 23, T4, 5, x6), HH, F71(1) =
{010011,011011,011010,010100, 011100, 011101,
101011,100011, 100010, 101100, 100100, 100101}.

VFZ 23 R AN A 27 3 S (718, 20-21) ey
FEZ4 17 0N e P 1 B 2 T S T BT e e
B2 Dl BT 4 MG, AT 4 M
JUHT R IR 8 s AT ANTE 2, SCHR [20] 53 fif 45
TR TR AR EK, T N B BR H AT A FE
T BT R AR X STk (18] BB ] T LA
HE I 4 ANFRITSEI, HRTR AR A IT B
T X SCHR [21] #or s SRRk k R IR, o
BEAE LSRR ECH TG W @ AR . B R S SRR
JHE 4 /]\ﬁiééf[] 51, 52, Ss, 54 4% ! (1) EPE‘JﬁZK
{010011,011011,011010},{010100,011100,011101},
{101011,100011,100010},{101100,100100,100101}
IrSEIL. X TAETT 1, S0, S, Sa K SCHR [15]
(5 42 090 H L3 R 24200 0 IICIHER S, R 2
43— SRR TR R R S

S =C((0,1,1,0,1,1),2) = T3 Axa ATg A
zs AU, (1), H, Uy (1) 24 BE =EEfpaech (1,1),
FAR 1 D EK;

Sy = C((0,1,1,1,0,0),2) = Ty Ay A x4 A
T5 AUs (1), Hor, Uy (1) 2 B2 Ay (1,0),
FATA 1 DB,

8

6
M 4

2

0

0 2 4 6 8

X
K11 6bit i@
Fig.11 Circular region obtained by 6 bit
quantization

x4x5x6
XXX, 000 001011 010 110111 101 100
0000l OlO] O 0j]o0ofo0]0
001101010 O 0j]o0ofo0]0
ortfof o 1r_1| oflo |1__|1
ot0{ 0 [ o [l[@]] 0 [0 [@]lL
1Mojofo]Jofo 0j]o0fo0]0
1"mifofofofo 0j]o0fo0]0
101] 0 [ o |[T]|@]] o [0 |@][1]
wolo [olliTll ol ol

12 6 bit &Iz P B i 1R
Fig.12 Karnaugh map of circular region obtained by

6 bit quantization

S3 = C((1,0,0,0,1,1),2) = 21 AZTa ATgq A
x5 \NUs (1), /ﬂ\:"{", Us (1) H BS IR NS (0, 1),
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A h 1 B EK;
Sy = C((1,0,0,1,0,0),2) = 21 ATo A 24 A
T3 AU, (1), 3ol Uy (1) 2 B2 2o (0,0),
P12 1 IBCEEK.
16 bit 18 T [5 5 e £
F (x1, 29,23, %4, T5,26) =
(Ty Nxg NTy N5 AU (1)
(T Nxg ANy NT5 AUy (1)
(x1 ANTa ATy N s ANU; (1)
(x1 ANTa Ny NT5 AUy (1)

V
V
V

)
)
)
)

5 5t

FEAT R AT DO ER S S A A3 B () A1
IS e A AN O S Y {5 4 G AT 2
PEAN AT o3 W, A SCHE R T AERS) (R b, i,
X AR AR AR Hh 2 5 00 DOV ER S 1) A B0 3
R, K DU ERGE I3t DUWER 5 1R /RERIFAE, 753
POIER R A A 2, Il L ik 27 VA A
ML

AT FEIGIN T — Pl H AT 5 I R A
BIE LML T 73 Sk 2R, RN 345 T AR mT 2>
RO ER SR AR RIE, AR m] 70 bR B 112 4
RIETTRE T —ABwises . S5 b, iz K
2% (R R0 i I b o TR (R MR T L R % 1 B AR
AR SE 25 PE, WA B AT 7 I AR T OB U
ZeVE T > G R B T AER I R e et T, WA
B R M SR CRE AR AR R 5, ARG
SC B, b W g DO ER SR A E S I A
SCAEEE TR MR A 4 SR ) B
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