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Abstract The paper converts conventional numerical func-

tions to their interval type-2 fuzzy sets counterparts by us-

ing their extension principle, then presents the corresponding

method and arithmetic of computing with words, and finally

gives the linguistic dynamic stability of SISO systems under

strictly monotone functions in interval type-2 fuzzy sets.
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5, �.�
8ÜnØ�A^ïÄ��
é��?�. 3I	, Mendel �3�.�
8Ü�Lã!$�ín!_�
z��¡�
�þ�ó�[11−15], ¿¤õ/A^u)ûë�N���[16]!£ÄÅì<[17]!ûü[18]!�mS�ýÿ[19]!�æ�ä[20] �¯K. 3IS, �v�Vã
�.�
Ü6XÚ�(�!u�ÚA^��[21], ��Mo �JÑ
Ø(½CX� (Footprint of uncertainty, FOU) y©{5LãëY«m�.�
8Ü[22], ©Û
Äu«m�.�
8Ü��5XÚ��óÄåÆ;,�5�[23−24] , ?�Ú�õ
�.�
8Ü�Ä:nØ; 3A^�¡, Li �$^�.�
 ²�ä)û
R5°Ä¿éÅ��Y²N!¯K[25], Ü�R�æ^«m�.�
8Ü (Interval type-2 fuzzy sets, IT2

FSs) �{¢y
é�Ï6�ýÿ[26].�óÄåXÚ (Linguistic dynamic systems, LDS)ÏL/Ï~5ê�ÄåXÚ�Vg!µe��{, ïá
gC�A�NX, Ì�A^u~5ê�ÄåXÚ��óz, Äu
£ã�E,XÚ�©Û!ûü!µ�±9°þ&E�êâ�÷ÚÄ�L«, ±Ïïáë�<a��ó�£L«ÚO�Å�êi�£L«�xù, Ǒe���Uz<Å�pC½nØÄ:[1]. 3�óÄåXÚnØ¥, du�¹������Ø��±^k��«m�.�
8ÜCX, ù�ò~5�ê�¼ê=zǑéA�«m�.�
¼ê, ò~5�ê�ÄåXÚ=zǑéA��óÄåXÚ, Ø=�±{zéXÚG��£ã, �XÚ�ª�(J´u�õê<¤�É, ��±d®��ê�ÄåXÚ5�y�.�
8Üe��óÄåXÚnØ, Ǒ«m�.�
8Ü��óÄåXÚnØ3E,XÚ¥�A^C½
nØÄ:.­½5´XÚU
�~ó��Ä�^�, Ǒ´��nØ�­��¯K��. L�, �óÄåXÚ­½5ïÄÌ�´Äu�.�
8Ü. �©30�
�.�
8Ü��'Vg�Ä:þ, $^ FOU y©{5Lã«m�.�
8Ü[22],¿(Ü«m�.�
8Ü�*��n[23], �Ñ
�A�ê��{9
O���{, ��©Û
üÑ\üÑÑXÚ��óÄåÆ;,�­½5.

1 ý��£� U ǑØ�, �.�
8Ü A ½ÂǑ
A : U → I (1)ùp, I = [0, 1]. =é?¿ u ∈ U , �3 a ∈ I ��A(u) = a,Ù¥ A(u) Ǒ�� u é A �äáÝ.���.�
8Ü ω ½ÂǑ
ω : U → I

I (2)Ù¥, II L«¤k½Â����þǑ I �N��8Ü, =
I

I = [0, 1][0,1] = {f |f : [0, 1]→ [0, 1]} (3)dd��, ���.�
8Ü ω Ǒn��m¥�: (u,

x, µ2(u, x)) �8Ü[9], =
ω = {(u, x, µ2(u, x))|∀u ∈ U, ∀x ∈ Ju ⊆ I} (4)ùp, u ∈ U ǑÌCþ, xǑgCþ. é?¿ u ∈ U , ÙäáÝ

µ1(u) Ǒ«m [0, 1] ���f8, ¡ǑÌäáÝ, PǑ Ju ⊆ I .
x ∈ Ju �äáÝ µ2(u, x) ǑgäáÝ, PǑ Ju(x).
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ω = supJu, µu

ω = inf Ju ©OǑ Ju �þà:Úeà:.e U ëY, ω �±�Ǒ
ω =

∫

u∈U

∫

x∈Ju

µ2(u, x)

(u, x)
, Ju ⊆ I (5)Ù¥,

∫ L« u � x ¤kNN��¿, e U lÑ, K ∫ �±d∑ ��[10, 13].e µ2(u, x) = 1, K¡ ω Ǒ«m�.�
8Ü (IT2

FS)[10]. Ø� U þ«m�.�
8Ü�NPǑ Γ(U).é ∀ ω ∈ Γ(U), ¡
FOU(ω) = {(u, x)|∀u ∈ U, x ∈ Ju ⊆ I}Ǒ«m�.�
8Ü�Ø(½CX�[10,13]. ´�, «m�.�
8Ü ω 9Ù FOU(ω) ��éA.e ω Ǒ��«m�.�
8Ü, �é ∀u ∈ U , Ñk x =

1, K¡ ω Ǒ�ß
.e U = {a}, K¡ ω ǑÕ:
, L«Ǒ
κa =

∫

x∈Ja

1

(a, x)e κa ´���ß
, K¡ κa Ǒ�ßÕ:
, L«Ǒ
χa =

1

(a, 1)�©¥�
, =Ǒ«m�.�
8Ü. ²ï
�­½
���'½Â��©z [27].

2 
O�� g : U → D Ǒ½Â3Ø� U þ���~5ê�¼ê, eé?¿� u1, u2 ∈ U , u1 < u2 Ñk g(u1) < g(u2) (½
g(u1) > g(u2)), K¡¼ê g 3Ø� Uþî�üN4O (½4~), î�üN4O�î�üN4~¼êÚ¡î�üN¼ê.� Γ(U), Γ(D) ©OL«½Â3Ø� U,D �«m�.�
8Ü�N. ��~5ê�¼ê

g : U → D (6)p���«m�.�
¼ê
G : Γ(U)→ Γ(D) (7)é ∀ ν ∈ Γ(U), XÛO� G(ν) Q?�Ñ\
 ν L«Ǒ

ν =

∫

u∈U

∫

x∈Ju

1

(u, x)
, Ju ⊆ I (8)Kd«m�.�
8Ü�*��n[23], ÑÑ
Ǒ

G(ν) =

∫

d∈D

∫

y∈Jd

1

(d, y)
(9)ùp, d = g(u), Jd = [µd

G(ν), µ
d
G(ν)] �

µ
d
G(ν) = max{µu

ν |g(u) = d}

µd
G(ν) = max{µu

ν |g(u) = d}

AO/, e g : U → D Ǒ��î�üN¼ê, K
G(ν) =

∫

d∈D

∫

y∈Jd

1

(d, y)
, Jd ⊆ I (10)Ù¥, d = g(u), Jd = Ju = [µu

ν , µu
ν ]. ùÒ`²3î�üN�
¼ê��^e, ÑÑ
�±
Ñ\
�ÌäáÝ.duæ^ª (5) �Ñ�LãªØ´ué�½�«m�.�
8Ü��?1
O�, �©¥�«m�.�
8Üþæ^©z [22] JÑ� FOU y©{5?1Lã.~ 1. Ø� I þî�üN4~¼ê½ÂǑ

g(x) = 1− 5
√
x (11)òÙ=zǑéA�«m�.�
¼ê

G(X) = 1− 5
√
X (12)

Γ(I) L«Ø� I ¤k«m�.�
8, �Ñ\
 ω ∈
Γ(I) Ǒ “ 0.2 NC�:”, Ùäá¼ê½ÂǑ

ω =

∫ 0.1

0

∫ 10u

5u

1

(u, x)
+

∫ 0.2

0.1

∫ 1

5u

1

(u, x)
+

∫ 0.3

0.2

∫ 1

2−5u

1

(u, x)
+

∫ 0.4

0.3

∫ 4−10u

2−5u

1

(u, x)
(13)KÑÑ
Ǒ

G(ω) =

∫ 1

1− 5√0.1

∫ 10(1−u)5

5(1−u)5

1

(u, x)
+

∫ 1− 5√0.1

1− 5√0.2

∫ 1

5(1−u)5

1

(u, x)
+

∫ 1− 5√0.2

1− 5√
0.3

∫ 1

2−5(1−u)5

1

(u, x)
+

∫ 1− 5√0.3

1− 5√0.4

∫ 4−10(1−u)5

2−5(1−u)5

1

(u, x)
(14)©O�ã 1 Úã 2.

ã 1 Ñ\
� FOU

Fig. 1 FOU of input worddã 1 Úã 2 �, 3�
¼ê��^e, �éuÑ\
,ÑÑ
�/G�âÝu)
é��UC.
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8Ü��óÄåXÚ� Γ(U) Ǒ½Â3Ø� U þ�«m�.�
8Ü�N,

f : U → U Ǒ��ëY¼ê, ½Â
��~5ê�ÄåXÚ
un+1 = f(un) (15)

ã 2 ÑÑ
� FOU

Fig. 2 FOU of output wordòÙ=zǑéA�«m�.�
¼ê
F : Γ(U)→ Γ(U)K�A/)¤
���óÄåXÚ
ωn+1 = F (ωn) (16)é?¿ ω ∈ Γ(U), Ù�óÄåÆ;,Ǒ

{ω, F (ω), · · · , Fn(ω), · · · } (17)ùp, n Ǒ��?¿��ê.���¹e, O��©
 ω ∈ Γ(U) ��óÄåXÚ;,¿�´¯. e f : U → U Ǒ��î�üNê�¼ê, Kk±e½n:½n 1. e f : U → U Ǒ��î�üNê�¼ê, ÙéA�«m�.�
¼ê F : U → U ��óÄåÆ;,Ǒ
{ω, F (ω), · · · , Fn(ω), · · · } (18)Ù¥,

F
n(ω) =

∫

w∈fn(U)

∫

s∈Jw

1

(w, s)
(19)ùp, w = fn(u), Jw = Jf−n(w) = Ju, �

Jw = [µw
F n(ω), µ

w
F n(ω)]

µ
w
F n(ω) = µ

u
ω

µw
F n(ω) = µu

ω

f
n(u) = f(fn−1(u))

F
−n(u) = F

−1(F−n+1(u))

y². e f : U → U Ǒ��î�üNê�¼ê, KÙ_¼ê f−1 : U → U Ǒî�üN, �é?¿ u ∈ U, f−1(u) �3, � f−n(u) Ǒ�3, ùp
f
−n(u) = f

−1(f−n+1(u))é?¿ ω ∈ Γ(U),

ω =

∫

u∈U

∫

x∈Ju

1

(u, x)
(20)dª (9), k

F (ω) =

∫

d∈f(U)

∫

y∈Jd

1

(d, y)
(21)ùp, d = f(u), Jd = [µd

F (ω), µ
d
F (ω)

], �
µ

d
F (ω) = max{µu

ω |f(u) = d}

µd
F (ω) = max{µu

ω |f(u) = d}du f : U → U Ǒ��î�üNê�¼ê, K
µ

w
F n(ω) = µ

u
ω

µw
F n(ω) = µu

ωd4í�n
F

n(ω) = F (Fn−1)(ω) =

∫

w∈fn(U)

∫

s∈Jw

1

(w, s)
(22)ùp, w = fn(u), Jw = [µw

F n(ω), µ
w
F n(ω)], �

µ
w
F n(ω) = max{µu

ω|fn(u) = w}

µw
F n(ω) = max{µu

ω|fn(u) = w}
�d½n 1, ��«m�.�
8Ü3��î�üN�
¼êe��óÄåÆ;,�ê��{:Ú½ 1. �©z, � i = 0, �©G�

ω0 =

∫

u∈U

∫

x∈Ju

1

(u, x)Ú½ 2. Cz5K ωn =
∫

w∈fn(U)

∫

s∈J
f−n(w)

1

(w, s)
;Ú½ 3. Ì�, e i < N , K i ← i+ 1, �£Ú½ 2, ÄK, Ê�.~ 2. Ø� [0, 2] þ��üÑ\üÑÑ�5XÚ½ÂǑ

xn+1 = 0.25xn (23)w,, TXÚ´­½�.ÙéA��óÄåXÚǑ
Xn+1 = 0.25Xn (24)��©
 ω0 Ǒ

ω0 =

∫ 0.8

0.6

∫ 2.5u−1.5

0

1

(u, x)
+

∫ 1

0.8

∫ 2.5u−1.5

5u−4

1

(u, x)
+

∫ 1.2

1

∫ −2.5u+3.5

−5u+6

1

(u, x)
+

∫ 1.4

1.2

∫ −2.5u+3.5

0

1

(u, x)

(25)
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Ǒ
ωn =

∫ 0.8(0.25)n

0.6(0.25)n

∫ 2.5·(4nu)−1.5

0

1

(u, x)
+

∫ (0.25)n

0.8(0.25)n

∫ 2.5·(4nu)−1.5

5·(4nu)−4

1

(u, x)
+

∫ 1.2(0.25)n

(0.25)n

∫ −2.5·(4nu)+3.5

−5·(4nu)+6

1

(u, x)
+

∫ 1.4(0.25)n

1.2(0.25)n

∫ −2.5·(4nu)+3.5

0

1

(u, x)
(26)
 ω0 � FOUs ��óÄåÆ;,�ã 3.

ã 3 «m�.�
8Ü��óÄåÆ;,
Fig. 3 Linguistic dynamic orbits of IT2 FSdþã, ´��XS�gê�O\, 
;,¥�z�
�âÝ�5��, ��Ù;,�~�C²ï
 χ0, ù�éA�ê�ÄåXÚ�5�´���.

4 ­½5©Û� Γ(U) Ǒ½Â3Ø� U þ�«m�.�
8Ü�N.� f : U → U Ǒ��~5�ëYê�¼ê, F : Γ(U) →
Γ(U) ǑéA�«m�.�
N�, ùüö�­½5�m�'X, kXe½n:½n 2. � f : U → U ´��½Â3 U þüÑ\üÑÑXÚ, �Ǒî�üN¼ê, F : Γ(U) → Γ(U) ǑéA�«m�.�
¼ê, eê�ÄåXÚ´­½�, KÙéA��óÄåXÚ F : Γ(U)→ Γ(U) Ǒ´­½�.y². duüÑ\üÑÑXÚ f : U → U ­½, Kd­½5½Â,�3 e ∈ U 9Ù��Ue ⊆ U , ��é?¿ u ∈ Ue,� n→∞ �, k fn(u)→ e.é?¿� ω ∈ Γ(U)

ω =

∫

u∈U

∫

x∈Ju

1

(u, x)du f î�üN, Kd½n 1 k
F

n(ω) =

∫

w∈fn(U)

∫

s∈Jw

1

(w, s)ùp, w = fn(u), Jw = [µw
F n(ω), µ

w
F n(ω)

], �
µ

w
F n(ω) = µ

u
ω

µw
F n(ω) = µu

ω� n → ∞ �, é?¿ u ∈ U , Ñk w = fn(u) → e. �o,d4�nØ, e �ÌäáÝǑ
Je = ∨w∈F n(U)[µ

w
F n(ω), µ

w
F n(ω)]ùp, [x1, y1] ∨ [x2, y2] = [x, y], x = max{x1, x2} ¿� y =

max{y1, y2}. l
k Fn(ω)→ κe, �
κe =

∫

x∈[µκe ,µκe ]

1

(e, x)

µκe = max{µu
ω|u ∈ U}

µκe = max{µu
ω|u ∈ U}AO/, � µκe = µκe = 1 �,

κe = χe =
1

(e, 1)�éA��óÄåXÚ´­½�. Ïd~5�ê�ÄåXÚ�ÙéA��óÄåXÚ�mäk�Ó�­½5. �~ 3. Ø� [0, 1] þ���üÑ\üÑÑ��5XÚ½ÂǑ
un+1 =

{

2u2
n, 0 ≤ un ≤ 0.5

√
0.5un − 0.25 + 0.5, 0.5 < un ≤ 1dþª��, Tê�¼ê un+1 = f(un) î�üN, �

f([0, 0.5]) ⊆ [0, 0.5], f([0.5, 1]) ⊆ [0.5, 1], Ù_N� f−1 Ǒî�üN, � f−1([0, 0.5]) ⊆ [0, 0.5], f−1([0.5, 1]) ⊆ [0.5, 1].w,, : 0 � 1 Ǒ~5�ê�ÄåÆXÚ�ü�­½:.éA��óÄåXÚǑ
Un+1 =

{

2U2
n, un ∈ Γ([0, 0.5])

√
0.5Un − 0.25 + 0.5, un ∈ Γ((0.5, 1])- ω0, ψ0 Ǒ Γ([0, 1]) ¥�ü��©Ñ\
, � ω0 =

“0.2 NC�:”, ψ0 = “0.7 NC�:”, ©O½ÂǑ
ω0 =

∫ 0.1

0

∫ 5u

0

1

(u, x)
+

∫ 0.2

0.1

∫ 5u

10u−1

1

(u, x)
+

∫ 0.3

0.2

∫ 2−5u

3−10u

1

(u, x)
+

∫ 0.4

0.3

∫ 2−5u

0

1

(u, x)
(27)

ψ0 =

∫ 0.6

0.5

∫ 5u−2.5

0

1

(u, x)
+

∫ 0.7

0.6

∫ 5u−2.5

10u−6

1

(u, x)
+

∫ 0.8

0.7

∫ 4.5−5u

8−10u

1

(u, x)
+

∫ 0.9

0.8

∫ 4.5−5u

0

1

(u, x)
(28)w,, é?¿ u ∈ [0, 0.5],

f
n(u) = 2(2u)2

n

(29)

f
−n(u) = 0.5(2u)0.5n

(30)
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n(ψ0) �±L«Ǒ

F
n(ω0) =

∫ 2(0.2)2
n

0

∫ 2.5(2u)0.5n

0

1

(u, x)
+

∫ 2(0.4)2
n

2(0.2)2
n

∫ 2.5(2u)0.5n

5(2u)0.5n−1

1

(u, x)
+

∫ 2(0.6)2
n

2(0.4)2
n

∫ 2−2.5(2u)0.5n

3−2.5(2u)0.5n

1

(u, x)
+

∫ 2(0.8)2
n

2(0.6)2
n

∫ 2−2.5(2u)0.5n

0

1

(u, x)
(31)

F
n(ψ0) =

∫ 0.5(0.2)0.5n
+0.5

0.5

∫ 2.5(2u−1)2
n

0

1

(u, x)
+

∫ 0.5(0.4)0.5n
+0.5

0.5(0.2)0.5n
+0.5

∫ 2.5(2u−1)2
n

5(2u−1)2
n

1

(u, x)
+

∫ 0.5(0.6)0.5n
+0.5

0.5(0.4)0.5n
+0.5

∫ 2−2.5(2u−1)2
n

3−5(2u−1)2
n

1

(u, x)
+

∫ 0.5(0.8)0.5n
+0.5

0.5(0.6)0.5n
+0.5

∫ 2−2.5(2u−1)2
n

0

1

(u, x)
(32)ùü�
 ω0, ψ0 ��óÄåÆ;,�ã 4.

ã 4 kü�­½
� LDS

Fig. 4 LDS with two stable wordsdã 4 ��, �XS�gê�ØäO\, ü��©
 ω0

∈ Γ([0, 0.5]), ψ0 ∈ Γ([0.5, 1]) ��óÄåÆ;,¥�z�
�âÝ�5��, ©OªCu­½
 χ0 � χ1, ùÚ�ÙéA�ê�ÄåÆXÚäk�Ó�5�.~ 4. Ø� [0, 1] þ�����5XÚ½ÂǑ
xn+1 =

{√
0.5xn, 0 ≤ un ≤ 0.5

2(xn − 0.5)2 + 0.5, 0.5 < un ≤ 1´�, TXÚéA�¼ê un+1 = h(un) î�üN, �
h([0, 0.5]) ⊆ [0, 0.5], h([0.5, 1]) ⊆ [0.5, 1], h−1([0, 0.5]) ⊆
[0, 0.5], h−1([0.5, 1]) ⊆ [0.5, 1], : 0.5 Ǒ~5ÄåÆXÚ�­½:.ÙéA��óÄåXÚǑ

Xn+1 =

{√
0.5Xn, Xn ∈ Γ([0, 0.5])

2(Xn − 0.5)2 + 0.5, Xn ∈ Γ([0.5, 1])

- φ0, ϕ0 Ǒ Γ([0, 1]) þ�ü��©

φ0 =“0.2 NC�:”

ϕ0 =“0.7 NC�:”w,, é ∀u ∈ [0, 0.5], �3
h

n(u) = 0.5(2u)0.5n

h
−n(u) = 0.5(2u)2

nÏdHn(ω0),H
n(ϕ0) �±L«Ǒ

H
n(φ0) =

∫ 0.5(0.2)0.5n

0

∫ 2.5(2u)2
n

0

1

(u, x)
+

∫ 0.5(0.4)0.5n

0.5(0.2)0.5n

∫ 2.5(2u)2
n

5(2u)2
n

1

(u, x)
+

∫ 0.5(0.6)0.5n

0.5(0.4)0.5n

∫ 2−2.5(2u)2
n

3−5(2u)2
n

1

(u, x)
+

∫ 0.5(0.8)0.5n

0.5(0.6)0.5n

∫ 2−2.5(2u)2
n

0

1

(u, x)
(33)

H
n(ω0) =

∫ 2(0.2)2
n

+0.5

0.5

∫ 2.5(2u−1)0.5n

0

1

(u, x)
+

∫ 2(0.4)2
n

+0.5

2(0.2)2
n

+0.5

∫ 2.5(2u−1)0.5n

2.5(2u−1)0.5n

1

(u, x)
+

∫ 2(0.6)2
n

+0.5

2(0.4)2
n

+0.5

∫ 2−2.5(2u−1)0.5n

3−5(2u−1)0.5n

1

(u, x)
+

∫ 2(0.8)2
n

+0.5

2(0.6)2
n

+0.5

∫ 2−2.5(2u−1)0.5n

0

1

(u, x)
(34)

ã 5 ��­½
� LDS

Fig. 5 LDS with one single stable worddã 5 ��, 3�
¼ê��^e, ü��©
 φ0 ∈
Γ([0, 0.5]), ϕ0 ∈ Γ([0.5, 1]) ��óÄåÆ;,��ªCu���­½
 χ0.5, ��XS�gê�O\, z�
�âÝ�5��, é?¿Ù���©
, k�Ó�(Ø.~ 3 Ú~ 4 ¤0��ü���5XÚ�¼êã�3²¡þ'u�� y = x é¡, �§�éA�ê�ÄåXÚ�5�Ø�Ó, Ø=­½:ØÓ, 
�­½:��êǑØÓ, ©Oä



8Ï #ù�: Äu«m�.�
8Ü��óÄåXÚ­½5 1023kü�­½: 0, 1, ��­½: 0.5. ù�5�ǑÓ�Ny3§��géA��óÄåXÚþ, ~ 3 Ú~ 4 ¥��óÄåXÚ©Oäkü�­½
 χ0, χ1, ��­½
 χ0.5.ù`²3«m�.�
¼êe, üÑ\üÑÑXÚ��óÄåÆ;,äkÚÙéA�~5ÄåÆ;,�Ó�5�.

5 (Ø�©òê�ÄåXÚ=zǑéA��óÄåÆXÚ¿©ÛÙ­½5, ÏL�éAê�ÄåXÚ�­½5�'�, `²�öäk�Ó�­½5, ùǑ�y
3«m�.�
8Üe�óÄåXÚnØ��(5. æ^�óÄåXÚnØéXÚ?1©Û, U��/�ØD(ÚÙ�	.Ï��Z6, U
{zéXÚG��£ã, �XÚ�ÑÑ(J�\<5z,�±ý��óÄåXÚnØ3�5�<Å.¡òk2,�A^
µ[27].
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