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Abstract This paper introduces an algorithm for independent component analysis (ICA) using explicit closed forms of two-, three-
and four-dimensional antisymmetric matrix exponentials, based on which both the search direction and matrix exponentials can be
directly computed in each iteration without any approximation. In addition, two errors have been corrected for the representation
of four-dimensional antisymmetric matrix exponentials that were established in other works. Simulations show that the algorithm
converges fast and can achieve better performance than the well-known Extended InfoMax and FastICA algorithms for mixtures of

up to four independent components.
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The simplest problem setting of independent component
analysis (ICA) involves recovering the independent source
signals s(t) = [s1(t), - ,5.(t)]T from the observed data
vector 2(t) = [z1(t), -+ ,x,(t)]T = As(t), where A is a
mixing matrix with full rank!! =2, The solution of the ICA
problem is to find a matrix B such that the estimate y(t) =
Bx(t) = BAs(t) is equal to s(t) within scale changes and
permutations.

It is typical to tackle the ICA problem in two stages.
First, the observation vector z(¢) is whitened to get
2(t) = Wz(t) by using a principal component analysis
algorithm[s], where W is the whitening matrix. Then,
based on the InfoMax principlel* the ICA problem is re-
duced to find an orthogonal matrix U to maximize the fol-
lowing cost function:

¢=E {Zloggé(y»}

=1

st. y=Uz=[y1, )" (1)

where E/(+) is the expectation operator and g;(+) is a squash-
ing function. The selection of g;(+) in (1) plays an important
role in the ICA problem. Ideally, ¢;(-) may be selected as
the cumulative distribution function (CDF) of s;. Practical
choices of the squashing functions are discussed in Section
2.

Let the set of n-by-n orthogonal matrices be O(n), and
the subset of O(n) be SO(n) in which the determinant of
the matrix is 1. Clearly, it is sufficient to search for U
in SO(n) because we can only find U with ambiguities in
permutations. Thus the problem in (1) can be rewritten as

max ¢ = E {Zloggé(yi)}

=1

Denote by so(n) the set of n-by-n antisymmetric matri-
ces. Then, the following lemma is proved in the Appendix.
Lemma 1. If and only if there is a matrix C' € so(n)

satisfying e“ = U, then there exists U € SO(n).
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Based on the above lemma, (2) can be reformulated as

max ¢ = E {iloggi(yi)}

i=1
s.t. Yy = eCz = [yh ce 7yn]T7 Ce SO(’I’L) (3)

The above formulation has the advantage that the anti-
symmetric constraints can be easily implemented although
matrix exponentials are required. However, most methods
for matrix exponentials are approximate ones whose closed-
form expressions are rarely availablel®!,

This paper addresses the separation of low-order mix-
tures using explicit closed forms of exponentials of anti-
symmetric matrices up to order 4. Unlike those geodesic-
based ICA methods involving matrix exponentials®—1°l
the method of this paper is based on simple matrix analysis
and does not require complex mathematical concepts.

1 Closed forms of low-order antisym-
metric matrix exponentials

For any square matrix P of order n, the matrix exponen-
tial e’ is defined as ef’ = I, + 220:1 Pk—]:, where I,, is the
identity matrix of order n. To the best of our knowledge, in
general there are no explicit closed forms for e, C' € so(n),
except for n = 2, 3, 4. In what follows, c1,--- ,ce, are six
real numbers used to construct the antisymmetric matrix
C of orders 2, 3 and 4.

In the case of n = 2, we have the following simple for-
mula:

o-[ 2 5] - |

—C1 0

cos ¢y

sin ¢
—sincy ( )

cos 1

In the case of n = 3, we have the following formula due

to Rodrigues!**~12:
0 e C2 c sin 3 1—cosfB o
C=| —c3 0 ca |=e =L+ C+ 5 C
—C2 —C1 0 B B
(5)
where 8 = +/c? + 2 + 2.

The following method for evaluating e, C' € so (4), was
obtained in [13]. Let

0 Ce Cs C3
_ —Cq O C4 C2
C= —Cs —Ca 0 C1 (6)

—C3 —C2 —C1 0
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and let
s = (cice + c3ca — 0205)2,
Clearly, there exists t* — 4s > 0. Define

= t+Vit2 —4s
_”f

t—Vt2 —4s

Y= B )
o ysin pu — psiny COS [L — COS Y
1=~ 75 o =T 22
Y(y? = p?) e
sin
az = =1 4 a1, a4 = cosy + azy’ (8)
Ift? —4s =0, i.e.,
C1 =Cs, C2= —C5, C3=20Cq
or
Cc1 = —Cg, C2 = Cs, C3 = —C4 (9)
we have
i t
e“ = SmyC—&—cosuL;, v=4/<= (10)
v 2
If t2 — 45 > 0, we have
c 3 2
e’ =o1C° + aC” + a3C + ayly (11)

The above results are the same as those in [13] except
for two typographical errors in the expressions of a1 and
as.

2 Computation procedure for low-

dimensional ICA

We use stochastic gradient adaptation to solve (3) with
the expectation operator replaced by an estimate obtained
from a single-sample realization. In what follows, the
derivations assume single-sample estimates. The extensions
to the case of block-based adaptation are straightforward,
and the experimental results presented in the next section
are based on updating the parameters every 100 samples.

This is an unconstrained optimization problem involv-
ing "("T_l) parameters of the antisymmetric matrix C. For
simplicity, let ¢(k) = [c1(k),- -, cm(K)]T,m = @, de-
note the vector of the estimated parameters after the kth
iteration. We consider the following iterative algorithm to
update ¢(k):

c(k +1) = e(k) + u(k) - Vo(k),

where (k) is the step size at the kth iteration and V¢(k)
is the gradient of ¢ with respect to e(k):

_[ook)  9gk) "
dcr(k) 7 Bem (k)

As defined in (3), ¢(k) = X7, log g; (y:(k)), where y;(k) is
the ith element of y(k) = ez and C(k) is the antisym-
metric matrix generated by vector ¢(k).

Getting precise representations of V¢ for n = 2,3,4, is
the main task of this section. The calculation depends on
the choice of ¢;(+) in (3). It is known that the local con-
vergence can be ensured if g;(-) is selected to be the CDF

14 Several practical choices are discussed in

k=0,1,2,--- (12)

Vé(k)

(13)

of sources

[4,14 ~ 16]. The following form for Z ///((3‘1((:)))) was proposed

in [15] for sources with both sub- and super-Gaussian dis-
tributions':

= —y;(k) — sign(k;(k)) tanh y; (k) (14)

where k;(k) takes the following form™¢l:

wi(k) = E{sech®yi(k) - y7 (k) — yi(k) - tanhy;(k)} ~ (15)
Based on (3), we have

Vo(k) = [Vyi(k),- -, Vyn (k)]

{9"(1/1(’6)) . g”(ynw))r (16)

g (k) g (ya(k)
where
_ | 9ui(k) Ayi(k) 1"
Vyi(h) = { ul acm(k)} )
fOI"L’:l’...7,nj7 m:M

In what follows, we w1211 develop explicit expressions
for Vyi(k),i = 1,---,n, for n = 2, 3,4. Throughout
the following derivations, vector z = [z1,--- , 2z,]T denotes
whitened signals.

2.1 Case ofn = 2

This is a trivial case. From (4), we have
Vyi(k) = —sinci(k) - z1 + cosci(k) - z2
Vyz2(k) = —cosci(k)-z1 —sinei (k) - 22 (18)

2.2 Caseofn =3
For simplicity, let d(k) = C(k)z = [d1(k), d2(k), ds(k)]T

and f(k) = C*(k)z = [fi(k), f2(k).fs(K)]", where
C(k) is generated by e(k) using (5). Let Vdi(k) =
(4] ST and Vfi(k) = [§L4, | SLUT for
i=1,2,3.
By direct computation, it is easy to get
le(k) = [ 0 z3 zZ2 ]T
de(k) = [ zZ3 0 —Z1 ]T (19)
Vd3(k) = [ —2Z2 —2Z1 0 ]T
and
0 —Cg(k‘) Cg(k‘)
Vfi(k) = —2c2(k) —c1(k) 0 z
—QCg(k) 0 Cl(k‘)
Cz(k’) 201(k)) 0
sz(k) = — 01(]{2) 0 03(]{2) z
O 2C3(k) Cz(k)
63([{7) 0 —261(]43)
Vfs(k) = 0 —ca(k) —2c2(k) |z (20)
Cl(k) —Cg(k) 0

L9’ (yi(k)) and g”'(yi(k)) are the first- and second-order deriva-
tives of g with respect to y; (k)



796 ACTA AUTOMATICA SINICA

Vol. 37

We can now use the above results, the closed-form ex-
pression for € in (5) and y(k) = ¢z to get

Oyi (k) _sin A(k) 0, (k) B(k) cos B(k) — sin B(k)

de,(k) ~ B(R) ey (k) 3(F) dilk) +

1 cos B(k) 1. (K) B(k) sin B(k) — 2(1—cos A(k))
T de,(k) k)

where 3,7 = 1,2,3 and B(k) = /3(k)+ 3(k) + 3 (k).
Equation (21) can be rewrltten using the following vector
form:

+¢; (k)

+

c; (k) fi(k)

(21)

[ e ] rak) sin Bk) — 201 — cos B(k))
V?/i(k)* |: zzglzg :| [ B4(k) l( )+
B(k) cos B(k) —sin B(k) 1—cosB(k) g,
(8 )] + A+
sinB(k) o,
CORME

2.3 Caseofn =4

Let p(k) = C(k)z = [pi(k), - ,pa(k)]", q(k) =
C*(k)z = [qi(k), -~ ,qa(k)]" and h(k) = C’(k)z =
[Ri(k),---, ha(k)]T, where C(k) is created by c(k) using
(6). Let Vpi(k),Vaqi(k), Vhi(k), and Va;(k) be the gra-
dient vectors of p;(k), ¢i(k), h:(k) and «;(k), respectively,
with respect to vector ¢(k). Here, a;(k) is the value of o
defined in (8) at the kth iteration.

If e takes the form as (11), we have

Vyi(k) = hi(k)Vaa (k) + a1(k)Vhi(k) + q¢:(k)Vaa (k)+
a2(k)Vai(k) + pi(k)Vas(k)+
as(k)Vpi(k) + z:Vaa(k) (22)
fori =1,---,4. All the components of (23) are explicitly
evaluated in the appendix.

If the condition (9) holds, e© takes the form as (10) and
it is straightforward to show that

v(k) cosv(k) — sinv(k)

Vyi(k) = (k) pi(k)Vv (k) +
sinv(k) .
Vpi(k) — zi sinv(k)Vv(k) (23)
v(k)
for i = 1,--- ,4. In the above equation, the gradient vec-

tor Vp;(k) is computed in the appendix, v(k) is the value
of v defined in (10) at the kth iteration and Vv (k) =

[ BT = m[ cr(k),+, cs(k)]" where t(k)

is the value of ¢ defined in (7) at the kth iteration.
The complete algorithm for four-dimensional whitened
mixtures is summarized in Table 1.

3 Simulation results

In this section, we present the experimental results for
the case of n = 4. In this simulation, the first three source
signals were super-Gaussian speech signals® and the fourth
was a uniformly distributed sub-Gaussian noise sequence
in the interval [—1, 1]. The signals as well as their mixtures
created by a random mixing matrix whose elements were
uniformly distributed in the range [—1, 1] were 50 000 sam-
ples long. The algorithm of this paper was implemented in

2From http://www.cis.hut.fi/projects/ica/cocktail /cocktail _en.cgi

a block-adaptive manner, with each block containing 100
samples. All the elements of the initial vector ¢(0) were set
to 0.01. The step size p = 0.02 was used in the first 100
iterations. Subsequent to that, p was set to 0.002. The

iterations were terminated when | uvzggu | < 0.001. If nec-

essary, the algorithm would iterate on the mixture a second
time after the 50000 samples were exhausted. Five hun-
dred independent experiments were conducted, in which
the mixing matrix and the sub-Gaussian noise sequence
changed with each run. Fig.1 shows the results from a ty-

B —
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_i 25000 30 000 - ]ﬂ 25 ‘ﬂ[m S00 000
S, [}P-‘mmw’m n, (])

3300050000 0 35000 500 000

R —

550 o 0 25000 500 000
(b) Time index

(a) Time index

1, r_}}wmwmnwmmw

250 500

0 25 000 50 000

25 l(]{}[l 50 000

1€, 0 [ttt ottt

-10 -
0 25 000 50 000

(c) Time index

Fig.1 (a) Source waveforms; (b) typical mixtures; and (c)
separated signals using the proposed algorithm for a typical run

Table 1  Algorithm for the case of n =4

Input: The whitened signals z, step size pu, block size [
and stopping condition e.
Initialization: Set ¢(0) to a nonzero vector. Let k = 0.
*During the kth iteration:
Create C(k) from ¢(k) using (6). Compute ¢©*) using
(10) or (11);

y(kl +v) =Pkl +v), v=0,---,1—1;

Ry =1y sech®y; (kl 4 v) x y2 (kl + v) — yi(kl + v)x

v=0
tanh y; (kl + v);
" (yi (kl4v .
wﬁ = —y; (kl4+v) —sign(k;(k)) tanh y; (kl+v);
Compute Vy;(kl + v) using (23) or (24) for : =1,---,4;
-1

Vo(k) = 1> {[Vyr(kl + ),

v=0

[g”(y1(kl+v)) y”(y4(’€l+U))]T}.

g’ (y1(kl+v)) 7 7 g’ (ya(ki+v)) ’
c(k +1) =c(k) + p - Vé(k);

If | HV¢(1€)H | < e, end iteration, otherwise let k =k + 1

» Vya(kl +v)]x

and go to *;
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Table 2 The mean normalized kurtosis and steady-state PI of three algorithms over the convergent cases of 500 runs

Source signals Our algorithm Extended InfoMax FastICA
Sound 1 1.2684 1.2684 1.2685 1.2685
Sound 2 1.1934 1.1936 1.1953 1.1953
Sound 3 15.873 15.871 15.887 15.906
Noise —1.2059 —1.2063 —1.2075 —1.2068
Steady-state Pl 0.1118 0.1273 0.11468
Convergent cases 94 % 81 % 76 %

pical run based on the proposed algorithm. Only the first
500 samples of the noise sequence were plotted in the fig-
ure to clearly show its waveform. From Fig.1, we can see
that the propsoed algorithm achieved good separation in
this example. Fig. 2 displays two learning curves based on
our algorithm and the Extended InfoMax algorithm[lﬁ] ob-
tained by averaging the following performance measurel!

B n n |ti; (K)|
PI(k) = ; (;mxmh(l«n - 1) "

i

~ (N~ [t (k)]
= (Z—;Hmhhfm(kﬂ - 1) (24)

J

\. The algorithm of this paper

Pl
o

| The extended InfoMax

I algorithm
< N

20 \\\-_....,M

N\.‘*FW--T o gissiei

0 T
0 100 200 300 400 500 600 700 800

Time index

Fig.2 Average learning curves of the proposed algorithm and
the Extended InfoMax alorithm over the converged cases in 500
runs

over the converged cases of 500 runs. In (25), t;;(k) is
the (i, j)-element of matrix T'(k) = e“®W A. Clearly, the
smaller such measure is, the better the performance of an
algorithm is. From Fig.2, we can see that the proposed
algorithm converges significantly faster than the Extended
InfoMax algorithm while performing at least as well as or
better than the Extended InfoMax algorithm. Because the
FastICA algorithm[m extracts the source signals sequen-
tially, it is impossible to plot a similar curve for that algo-
rithm.

Comparisons of the three algorithms after convergence
is provided in Table 2 in terms of the mean normalized
kurtosis (the kurtosis of a signal s; normalized to have unit
variance, also known as the normalized kurtosis, is given by
E(s}) —3), and the steady-state PI. We make a few obser-
vations here. Possibly because of the multimodal nature of
the performance surface, none of the algorithms converged
in all runs (the algorithm was deemed to have converged if

PI(k) reached 0.2). As tabulated in Table 2, of the three al-
gorithms, our method achieved satisfactory separation 94 %
of the 500 runs while the other two algorithms converged
only 81% and 76 % of the 500 rums, indicating that the
proposed approach may have superior convergence proper-
ties than the Extended InfoMax and FastICA algorithms.
This may be because our method updates the parameters
strictly in the smaller space SO(n), instead of the space
of general matrices, while the other two do not have such
advantage. The results in Table 2 also indicate that the
proposed algorithm exhibits comparable or slightly better
separation capability than the other two algorithms.

4 Conclusions

This paper proposed an ICA algorithm for separating
low-dimensional mixtures using explicit closed forms of
two-, three- and four-dimensional antisymmetric matrix
exponentials along with two corrections for the represen-
tation of four-dimensional antisymmetric matrix exponen-
tials introduced in other papers. The resulting algorithm
is computationally straightforward. Experimental results
have indicated that the proposed algorithm exhibits faster
convergence and better separation than the two competing
algorithms from the literature. Consequently, we believe
that this new approach is a viable alternative to the ICA
algorithms available in the literature.

Appendix

1) Proof of Lemma 1:
If C € so(n), we have e¥eC” = eC+CT = I, and det(e€) =
trace(C) — 1, Next, we show that the converse is also true.

Since U is an orthogonal matrix, there exists an orthogonal
matrix H such that!!8]

e

U=H-diag{l,---,1,~1,---,~1,By,--- ,B;} - HT  (25)
[ -
™ s t
where
cos 6; sin 0; .
Bi:[—sin@,; cos@i}’ =1t

Since det (U) = 1, s in (26) must be even, i.e., s = 2¢, ¢ =
0,1,---. Let
0 «

F":[—a 0

], a€eR

It is straightforward to verify

P —1 0 Fy. cos 6; sin 0;
e’ = et = .
0 -1 |’ —sin@; cosb;
fori=1,---,t. Then, we construct C as
C =H -diag{0,--,0,Fr, -+ , Fr, Fp,- -+, Fp,} - HT
D e — e, —

T q t
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. s c : 2X13 — A6 Ase +2X12 t— Aes +2A11 0
V[ifi*?eg the definition of e® and the orthogonality of H, we can Mo b D Ass + 2hes Ak 2h0a 0
o = H-diag{e", - % ™ - e oFor . oFor} . BT = : dos—Aie s 2% 2hi— s 0
~——— 235 + A2a A16 + Aza A2g +2X15 0
T q t 2A36 - A14 2)\26 + )\15 )\25 - )\34 0
U (29)
where t is defined in (7). Similarly, there exists
thus proving the lemma. O
0 0 —c3 c5 0 0 —C2 Ca
2) Computation of the components in (23) 0 —c3 0 cg —c3 —2¢cp —c; 0
In what follows, we provide details of the computation of sev- Vg, = 7?)03 G2 TG 8 2z, Vg2 = —C2 g 8 “C |,
eral variables in (23). The iteration number k is omitted in 9 —Cs 005 —Cs _OC4 001
. . . . .. - Oy - —4Cs —C4 C1 —C4 —Cq
the following derivations for simplicity. Denote ~; Doy Hi 96 0 ci e 0 —2c5 —cs —cs
gé‘i, Aij = cicj. Based on (7) and (8), we have
—c3 —C2 —2¢; O Cs C4 0 —2¢
ciVt? —4s —te; + 21n(Aie + Asa — Aas)er s 0 76:1 8 —Ca COG' 0 —c 7362
Vi = e _| & —Cs _ —Cs —C5 —4C3
27 1? —4ds qu - Cg 0 72C4 —C2 z Vq4 - 0 Cc1 —C2 0 z
ciVt2 —4s+te; — 2n(Aie+Aza—Aas)cr—; 0 —ce —2¢5 —cs cc 0 —c3 O
o 2uV/t? —4s (26) ca —cs 0 0 c2—cs 0 0
(30)
where 7 satisfies Vpr = 0 0 24 0 z3 22 ]T
(1, ifi=1,3,4,6 Vpe = 0 2z 0 zz 0 —z "
n= { 21, ifi=2,5 (27 . B
Vps = [ 22 O 0 —22 —z1 0 ]
Let t1, -+ ,t¢, defined as foll :
et 1 6, defined as follows Vps = | —23 —2 —z1 0 0 0 ]T
tr = yu(y* — p?),
to = (yssinp + yp; cos b — p; siny — py; cosy)ty, References

ts = (ysinp — psiny)(3y? v + 7w — vip® — 3yp’pi),
te = v — 1,

ts = (vssiny — p;sin p)ta,

te = 2(cosp — cosy)(vVi — Hpti)-

From (8), it is straightforward to verify that

8041 o tz — t3
Bci - t%
802 _ t5 — t6
8Ci o ti
oo i COS Y — 7y; sin oo
2 _ ameosy—ysing  daa , o
oc; 2 oc;
Ja [ole"
2 = —ysiny 4+ ——9% + 20077 (28)
8Ci aci

Direct evaluation using the definition of Vh;,i = 1,2,3,4,
gives

0 Aza— Ass —2X15 Aae — 2X13
0 —2X26 =Xz — A1e —Aas — 2Xa3
0 Aig—2A —2X35 — A Agq — 2X33 — ¢
Vhy — 14 36 35 24 Aaa 33 2
! 0 —2X46 —2X45 A1e — Az2s
0 —2Xs56 — A1z Aoz —2Xs55 =t —2A35 — Aoy
L0 Ain — 266 =t —2Xs56 — A12 A1a — 236
A2s — Asa 0 Az — 214 —As6 — 2A12 ]
2X26 + A5 0 —Azs —2Xas Ass — 2Xa2 — 1
Vh, — 2A36 0 Ais — Ass —Aas — 223 2
2 2Xa6 — A1z 0 Azz —2X44 — 1t —A3zs — 204
256 0 —2M\45 —A34 — A16
Lt — A1 +2X66 0 A1z — 2X46 —2X26 — A15
A26 + 2X15 2214 —Az6 0 Agg — 211 — 1]
A1 + Aza Ass +2X24 0 —As6 — 212
Vha — 2A35 + A2a Azs — A6 0 Aug — 213 2
3= 2X45 + A2z t— A3+ 24 0 Aze — 2A14
t— X2 +2Xs5  2Xa5 + A2z 0 =g — 2X45
256 206 — A1z 0 Azq —Aas
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