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Abstract A summary of recent developments concerning robust stabilization problems for the nonholonomic chained form systems
with uncertainties is provided. Firstly, various models, main approaches, and results over past ten years for the uncertain chained
form systems are presented. Then, several new exciting uncertain chained form models of special interest are proposed for the
nonholonomic wheeled mobile robots. They are obtained by using the state and input transformations based on the visual servoing
feedback. Finally, the novel robust regulation controllers are addressed for some new uncertain chained models by using two-steps
technology, visual feedback, state-scaling and switching strategy. It is expected that this investigation will provide a good introduction
about the development of robust stabilization for uncertain chained form systems.
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The term “nonholonomic system” has been widely ac-
cepted as “Lagrange system with linear constraints be-
ing non-integrable”. There is an extensive list of re-
search papers devoted to the study of stability of nonholo-
nomic systems[l_”]. Mobile robots with velocities con-
straints are well-known nonholonomic nonlinear mechan-
ical systems''®. As explained and illustrated in [19—20]
and references therein, many systems with nonholonomic
constraints on velocities can be transformed, either locally
or globally, to chained (form) systems by using coordinate
and state-feedback transformations. Therefore, the mod-
els of nonholonomic wheeled mobile robots (NWMR) can
be transformed into chained forms™! =21 Rescarchers
have been attracted to search for an array of new con-
trol strategies around the important nonholonomic chained
models®~17). However, in the control of nonholonomic Sys-
tems, it is usually assumed that the robot states are avail-
able using sensor measurements. But in practice, some
ideal conditions cannot be satisfied. There exist uncertain-
ties in the nonholonomic systemsm*m] such as possible
modeling errors, unknown parametersm*m, external dis-
turbances, uncertainties in the kinematic models, mechan-
ical limitations and so on. For instance, there are unmod-
elled dynamics with small enough magnitude in the non-
linear chained systems in [29]. A dynamic nonholonomic
mobile cart with unknown geometric and inertia parame-
ters was considered in [40]. In this paper, we will mainly
discuss the nonholonomic chained systems with uncertain-
ties (uncertain chained systems).

For the stabilization of uncertain chained systems, many
control models and strategies have been developed[zsf‘r’”.
In [28], a global adaptive output feedback control strat-
egy was presented for a class of nonholonomic systems in
generalized chained form with drift nonlinearity and un-
known virtual control parameters. Adaptive technology is
an important method for the stabilization of the kinematic
systems with uncertainties. The control design in [30] was
applicable to solve the adaptive regulation of the parking
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problem of the robot in the presence of angle measurement
errors. An interesting hybrid feedback algorithm based on
Morse's pioneering work in supervisory adaptive control
was presented to globally asymptotically stabilize a wheeled
mobile robot with parametric uncertainty®!. In [32—35]
and some references therein, adaptive global stabilization
of nonholonomic systems with strong nonlinear drifts were
investigated by using input-to-state scaling technology and
adaptive state feedback control. Some new adaptive out-
put feedback switching control strategies with time varying
matrix observer, state estimator, or parametric estimator
had been proposed[34’37_38]. Exponential convergence is
a desired performance for practical applications. The ex-
ponentially stabilizing and regulating problems have been
investigated[‘m*‘l?’] for classes of uncertain chained systems
in recent ten years. In [40], a smooth time-varying con-
trol scheme was developed, guaranteeing the convergence
of the state variables to the desired set point exponentially
despite unknown parameters. In [41], the globally expo-
nentially converging robust dynamic output feedback law
was proposed in perturbed chained form and with uncertain
drift nonlinearity. This class of uncertain chained systems
was motivated by the robust redesign of low-dimensional
nonholonomic mechanical systems. A kind of exponen-
tial stabilization feedback control laws, or globally expo-
nentially converging robust dynamic output feedback laws
were obtained®2~%31 by the use of switching algorithm and
the input/state scaling. Finite time stabilization for an
uncertain chained system was discussed in [44]. A novel
switching control strategy!**! was proposed with the help of
homogeneity, time-rescaling, and Lyapunov-based method.

Visual feedback®?~%! is also an important approach to
improve the control performance of manipulators in the
control procedure since it mimics the human sense of vi-
sion and allows operation on the basis of non-contact mea-
surement and an unstructured environment. The adaptive
tracking controller via visual servoing was developed for
a mobile robot when the camera is onboard®®. If a mo-
bile robot with nonholonomic constraints is equipped with
uncalibrated camera, we find that, uncertain kinematic sys-
tems in image plane can be obtained and they can also be
transformed into chained systems with uncalibrated param-
eters. Therefore, several exciting new uncertain chained
models for NWMR can be deduced by using coordinate
and input transformations. They will be presented in Ex-
ample 2 and Section 3. It is of interest to note that the
models are different from the uncertain chained systems
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mentioned above. The uncertain nonlinearities do not sat-
isfy triangularity conditions (see Subsection 2.2.1). In order
to stabilize the uncertain chained systems, the equivalent
uncertain system for type (2,0) robot*®! was investigated
at first[45—48], Then, the robust regulation and tracking
problems were solved for this mobile robot. Further, ro-
bust stabilizing controllers**=%% are designed for uncertain
chained systems of type (1,1) and type (1,2) robots™® in
particular case.

The main contribution of this paper is threefold. Firstly,
we introduce the developments of robustly stabilizing
classes of uncertain chained systems. The uncertain
chained models, approaches, and main results over past
ten years are presented. Secondly, based on visual servo-
ing feedback, a series of new uncertain chained models and
several general uncertain chained models are proposed by
using the state and input transformations. They are differ-
ent from those models studied in the past years. Finally,
the novel time-varying controllers are presented to stabilize
the uncertain chained systems by exploiting a new two-step
technique or using switching scheme for type (2,0), type
(1,1) and type (1,2) robots.

The rest paper is organized as follows. In Section 1,
two motivating practical examples are given for the uncer-
tain chained models. Section 2 addresses a few important
uncertain chained models, schemes and some results which
have been proposed over past decade. In Section 3, the spe-
cial new exciting nonholonomic uncertain chained models
and several new general uncertain chained models are pre-
sented for NWMR. Section 4 addresses novel time-varying
controllers to stabilize the uncertain chained systems for
three types of robots. Conclusions and future work are
presented in the last section.

1 Examples

In practice, there are many interesting motivating exam-
ples which stimulate researchers to expand them into broad
classes and further investigated them. In this section, we
introduce two nonholonomic kinematic examples with un-
certainties.

1.1 Example 1

A simple tricycle-type mobile robot (see Fig. 1) with non-
holonomic constraints on the linear velocity has often been
used as a benchmark example in nonholonomic control sys-
tems design® #!l. This robot is called type (2,0) robot. It
has two fixed front wheels with one axis and a rear cas-
tor wheel which prevents the robot from tipping over as it
moves on a plane. The nonholonomic constraint is defined
by

L2 X2
Fixed X1
wheels
v o
__________ I S
y
« Fixed
! wheels
Castor :
wheel :
0 X 2

Fig.1 Tricycle-type mobile robot

Zsinf — ycosd =0

where (x,y) denotes the position P of the center of mass,
which is also located in the middle of the axis of the two
front wheels, 0 is the angle between the L1 axis and the
X1 axis with a positive anticlockwise direction. Using this
formula, the kinematics of the robot can be modeled by the
following differential equations (2]

T = wvcosf
y = vsinf (1)
0 = w

where v is the forward velocity while w is the angular ve-
locity of the robot.

For (1), by taking the following state and input trans-
formation

rop = T

r1r =Yy

ro = tanf

ug = vcosb

ur = (sech)’w

we obtain '

o = Uo
S.El = X2Uo (2)
itz = Ui

System (2) is so-called canonical chained form with three-
order and two control inputs. However, it only represents
the modeling of the robot in the ideal case. In [31], Hes-
panha and his co-authors addressed the parking problem
for a mobile robot of the unicycle type in the presence of
parametric uncertainties.

& = pivcosf
y = plvsinf (3)
0 = prw

where p] and p5 are (unknown) positive parameters deter-
mined by the radius of the front wheels and the distance
between them. Taking the following change of coordinates
and feedback

To = 0
x1 = xsinf —ycosh
T2 = xcos® + ysind
Uy = W
uy = v

system (3) can be transformed into

. *

To = Pauo

. *

T1 = PaT2Uo (4)
. * *

T2 = P1Ulr — P2r1Uo

comparing (2) with (4), the first terms on the right side
of corresponding equations are identical except the un-
known parameters pi and p3. So, system (4) is an uncertain
chained system.

1.2 Example 2

The second interesting example is from [45, 53]. In Fig. 2,
it is assumed that a pinhole camera is fixed to the ceiling.
The mobile robot mentioned in Example 1 is under the
camera. There are three coordinate frames, namely the in-
ertial frame X-Y-Z, the camera frame x-y-z, and the image
frame u-o01-v. C' is the intersection point of the optical axis
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of the camera with the X-Y plane. Its coordinate relative
to the X-Y plane is (cz, ¢y). The coordinate of the original
point of the camera frame with respect to the image frame
is defined by (Oc1, Oc2). (z,y) is the coordinate of the mass
center P of the robot with respect to the X-Y plane. Sup-
pose that (Zm, ym) is the coordinate of (z,y) relative to the
image frame. The pinhole camera model yields

Tom a1 0 T o Oc1
= R _
e =L s - Le )
) %)
where a1, ag are constants[°3], which are dependent on the
depth information, focal length, and scalar factors along

the u axis and v axis, respectively.

R— | cos ) sin 6o
“ | —sinfy cosby

where 6y denotes the angle between the u axis and the X
axis with a positive anticlockwise orientation.

Z

Camera

Fig.2 Wheeled mobile robots with monocular camera

Then, we have

Tm | [ a1 O cos g
Um | | 0 a2 —sin 6y

sin 6o } [ @ } (©)

cos By U

Considering the mobile robot described by (1) with monoc-
ular camera, the kinematic model in the image frame is

Tm a1vcos(0 — )
Ym | = | azvsin(@— 6o) (7)
0 w

Taking the following state and input transformation

o = Tm

1 = Ym

To = tand

ug = vcosl
ur = (sech)’w

we obtain the uncertain chained system

2o = (a1 cosbo)uo + (o sinbo)z2uo
21 = (a2 cosbo)rauo — (a2 sinbp)ug (8)
i’g = U1

where a1, e, and 0 are three unknown parameters (in
practice, they are usually uncalibrated). By using the same
methods, a series of new exciting uncertain chained mod-
els about NWMR can be obtained, which are presented in
Section 3 in this paper.

2 Control models and methodologies
for uncertain chained systems

As indicated in introduction, many researchers have
been investigating the stabilization problems for uncertain
chained systems. In this section, we will present the im-
portant classes of uncertain chained models and the main
control methodologies about adaptive stabilization, expo-
nential stabilization, and finite settling time stabilization
developed in the past ten years.

2.1 Adaptive stabilization

In this subsection, the main results of adaptive state
feedback control®*=3% and adaptive output feedback
control®® for different classes of uncertain chained systems
are presented.

2.1.1 Adaptive state feedback stabilization

In 2002, the following perturbed canonical nonholonomic

system was studied by Do et al.[?

To = Uo + 4;70(960)T49
i:i = U0x1+1+80i(x07u07$17"' ?xi)T€7 1S2§n71
En = u1 + on(T0,u0, )70

9)

where ¢o(z0) € RP, wi(xo,uo, 21, ,2;) € RP, & = [z1,
-+, z,)T, and @ € RP is a vector of unknown bounded
constant parameters.

For (9), by using input-to-state scaling, backstepping
technique, and switching scheme in two separate stages,
the new adaptive controller was designed which made the
uncertain chained system adaptive and globally stabilized.

In 2003, Ge et al.®% investigated another class of uncer-
tain chained system. A novel adaptive switching technique
was employed to overcome the uncontrollability problem.
Other researchers such as Wang et al.’®! and Gao et al.?%
also discussed different classes of uncertain chained system.
By using parameter separation, state scaling, backstepping
technique or switching strategy, adaptive asymptotic regu-
lation of the closed-loop system was achieved.

2.1.2 Adaptive output feedback stabilization

The adaptive output feedback stabilization had been in-
vestigated for different uncertain chained systems in many
papers[34 37381,

In [34], Ge et al. considered the output feedback model
expressed by

To = uo + CoTo
& = uwoit1 + b7 (w0, x0,Z:)0, 1<i<n, n>2
& = w1+ ¢p (uo, 2o, )0
y = (x07m1)T
(10)
where ¢p is known, [xg,a;T] = [xo, 21, - ,zn), T = [z1,

ozt €RY, ¢i(uo, o, %) ERL1<i<n, 8R! isa
vector of unknown bounded constant parameters.

For (10), it is assumed that for each ¢ (1 <4 < n ) there

is a known smooth function vector ¢; which is a function
of up and the available states zg and z1 such that

pi(uo, o, Z:) = x1¢i (uo, To, T1)

In [34], a filtered observer rather than the traditional lin-
ear observer was used to handle the technical problem due
to the presence of unavailable states in the regressor ma-
trix. The proposed control strategies can steer the system
states converging to the origin globally while the estimated
parameters remain bounded.
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In 2009, a new nonholonomic system with strong non-
linear drifts was developed!®®! by Zheng et al.. The model
is with modeled nonlinear dynamics, unmodeled dynamics,
and unknown parameters. A novel observer and estimator
were introduced for states and parameter estimates, respec-
tively. A constructive procedure of design for an output
feedback adaptive controller was given by using the inte-
grator backstepping approach which was based on the pro-
posed observer and parameter estimator. Then, the system
discussed was globally asymptotically stable.

In [39], Wang and her co-authors dealt with another class
of uncertain chained system. The robust adaptive NN con-
trol laws were developed using state scaling and backstep-
ping in two separate stages. The system states have been
proved to converge to a small neighborhood of zero by ap-
propriately choosing the design parameters while all other
signals in the closed-loop have been guaranteed to be uni-
formly ultimately bounded.

2.2 Exponential stabilization

In 2000, motivated by Example 1, Jiang[41] proposed a

perturbed version of the chained form and investigated ex-
ponential stabilization in three cases. They are global ex-
ponential regulation, global dynamic extension regulation,
and output feedback regulation. In recent years, Xi et
al.*2=%3] also considered classes of uncertain chained sys-
tems and then investigated their global exponential sta-
bilization and output feedback exponential stabilization
problems. The main results are presented below.

2.2.1
In [41], the discussed uncertain chained system is

Global exponential regulation (GER)

To = dp (t)uo + ¢g(ta 330)
:bl = dl(t)l'QUO + ¢(1i(t7 .'E(),CC,’LL())

. (11)
Enoo = dn2(t)Tn_1u0 + &% _5(t, o, z, u0)

:.En—l - dn—l(t)u + ¢Z,1(t, Zo, X, ’LL())

where = (x1,-- ,%n-1) € R" !, the functions d;(-) and
#%(-) (i = 0,1,---,n — 1) denote the possible modeling
error and neglected dynamics, which include uncertain drift
terms.

It is assumed that

ci1 <di(t) <ci2, 0<i<n-—1,Vt>0

‘¢g(t,m0)| < co3 |zo|, co3 >0

‘¢?(t7movwvu0)| < ‘(‘Th e ,$1)| ¢i($07 5 P 7wi7u0)
(12)
where ¢; (i = 1,--- ,n—1) are known smooth non-negative

functions, and (¢, 20, z,u0) € RT x R x R"™! x R. Tt is
worth noting that assumption (12) imposes the uncertain
nonlinearities ¢¢ (i = 1,--- ,n — 1) to satisfy the triangu-
larity condition.

For (11), a discontinuous state scaling transformation
was first introduced to obtain a scalar system and a sim-
pler disturbed low dimensional system. Then, the well-
known backstepping method was used to design a robust
global exponential stabilizer for the transformed lower-size
system. Finally a robust nonlinear state feedback law was
proposed and the global exponential regulation problems
were solved#!.

In [41], Jiang also discussed the following dynamic ex-
tension:

Vol. 37
%o = Vo
o = uo + coxo
i1 = di(t)zauo + ¢1(t, o, 2, uo)
: (13)
Enz = dn—2(t)Tn-1u0 + % _o(t, To, T, uo)
i»’n—l = dn—l(t)u“r@ﬁi,l(t,l’o,l’,uo)
U = dn(t)v + ¢2(t, 0, x, uo, u)
where z = (x1, - ,x,—1) € R"", di(-) and ¢7(-) (i =
1,2,---,n) denote the possible modeling error and ne-

glected dynamics. vy and v are considered as the (torque)
control input, the constant co is assumed to be known.

It is assumed that there exist a positive constant ¢,, and
a smooth non-negative function ¢, such that

cn < dn(t) u
|¢friz(t7u07x07x7u)‘ S \(x,u)|¢n(uo7:co7:c7u) ( )

Under assumptions (12) and (14), Jiang proposed the back-
stepping based controller and switching control strategy
such that system (13) is GER.

In 2003, Xi et al. investigated another uncertain chained
system[42]. A novel switching control strategy was pro-
posed involving the use of input/state scaling and integra-
tor backstepping. The new controllers can make the uncer-
tain system Lyapunov stable and globally k-exponentially
convergent.

In 2005, Ma designed a new time-varying robust con-
troller to yield global exponential convergence of cart’s po-
sition and orientation to the desired point[4o].

2.2.2 Output-feedback regulation

In 2007, Xi et al. dealt with output feedback system

with uncertain chained form*® described by

Zo = wuo + xopo(t, zo)
x.l = x2u0+¢%(t7x0a$17u0)
' (15)
Ep_2 = Tp_1uo + ¢%_o(t,xo, 1, u0)
x.’nfl = u—l—d)%_l(t,xo,xl,uo)
y = (wo,z1)"

where © = (x1,--- ,2n—1) € R"™', the functions ¢¢(-) de-
note the possible modeling error and neglected dynamics,
and ¢o (¢, o) is a known smooth function.

It is assumed that for every 1 < ¢ < n — 1 and all
(t,0,2,u0) € RT x R x R"™! x R, there are (known)
smooth non-negative functions ¢; such that

b (t, xo, x1,u0)| < |21] Pilt,y, uo)

For (15), a systematic control design procedure to con-
struct a robust nonlinear output feedback control law was
presented. Furthermore, two special cases were considered
which do not use the observer gain filter. By using a par-
ticular input-state scaling, the backstepping technique, the
switching scheme and observer gain filter to design a dy-
namic output feedback controller, both robust global ex-
ponential regulation and Lyapunov stability with output
feedback were obtained for a class of disturbed nonlinear
chained systems (15).

In [41], Jiang also extended the state feedback results
to the output-feedback case. By using the modified recur-
sive design scheme, the dynamic output-feedback control
law was proposed with suitable design parameters along
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with the switching control strategy. The uncertain chained
system was globally exponentially regulated at the origin.

2.3 Finite time stabilization

In [44], Hong et al. investigated an uncertain chained
system given by

To = qolUo
T1 = q1T2uo
(16)
Tn—1 = dn—-1TnU0
Tn = QnU‘F?/)n(I)
where x = (1'1,"~75L‘n)T € Rn7 qi > 0 (Z = 07 7n)

are uncertain parameters but they are located in known
intervals (i.e., 0 < ¢; € [¢™", ¢™*]).

It is assumed that ¥, (x) is an uncertain function satis-
fying

[n(@)| < MY fwil, M >0 (17)

For (16), a novel control design procedure was proposed
to construct a switching nonlinear control scheme that
solved the problem of finite time convergence and Lya-
punov stability for these nonholonomic systems, where a
time-rescaling technique was employed in stabilizing these
controlled systems within any given settling time. By using
homogeneity, time-rescaling and Lyapunov function tech-
niques, a finite-time stabilizing feedback law was designed
to guarantee both Lyapunov stability and finite time con-
vergence in any given settling time for the closed-loop sys-
tem.

To sum up, many control strategies were developed to
stabilize the uncertain chained systems. However, it is ob-
viously seen that most of the unknown nonlinear functions
of uncertain chained systems mentioned in this section sat-
isfy triangularity conditions. Motivated by Example 2, a
series of new exciting uncertain chained models for NWMR
are obtained which do not satisfy the so-called triangularity
conditions. They are presented in the next section.

3 New uncertain chained models of
NWMR

In Example 2 of Section 1, the uncertain nonholonomic
kinematic systems with visual feedback were considered for
type (2,0) robot. As indicated in [18], all nonholonomic
mobile robots can be classified into four types called type
(2,0), type (2,1), type (1,1) and type (1,2). A car towing
a single trailer or towing n trailers is also a nonholonomic
system. By using the same method as Example 2, we can
obtain the following new uncertain chained models based
on visual feedback and the state-input transformations.

3.1 Uncertain chained models of type (2, 0) robot

For the nonholonomic system of type (2,0) robot, two
different uncertain chained models can be obtained by using
two different transformations.

3.1.1 TUncertain chained model 1

For type (2,0) robot!*®) the posture kinematic model is

described by

T = —wvsinf
g = wvcosf (18)
0 = w

where 0 denotes the angle between the X axis and the
heading direction of the robot with a clockwise direction.

Considering formula (6), we have

Tm —ayvsin(f — o)
Um | = azv cos(f — o) (19)
0 w

Taking the state-input transformation

Xo = (7]

L1 = Xm oSO + Y, sinf
T2 = —Tm Siné + y., cosf
Ug = W

Uy = UV —T1Uo

we obtain the following system

To = Uo
T1 = Xauo + %(J:IUO + u1)(a1250 + a2150) (20)
T2 = up + 5(331”0 + u1)(a12¢0 + az1co — 2)
where
a12 = a1 + a2, So =sinfy, se = sin(2xg — o)
Qg1 = a2 — a1, ¢o=cosby, co = cos(2zo— bo)

(21)
(20) cannot be regarded as a special case of the models in
Section 2, because the second term on the right side of the
second equation is dependent on u;. It does not satisfy
the triangularity condition in (12). Therefore (20) is a new
uncertain chained system.

3.1.2 TUncertain chained model 2

For system (19), by taking another state-input transfor-
mation

o = Ym

X1 = —Im

o = tanf

up = vcosb
ur = (sech)’w

one can obtain another uncertain chained model as follows

io = (azcosbp)uo + (azsinfby)zaug
1 = (—aicosby)raue + (a1 sinbp)uo (22)
T2 = w1

Expression (22) also cannot be regarded as a special case
of the models discussed previously because the second term
on the right side of the first equation is dependent on xs.
The triangularity condition is not satisfied.

3.2 Uncertain chained model of type (2,1) robot

For type (2,1) robot!*®| the posture kinematic model is
of the form

z = —wvsin(6 + fB)

¥ = wicos(6+ )

é — (23)
B = vs

Taking the transformations ¢ = 6 + 3 and v = v2 + vs,
we can convert (23) into (18). Except for another variables
that can be controlled by an independent control input,
there is nothing new. But it is a system with three inputs,
and may be regarded as an expansion of (18).
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3.3 Uncertain chained model of type (1,1) robot ro = 0
Ty = xrCc+Ys
For type (1,1) robot!*® | its equation of the posture kine- _ 8152
. T2 = —xs+yc—2L——
matic model can be expressed by S21
T3 = xS —yYcC
& = —Lvsinfsin g T4 = :1chrystSE
g = I s 0si S21
] v cos B sin 3 (24) _
0 = vcosf Uo V1821
5 2 2
f=w U1 = —T4V1821 — 2L'UQSTQ -+ 2L1}3871
o 521 521
Considering formula (6), we have sin(252) sin(28:)
U2 = T2V1S21 — LU2T + LU3T
T, — Lvay sin Bsin(0 — o) 21 21
ym _ Lvag sin 8 cos(8 — 6o) where s21 # 0, and
Q vcos 8 s =sinf, s =sin 31, s12 = sin(B1 + B2) @)
B w 27
C = COS 0, S = sin 62, S21 = Sin(ﬁg — Bl)
Take the state-input transformation The following system yiel ds12%
o = 0 To = Uo
L1 = Tm €080 + Y, sin T1 = TauUg
Ta = —Tm Sin + y, cos b To = Uy (28)
xs = LtanB — xm cosl — ym, sin 6 T3 = T4Uo
up = wvcosf T4 = u2
u; = Lwsec? B — x2v cos (3

and note that

sin @ cos(6 — 6p) = %(so +se), x3=Ltanf — 21

cos @ cos(6 — 6p) = %(Co +co), Lvsinf = (z1+ z3)uo

where so, co, se, co are defined in (21). The uncertain
chained form system is obtained as follows

i‘o = Uo

. 1

T1 = xauo + 5(551 + 3) (11250 + 2150 )uo

. 1

T2 = T3ug + §($1 + x3)(cu2co + azico — 2)uo
. 1

T3 = U — 5(561 + 3) (011250 + 2150 )Uo

(25)
It is obviously seen that the second terms on the right side
of the second and third equations of (25) are dependent on
T3, so the triangularity conditions cannot be satisfied. This
means that (25) also cannot be regarded as a special case
of the models in Section 2.

3.4 Uncertain chained model of type (1,2) robot

The posture kinematic equation of type (1,2) robot!8l
can be given by

& = —Luvi[sin B sin(0 + B2) + sin B2 sin(6 + (1))
y = Lwvi[sin B1 cos(0 + B2) + sin B2 cos(8 + 51)]

9: = U1 Sin(ﬁg — 51)
B = v2
B2 = w3

(26)
where v1, v2, v3 denote the virtual velocity of robot and two
angular velocities of steering wheels respectively.

For system (26), take the state and input transforma-
tions as follows

This is commonly called canonical chained form with
two chains and three inputs. If (z,y) is measured using
a camera with uncalibrated visual parameters, the uncer-
tain chained form of type (1,2) robot can be obtained by
means of the same method employed for type (1, 1) robot.

For system (26), by using formula (6) we have

Em —a1Lvi(s1sa2 + s25a1)
Ym azLvi(sicaz + sacat)
Q = V1821 (29)
51 V2
52 U3

where s1, s2 and s21 are denoted in (27), and
sai =sin(0 — 0o + 3i), ca; =cos(0 — 0o + B;), i =1,2

Taking the following state and input transformations

Xo = 9
T1 = TmC+ YmS
S182
Toa = —TmS+ Ymc — 2L
S21 (30)
T3 = TmS — YmC
512
T4 = TmC+ Yms — L—
S21
Uup = V1821
2 2
S2 S1
U1 = —XT4V1821 — QLUQT + 2LU37
521 521 (31)
sin(202) sin(2061)
Uz = X2v1821 — Lua 5 + Lvs 5
21 21
and noting that 6 = xo,
1 1
cenl = 5010 + §CA17 51820 + $2510 = 25152C0 — S0S12
1 1
cepe = 5020 + §CA27 S1C20 + S2€10 = 2515250 + CoS12
1 1
scal= —§S1o+ 55A1; S18A2 + 52501 =25152C0 + 51250
1 1
sca2=—-520+ -SA2, S1CA2 + S2CA1 = —2515250 +512C0

2 2
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where so, co, a2, @21, So, and ce are defined in (21), and
fori=1, 2,

Si0 = sin(ﬁi — 9())7 SAi = sin(20 — 6 + Bz)

Cio = COS(BZ' — 90), CAi = COS(29 — 0o + ﬂl)

we have the following uncertain chained form!®"!

j)o = Uo
T1 = Tauo + i(xl — z4) (1250 + 2180)u0 —
§(x2 +23)(2 — aa2co + az21¢0)uo
. 1
To = Uy — 5(372 + z3) (1280 — Q2150 ) U0 —
5(151 — 24)(2 — a12¢0 — a21¢0)U0 (32)
T3 = T4uo + 5(002 + z3) (1250 — a2150 ) U0 +

(21 — 24)(2 — cuaco — az1ce)uo

2
Ty = u2+ 5(331 — z4)(0n250 + a2150)uU0 —
§(x2 + 23)(2 — ca2co + a21ce)uo

In contrast to the canonical chained model (28), three new
parameters ai, az, and Oy exist in (32) which are usually
uncalibrated. So, model (32) is an uncertain chained form
with two chains and three inputs. It is obvious that states
T2, T3, and x4 appear in the second and third terms on
the right side of four equations in (32). The triangularity
conditions cannot be satisfied. So, (32) is different from
every class of the previous models in Section 2.

3.5 Uncertain chained model of a car with a single
trailer

The model of kinematic motion of a car towing a single

trailer™ can be described by
T. = wvcos Py
Ye = wsin [
¢ =w
: 1 (33)
ﬂo = —vtan ¢

B = 3" sin(Bo — B1)

If the state and input transformations shown in [11] are
used, two-input and five-order canonical chained system
can be obtained. However, by using formula (6), we can
convert system (33) into

a1vcos(Bo — o)

i,’,m azvsin(fBo — 6o)
Ym w
¢ | = 1 (34)
ﬁ.o ) Iv tan ¢
b ——vsin(fo — f1)
di
Let
5S¢ = sin ¢, Cp = COS P, tgi = tan f3;
sgi =sinBi, cg; =cosPi, So1 =sin(Bo — B1)

se; =sec i, te =tang, co1 = cos(Bo — B1)

where ¢ = 0, 1, and then take the following state-input
transformation
Xo = Tm
1
1 = Ym —dilog <ﬂ)
Cp1
T2 = tgl
2
T3 = —SepSo1se
3 A 0S015€1
ty + 1 3 1 3
T4 = sedse se3s3 sp1se sepsp1S€e
4 dlol¢ d2 05015315€1 — df 0S015€7
v = (seo)uo
w = A1(¢7/807ﬁl)u0+)‘2(¢7B07B1)u1
where
3 2 1 2
)\1 = — 78605508(1, — — 4+ ——SB0S€1S01 560801t518¢0¢ —
l di  d1
2 (4 ?
—S84C s01¢2 | sg18€3801C01—
d1¢¢ d201¢ B18€1501C01

l
ﬁ(sm + 35011%1 — 3c,@0tmsel)selcisgl+
1

2
8€1CR1S¢pCyp — d2 650361801601C¢

dy
AQ = ldl 0%0651 Ci

We obtain the uncertain chained system of a car towing a
single trailer as follows

dizs

To = (a1co)uo + 150(x2 + ——=)uo

(@acoyn + sl + )

. dizs

1 = wauo + [(a2co — 1)(z2 + 72) — (a250)]uo
V14 x5

:'Cz = X3Uo

Ci'g = X4Uo

i’4 = Ui

(35)
It is obviously seen that the second terms on the right side
of the first and second equations of (35) are functions with
respect to states 2 and xs. Thus, the triangularity condi-
tions are not satisfied.

3.6 Uncertain chained model of a car with n trail-

ers
The kinematic model of a car with n trailers!'” was given
by
T = vpCosfn
Uy = vpsinf,
. 1 )
Bn = d*'Un—l Sln(ﬂn—l - Bn)
(36)

i'Uz'fl Sin(ﬂi—l - 51‘)

b= 7

Bl = divo Sin(ﬂo - 51)
1

fo = w
Take the coordinate and feedback transformations pre-
sented in [19]. We can change (36) into canonical chained
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form. However, by using (6), we have

Tm | _ | a1 O cos Oy
Um | | 0 a2 —sin 6y

Let Br+1 = 0 and denote

cos 6o vy, sin Gy,

sin 0o } [ Vp, €COS B }

éz’ = [/81, 7ﬂ’ﬂ]T

pi(B,) = [ [ cos(8; = Bi+1)

_ 81‘i+1
(B, ) = 2. £.B, )
a(B, ) =pi-18,_) 1 dip;(B))
j=i—1
RE) = g
LB, ) =1HB,_ ) fa(B, T

where i € {0,--- ,n}. Then, by taking the following state-
input transformation

Xo = Tm
1 = Ym
To = tanf,
tan(ﬁnfl — ﬁn)
T3 = —
dp cos® B,

tan(Br—2 — Bn-1)

S N
 tan(fo — )

Tnto = 702(ﬁ1) +72(ﬁ1)

uo = po(B,)vo

w o = ! w +71(8,)po(B, )vo

= cos?(Bo — fr)e2(B,)

we obtain uncertain chained system as follows

o = (a1 cosbo)uo + (a1 sinbo)zaug
j?l = (Oég COS 90)1’2U0 — (042 sin Ho)uo
xlz = X3Uo
(37)
Tntl = Tnt2Uo
Tpi2 = U1

In (37), the second term on the right side of the first equa-
tion is dependent on x3. The triangularity condition is not
satisfied.

3.7 New general uncertain models of NWMR

In addition to the models (9) ~ (11), (13), (15), and (16),
we will show several new general uncertain chained models
deduced from the explicit NWMR models in Subsection 3.1
~ 3.6.

3.7.1

From systems (22) and (37), we can deduce the following
general uncertain chained form

General uncertain chained model 1

To = dy (t)ug + ¢g(t, QSQ)UO
T1 = di(t)z2uo + ¢(1i(t)uo
21'32 = Z3Uo
(38)
ijn—Q = Tn-1U0
;1';‘,.,’,1 = ux

where the functions d;(-) and ¢¢(-) (i = 0,1) denote the
possible modeling error, neglected dynamics, or unknown
functions. It may be assumed that for every i = 0,1 there
are (known) positive ¢;1 and ¢;2 such that ¢;1 < di(t) < ¢
for all t > 0. ¢&(t,x2) is a linear function with respect to
xa, ¢%(t) is bounded for all t > 0.

3.7.2 General uncertain chained model 2

From systems (22), (35), and (37), we can deduce

o = do(t)uo + B8 (¢, T2, T3, Tn_1)uo
T1 = di (t)LEQUO =+ (Jﬁcli(t, T2, X3, """ ain_l)’LLo
X2 = X3Uo
(39)
Tp—2 = Tp—1U0
Tn_1 = U1

where the functions d;(-) and ¢¢(-) (i = 0,1) denote the
possible modeling error, neglected dynamics, or unknown
functions. It may be assumed that for every ¢ = 0,1 there
are (known) positive ¢;1 and ¢;2 such that ¢;1 < d;(t) < ¢
for all ¢ > 0.

3.7.3 General uncertain chained model 3

From system (25), we have the following model

io = Uo
@i = wipiuo + fi(z)dd(t, zo)uo,
1<i<n-—2 (40)

i1 = w1+ foo1(z)Pn_1(t m0)uo

where © = (21, - -, n,—1)", the functions ¢¢(-) denote the
possible modeling error, neglected dynamics or unknown
functions, f;(z) are linear functions with respect to z (i =
1,---,n—1). It may be assumed that ¢¢(-) (i=1,--- ,n—
1) are bounded for all ¢t > 0.

3.7.4 General uncertain chained model 4

Consider (32) and expand it to multi-input cases. We
can obtained the uncertain chained model as follows

To = ug
= alauo+ 3o fh@)el (tao)uo,

= 1<i<r;—1
i = ahaut > fh(@)en (t zo)uo

o~ (41)

= e+ 3 ()6t wo)uo,

= 1<i<rm—1
B = Ut i £ (@)% (¢, mo)uo

p=
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where = (21, -+ ,@,,)T, the functions do(t), q&?}‘ (t,z0) (¢ In [47], the time varying smooth dynamic feedback ro-
=1, ---,7r) (k,j =1,--- ,m) denote the possible modeling bust regulation was investigated for (7). It was assumed

error, neglected dynamics, or unknown functions. fi’; (z)
are linear functions with respect to z. It may be assumed
that for every (¢ = 1,--- ,7%) (j,k = 1,--- ,m), there are
(known) positive Afj and ij such that Afj < qzﬁff (t, o) <
ij for all t > 0.

Summing up, there exist a lot of uncertain chained mod-
els which can be derived from practice. One of our tasks is
to discover them and then discuss their stabilization prob-
lems.

4 Robust stabilization for the uncer-
tain chained systems of NWMR

For the uncertain chained systems of NWMR mentioned
in the last section, Wang et al.*>=*8] first considered the
stabilization problems for the uncertain system (7) of type
(2,0) robot which is the equivalent system of (20). Then,
the robust stabilization problems in particular case are dis-
cussed for the uncertain chained systems of type (1, 1)[49]
and type (1,2)[50] robots, respectively. The main results
are addressed in this section.

4.1 Robust regulation and tracking control for un-
certain chained system of type (2,0) robot

In this subsection, the robust regulation (or stabiliza-
tion)[45747] and dynamic feedback tracking control*®! for
(7) are introduced simply.

4.1.1 Robust regulation

In order to robustly regulate (7)#57%% three cases were
discussed as follows

1) 6o known, a1 and a2 unknown;

2) 6p unknown, a1 and a2 known;

3) 6o unknown, a1 = a2 = o unknown.

In each case, the controller was obtained by using differ-
ent coordinate transformations and exploiting a new two-
step technique. For example, in the case of 3), it was as-
sumed that 0 < a < a. Taking the following coordinate
transformation from (Zm, ym) to (z1, 22)[46]

z1 | _ | cos@ sin 6 Tom
{ 22 } o [ sinf —cos@ } [ Ym, } (42)

one obtains

Z21 = —zow + avcosby
Z9 = zi1w + avsinfy
0 = w

Step 1. Taking the control input

{ v = kiz1 + kozo

w = w (constant) (43)

where k1, k2 are given in three cases respectively: 0 < 6y <
55 S b <mo<by<m—0 (o is a known small positive
number), we can design the controller such that z1(t), z2(¢)
converge to zero as t — 00.

Step 2. When the absolute values of z;(t) and z2(¢) are

made as small as desired, the following controller is used

v=0, w=—ab (44)

where a is a positive gain. Then, 0(t) converges to zero.

Summing up, system (7) can be robustly regulated by
using the controllers (43) and (44)%). The other two cases
were discussed in [45].

that
1) 6o known and a1 = a2 = « unknown;
2) a < a <@, a and & are positive known parameters.
Then, the dynamic feedback regulation system can be
described as

21 = —zow + av

22 = Z1w

6 = w (45)
d} = U1

0 = U3

where u; and us are the generalized force and generalized
torque, respectively.

In order to solve the dynamic feedback regulation prob-
lem for system (45), a new two-step technique[‘m was used
to design the controllers. The first step is to design u; such
that w remains a non-zero constant and then design ua to
make 21, z2 and v as small as desired in a limited time.
The second step is to design u; such that 8 and w converge
to zero as t goes to infinity, while us is designed to keep z1,
22 and v to have smaller variation.

Remark 1. Under the assumptions in [47], system (7)
can be converted into the following system by substituting
0 — 6o for 0 and using (42)

21 = —zow + av
»’%’2 = 2w (46)
0 = w

For (46), time-varying smooth regulation controllers were
proposed in [45]. The controllers are velocities of kinematic
systems. However, the design of generalized force and gen-
eralized torque is much more practical. So, the dynamic
feedback regulation problem was investigated in [47].
4.1.2 Dynamic feedback tracking control

For system (7), the dynamic feedback tracking control
problem was discussed in [48]. Taking the coordinate
transformation from (Zm, Ym, 0) to (1,2, x3), then letting
e =x; —xiad (1 =1,2,3), we have

é1 d(v — vq) + eaw + 24 (w — wq)
és | = —e1w — Z1d(w — wa) (47)
€3 W — Wwd

where v4, wq are the respective linear and angular velocities
of the desired WMR and x14, 24, T34 are the desired states.

It was assumed that the desired trajectory was generated
from a prerecorded set of images taken by the fixed camera
and

1) 6o known, oy = a2 = d unknown;

2) vq and wy are bounded, x14, 24, 34 and their deriva-
tives and the second derivative of x14 are bounded. There
exists a known positive number Vy such that |vq(t)] < Vg,

3) 14 - 0 as t — oo.

By choosing the feedback controller® as

D —kop —e3 + e2x1q4 — €1T24
w | = wa+p (48)
v —k161 — Vd sgn ex

and using the Barbalat theorem and Lyapunov technique,
we can make the states of the closed-loop system consisting
of (47) and (48) converge to zero as t goes to infinity if d
and vg are unknown.



138 ACTA AUTOMATICA SINICA

Vol. 37

4.2 Robust exponential regulation for uncertain
chained system of type (1,1) robot

As shown in Section 3, the uncertain chained system of
type (1,1) robot was described as (25). In order to solve
its stabilization problem!?, it was assumed that

1) 6o = 0 and 1 = 2 = & unknown;

2) For positive unknown visual parameter «, there exist
known positive numbers o and & such that a < a < a.

For (25), if zo(0) # 0, by using the strategy of state-
scaling

X1 i)

y1=%7 y2=;07 Y3 = T3 (49)
and then choosing the controller as
ug = —)\oa)o
{ ur = kiy1 + kay2 + ksys (50)

(25) can be rewritten as the following compact matrix form

Y =[A+B@®)Y (51)
where
200 —Xo 0
A = 0 )\0 —)\()Ot
ki ke k3
00 0
Bt)=]0 0 —Xzi(a—1)
0 0 0

By using Lemma 1 (see Section 4.3) and the Routh-
Hurwits stability criterion®, (51) can be exponentially
stabilized if k1, k2, ks satisfy the following group of inequal-
ities

Ao >0

ks +3X <0

3ks + aks +2X0 >0
2ks + 2aks + aky > 0

(kg + 3/\0)(3k3 + aks + 2/\0) <
A0(2k3 + 2aks + Oékl)

(52)

If 29(0) = 0, take uop = k (non-zero constant). Then,
Zo(t) = kt holds. zo(¢t) will be not zero after a time limit T’
(T > 0). Hence, system (51) can be stabilized exponentially
by switching to (50) and (52).

To sum up, choose Ao, k1, k2, ks such that (52) holds and
design the controller as (50). System (25) can be expo-
nentially stabilized ! by using state-scaling and switching
technology under the assumptions in this subsection.

4.3 Robust exponential regulation for uncertain
chained system of type (1,2) robot

The uncertain chained system of type (1,2) robot can
be described as (32). Our objective is to design ug, u1,
and uz to make (32) exponentially stabilizable under two
assumptions below.

Assumption 1. 0y = 0 and a1 = a2 = r unknown;

Assumption 2. For positive unknown visual parameter
r, there exist known positive 1 and rs such that

rr<r<r (53)

Under the Assumptions 1 and 2, (32) can be rewritten

as
j?o = Uo
1 = [rza+ (r—1) zs]uo
22 = w4 [(r—1) z1+ (1 —r)za]uo (54)
3 = [(1 —7r) z1 + raa]uo

Ta = uz+[(r—1) 2 + (r — Dxs]uo

In order to discuss the stabilization of system (54), we
need to introduce the following lemmas.
Lemma 1. Consider time-varying linear system!®” de-
fined by
= (A+ B())x (55)

where z € R" is the state vector. If A € R™*" is a Hurwitz
matrix, and for every element in B(t) € R™*", it satisfies
bij(t) — 0 (¢t — oo) exponentially (i,7 = 1,2,---). Then,
system (55) is exponentially stable.

Lemma 2. If A € R***, the characteristic polynomial
of matrix A is specified as follows

M= Al =2+ a1 X’ a2’ +ash+as (56)

A is a Hurwitz matrix®” if and only if a1 > 0, ag > 0, a4
> 0 and Az = ajaza3 — atas — agai > 0.

Remark 2. It is worth noting that Lemma 1 is a corol-
lary of the conclusion on [60]. Lemma 2 is a direct applica-

tion of the well known Routh-Hurwitz stability criterion®.

4.3.1 Controller design
Now, let us consider the controller design for (54).
Under the assumptions in this subsection, choose control
input
up = —AoZo

where )¢ is a positive parameter. We have

x'o = —)\oxo
o (t) = :Ijo(())e_>‘t7 t 2 0 (57)
where z0(0) is the initial value of ¢(t) when ¢t = 0.

If 20(0) = 0, take up = k (non zero constant). Then
xo(t) = kt. zo(t) will be not zero after a time limit 7.

If 20(0) # 0, then zo(¢) # 0 holds by (57). Let

T

o= —

o

= x
-5 (58)

ys = —

Zo

Ys = T4

‘We have
71 = Aoyr — rdoy2 + (1 — r)Xozoys
P2 = w1+ (1 —r)Xoxdyr + (r — 1) Xozoya

. (59)
¥s = (r—1)Xomoyr + Aoys — rAoya
P2 = uz + (1 =) Xozoyz2 + (1 — 7)) Xozdys
Take control inputs u1 and us as follows,
ur = ki1y1 + kaye + k3ys + kaya
U2 = p1Yy1 + p2y2 + P3ys + pays
and then substitute them into (59). We have
Y =[A+ B(t)]Y (60)
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where
)\o *T‘)\() 0 0
A— k1 ko k3 ka
B 0 0 )\0 —7”)\0

0 0 bis 0
_ b21 0 O _b13
BO=1 4. 0 o o

Y = [y1,y2,y3,54] T, bis = (1 — 7)Xowo, bar = (1 — r)Aoz?,

ki and p; (1 =1,2,3,4) are parameters to be designed.

Lemma 3. For system (60), choose ki, p; (1 =1,2,3,4)

and a, b, ¢, d to satisfy the following conditions

ki1 =aXo, ke=0bXl, ks=ki=0 (61)
p3 =cXo, Pa=dl, p1=p2=0

b<—1, d<-1, a> -2 >4 (62)
71 1

Then, A is a Hurwitz matrix, and system (60) is exponen-

tially stabilizable.

Proof. For system (60), denote the characteristic poly-
nomial of matrix A as (56). With the choice of (61) and

(62), it is obviously seen that

—b —b —d —d
a>—>—, ¢c>— >
T1 T T1 T

Denote
Q=ar+b>0, B=b+1<0
C=cr+d>0, D=d+1<0

Then, we have

a1 = —(b+d+2)Xo=—(B+ D)X >0

az = [(ar +b)+ (cr +d) + b+ 1)(d+ 1)]A§ =
[Q+C+BDJX3 >0

az = —[(ar +b)(d+ 1)+ (cr +d)(b+ DA =

—[QD + BCJA3 >0
as = [(ar +b)(cr + )M = QCA§ >0
A3z = [(B+D)(Q+ C+ BD)(QD + BC) —
(B+ D)?QC — (QD + BC)?|\§ =
BD[(Q — C)*+ QBD + B*C +
QD?+CBDI)\ >0

Hence, A is a Hurwitz matrix. Because b;;(t) in B(t)
converges to zero exponentially as t goes to infinity, system
(60) is exponentially stabilized by Lemma 1.

To sum up, we have the following main result.

Theorem 1. In view of the assumptions and lemmas

above, system (54) can be exponentially stabilized if the
controller is chosen as

ug = —)\01‘0
ur = kiy1 + k2y2 + k3ys + kaya (63)
U2 = p1y1 + p2y2 + P3y3 + pays
where Ao > 0, k; and p; (i = 1,2, 3,4) satisfy (61) and (62)
respectively.

Proof. If 20(0) # 0, by the arguments above and
Lemma 3, zo and y1, Y2, y3, Y4 converge to zero expo-
nentially as ¢ goes to infinity for system (60). (58) can be

used to deduce that x1, x2, 3, x4 converge to zero expo-
nentially too as ¢ goes to infinity. Then, system (54) can
be stabilized exponentially.

If 29(0) = 0, take uo = k (nonzero constant), then xo(t)
= kt. It is obvious that xo(¢) will be not zero after a time
limit 7". Hence, switch to (63), (61) and (62). System (54)
can be stabilized finally.

Therefore, system (54) can be exponentially stabilized
by using state-scaling and switching strategies. O

4.3.2 Simulation

The simulations are conducted for systems (29) and (54).

For system (54), let the initial value is [z0(0), z1(0),
x2(0), x3(0), x4(0)] = [0.7854rad, —0.8247cm, —0.5cm,
0.5498 cm, 0.6 cm]. Because z0(0) = 0.7854 # 0, so xo =
xo(t) # 0 due to formula (57). Take state transformation
(58) and choose control input u; (¢ = 0,1,2) as (63). k;
and p; (1 = 1,2,3,4) satisfy (61) and (62) with parameters
/\0:1,]{2125,l€2:—2,])3:67])4:—3,’/’1:17’1“2:37
r = 1.5. Then, the trajectories of states x; (i = 0,1,2,3,4)
are obtained. They are shown in Figs. 3 and 4 below. The
trajectories of control inputs w; (i = 0, 1, 2) can also be
obtained which are shown in Fig. 5.

For system (29), the trajectories of T, Ym, 0, B1, and B2
with respect to time are obtained by using (30), (31) and
the results or method above. They are shown in Figs. 6 ~ 8
respectively. Simulation results illustrate that all trajecto-
ries converge to the origin smoothly and rapidly in a short
time. This demonstrate the effectiveness of the proposed
control strategy and robust exponential stabilization.

1

0
---X,
“““““ X,
051 E 2
/‘:;‘ """"""""
or /i TeesEmE T e e
S TETTTETTTTN
=1 1
e
B3 /!
W -0.5 Il
°Y B
=

0 1 2 3 4 5 6 7 8 9 10
Time /s
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Fig.4 The trajectories of state 3 and x4 with respect to time
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5 Conclusions and future work

In this paper, we provide a summary of recent develop-
ment of the robust stabilizing problems with uncertainties.
It consists of the various uncertain chained models, control
methodologies, and results proposed over past ten years.
Based on the visual feedback, we obtain a few new ex-
citing uncertain chained models by using the state and in-
put transformations for nonholonomic kinematic systems of
four types of NWMR, a car towing a single trailer and tow-
ing n trailers. Then, several new general uncertain chained

0.8

0.6

0.4

B, B,/rad

0.2

-0.2

~0.4 PR 1 L 1 L
0 4 5 6 7 8 9 10

Time /s
Fig.8 The trajectories of 3; and B> with respect to time

models are proposed in addition. Novel time-varying con-
trollers are presented to stabilize the uncertain chained sys-
tems by exploiting a kind of new two-step technique or us-
ing switching technology for type (2,0), type (1,1), and
type (1,2) robots. Simulation results demonstrate the ef-
fectiveness of the proposed control strategy and robust ex-
ponential stabilization for type (1,2) robot.

As presented in Section 3, it is obviously seen that there
are a lot of uncertain chained systems in practice. They do
not satisfy the triangularity conditions. For type (1,1) and
type (1,2) robots, the stabilization problems in Section 4
are only discussed in particular case. As for other cases such
as 0o # 0 and a1 # a2 unknown, they will be discussed in
the future. The stabilizing problems of systems (38) ~ (41)
are still open.
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