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Abstract This paper deals with the problem of designing ro-

bust H∞ fault detection filter (FDF) for linear discrete time-

varying systems with multiple measurement packet dropouts.

By using an observer-based robust H∞-FDF as a residual gen-

erator, the design of FDF is formulated in the framework of H∞

filtering for a class of stochastic time-varying systems. A suf-

ficient and necessary condition for the existence of the FDF is

derived in terms of a Riccati equation. The determination of

the parameter matrices of the filter is converted into a quadratic

optimization problem, and the explicit solutions of the parame-

ter matrices are obtained by solving the Riccati equation. Nu-

merical examples are given to illustrate the effectiveness of the

proposed method.
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L�O FDF, ��í���æ&Ò��� L2 �êp�O���[1−4].Ó�, DÑL§¥�êâ�¿�y�´õ«¢SXÚ�­�AÆ, X�ä��XÚ!.5¥(|Ü�ÊXÚ!��Daì�äXÚ�. �XéXÚ��5�S�5���ØäJp, XÚÿþêâ�¿��¹e��æuÿ¯K8
®²¤Ǒ��.�ïÄ9:ÚJ:, ¿�®��Nõ¤J. ~X, ©z [5−6] ©OïÄ
�Åêâ�¿��¹eäk PolytopicØ(½5� LTI XÚÚ T-S �
XÚ��æuÿ¯K, ©z
[7] �é LTI XÚÿþ¿�VÇØ(½���æuÿ¯K�Ñ
(Ø,©z [8] &?
Ó�äk�Å�¢Úêâ�¿��
LTIXÚ��æuÿ¯K, ©z [9] ò�a��Ä��Ñ\KǑ��ä��XÚ�æ�ä¯K=zǑ�aMarkov a�XÚ��æuÿ¯K\±)û, ©z [10] �O
äkõÚêâ�¿�� LTI XÚ� FDF, ©z [11−12] ©O|^�d�m�{Ú*ÿì�{)û
�aêâ�¿�äkMarkov a�A5� LTI XÚ��æuÿ¯K. �´, þã©z�(J=�Ñ
d�5Ý
Ø�ª (Linear matrix inequality, LMI)£ã� H∞-FDF �3�¿©^�, Ù(ØØU��A^u�5�C (Linear time-varying, LTV) XÚ.,��¡, C
5é LTVXÚ�æuÿ¯K�ïÄF�É�­À.~X,©z [13] ïÄ
±ÏXÚ FDF��O¯K,©z [14] �é�5lÑ�C (Linear discrete time-varying,

LDTV) XÚ�O
°� H∞-FDF, ©z [15] $^�d�m�{ïÄ
�aMarkov a�XÚ��æuÿ¯K, ©z
[16] �é�5ëY�CXÚ�Ñ
 H∞/H−!H∞/H2 ±9
H∞/H∞ �Ie�Ú�), ©z [17] Äug·A*ÿì�O
LTV XÚ� FDF. ,
þã©zþ��Äÿþêâ�¿��KǑ, Ïdÿþêâ�¿��¹e LTV XÚ��æuÿ¯Kÿ�?�ÚïÄ.�©òïÄ�3õÚ�Åÿþêâ�¿��¹e LDTVXÚ� FDF �O¯K, æ^Äu*ÿì�°� H∞-FDF �Ǒí��)ì, ò FDF ��O¯K=zǑ�a�Å�CXÚ�H∞ ÈÅ¯K. �©�M#:3u, Äu Riccati �§í�¿y²
 H∞-FDF �3�¿©7�^�, ¿ÏL�)d
Riccati �§, �� FDF ëêÝ
�wª). �~�y
�{�k�5.

1 ¯K£ã�ÄXe LDTV XÚ
{

xxx(k + 1) = A(k)xxx(k) +Bf (k)fff(k) +Bd(k)ddd(k)

yyy(k) = C(k)xxx(k) +Df (k)fff(k) +Dd(k)ddd(k)
(1)Ù¥, xxx(k) ∈ Rn, yyy(k) ∈ Rq , ddd(k) ∈ Rp, fff(k) ∈ Rr©OǑXÚG�!XÚÿþÑÑ!��Ñ\Ú�æ&Ò;

fff(k) ∈ l2[0, N ], ddd(k) ∈ l2[0, N ], =∑N

k=0 fff
T(k)fff(k) < ∞,

∑N

k=0 ddd
T(k)ddd(k) < ∞, N Ǒ®�~ê. A(k),Bf (k), Bd(k),

C(k), Df (k) Ú Dd(k) Ǒ·��ê�®��CÝ
. Ø���5, b� C(k) 1÷�. eXÚ�3ÿþÑÑêâ�¿�,K¢S���ÿþ&Ò ψψψ(k) ∈ Rq Ǒ
ψψψ(k) = θ(k)yyy(k) + (1 − θ(k))ψψψ(k − 1) (2)Ù¥, θ(k) ǑÕáÓ©Ù� Bernoulli �ÅCþ, �

{

Prob{θ(k) = 1} = E{θ(k)} = ρ

Prob{θ(k) = 0} = 1 − E{θ(k)} = 1 − ρ
(3)
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ρ ∈ (0, 1] Ǒ�®�þ, Prob{·} L«�ÅCþVÇ, E{·} ǑêÆÏ".- α(k) = θ(k) − ρ, dª (3) �, α(k) äkXeÚOAÆ
{

E{α(k)} = 0

E{α2(k)} = ρ− ρ2 = ǫ
(4)Ú\O2�þ ξξξ(k) = [xxxT(k) ψψψT(k− 1)]T, Kdª (1) Ú (2)�























ξξξ(k + 1) = (A1(k) + α(k)Aα(k))ξξξ(k) + (Bf1(k) +

α(k)Bfα(k))fff(k) + (Bd1(k) + α(k)Bdα(k))ddd(k)

ψψψ(k) = (C1(k) + α(k)Cα(k))ξξξ(k) + (Df1(k) +

α(k)Dfα(k))fff(k) + (Dd1(k) + α(k)Ddα(k))ddd(k)

(5)Ù¥
A1(k) =

[

A(k) 0

ρC(k) (1 − ρ)Iq

]

Bf1(k) =

[

Bf (k)

ρDf (k)

]

, Bd1(k) =

[

Bd(k)

ρDd(k)

]

C1(k) =
[

ρC(k) (1 − ρ)Iq

]

Df1(k) = ρDf (k), Dd1(k) = ρDd(k)

Aα(k) =

[

0 0

C(k) −Iq

]

Bfα(k) =

[

0

Df (k)

]

, Bdα(k) =

[

0

Dd(k)

]

Cα(k) =
[

C(k) −Iq

]

Dfα(k) = Df (k), Ddα(k) = Dd(k)í��)´ FDI XÚ�O�Ì�?Ö��, �©�ÄXeÄu*ÿì� FDF �Ǒí��)ì:

{

ξ̂ξξ(k + 1) = A1(k)ξ̂ξξ(k) + L(k)(ψψψ(k) − C1(k)ξ̂ξξ(k))

rrr(k) = V (k)(ψψψ(k) − C1(k)ξ̂ξξ(k))
(6)Ù¥, rrr(k) ∈ Rr Ǒí�, *ÿìO�Ý
 L(k) Ú\�Ý


V (k) Ǒ��Oëê.-
eee(k) = ξξξ(k) − ξ̂ξξ(k), ηηη(k) = [ξξξT(k) eeeT(k)]T

rrre(k) = rrr(k) − fff(k), www(k) = [fffT(k) dddT(k)]TKdª (5) Ú (6) �






















ηηη(k + 1) = (Aη(k) + α(k)Aηα(k))ηηη(k) +

(Bη(k) + α(k)Bηα(k))www(k)

rrre(k) = (Cη(k) + α(k)Cηα(k))ηηη(k) +

(Dη(k) + α(k)Dηα(k))www(k)

(7)

Ù¥
Aη(k) =

[

A1(k) 0

0 A1(k) − L(k)C1(k)

]

Aηα(k) =

[

Aα(k) 0

Aα(k) − L(k)Cα(k) 0

]

Bη(k) =

[

Bf1(k) Bd1(k)

B11(k) B12(k)

]

Bηα(k) =

[

Bfα(k) Bdα(k)

Bα1(k) Bα2(k)

]

Cη(k) =
[

0 V (k)C1(k)
]

Cηα(k) =
[

V (k)Cα(k) 0
]

Dη(k) =
[

V (k)Df1(k) − I V (k)Dd1(k)
]

Dηα(k) =
[

V (k)Dfα(k) V (k)Ddα(k)
]

B11(k) = Bf1(k) − L(k)Df1(k)

B12(k) = Bd1(k) − L(k)Dd1(k)

Bα1(k) = Bfα(k) − L(k)Dfα(k)

Bα2(k) = Bdα(k) − L(k)Ddα(k)5¿�XÚ (7) ´�¹�ÅCþ α(k) ��CXÚ, Ǒ©ÛXÚ (7) �5U, Äk�ÑXe½Â.½Â 1[18]. � www(k) ≡ 0 �, e�3~ê c > 0 Ú
q ∈ (0, 1), ��é?¿��©G� ηηη(0), k E{‖ηηη(k)‖2} ≤

cqk‖ηηη(0)‖2 ¤á, K¡XÚ (7) Ǒþ��ê­½, Ù¥ ‖ · ‖Ǒ�þ� Euclidean �ê.�©�Ì�8�´�O/Xª (6) � FDF, ��XÚ
(7) þ��ê­½�í���æ����U�. Ø���5,A^ ‖rrre(k)‖2,E L«í���æ�����, ¿ò�Å¿Âe H∞-FDF ��O¯K8(Ǒ: �½Iþ γ > 0, �OëêÝ
 L(k)!V (k), �XÚ (7) þ��ê­½, �÷vXe5U�I

sup
‖www(k)‖2 6=0

‖rrre(k)‖
2
2,E

ηηηT(0)Sηηη(0) + ‖www(k)‖2
2

< γ2 (8)Ù¥, S > 0 Ǒ�©G�\�Ý
,

‖www(k)‖2
2 =

N
∑

k=0

wwwT(k)www(k)

‖rrre(k)‖
2
2,E = E

{

N
∑

k=0

rrrTe (k)rrre(k)
}5º 1. d Bernoulli �ÅCþ£ã�äkêâ�¿�A5�XÚ�©Ǒüa: Ù�´/Xª (2) �äkõÚÿþêâ�¿���/, �XÚ (1) �ëêÝ
Ǒ~ê�, þã

FDF �O¯K=Ǒ©z [10] ¤ïÄ�¯K; Ù�´X©z
[5−7] �Ñ�üÚÿþêâ�¿���¹. �©Ì�ïÄäkõÚÿþêâ�¿��¹e LDTV XÚ� FDF �O¯K, ¤J�{Ǒ�A^��3üÚÿþêâ�¿�� LDTVXÚ¥.
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2 H

∞
H
∞H
∞

-FDF�O
2.1 H∞H∞H∞5U©Û��!©ÛXÚ (7) �þ��ê­½5Ú H∞ 5U, ��H∞-FDF �3�¿©7�^�. Äk�ÑXeÚn.Ún 1. éXÚ (7), ��=��3 P (·) > 0, ��XeØ�ª¤á
AT

η (k)P (k+1)Aη(k)+ ǫAT
ηα(k)P (k+1)Aηα(k) − P (k)< 0

(9)XÚ (7) þ��ê­½.y². �N¹. �ÄuÚn 1 �Ñ�XÚþ��ê­½�¿©7�^�,��Xe½n.½n 1. éXÚ (7), �½ γ > 0, b� ηηη(0) = 0, ��=��3Ý
 P (k) > 0 Ú�~ê β, ��e��§¤á






















P (k) = AT
η (k)P (k + 1)Aη(k)+CT

η (k)Cη(k) +

KT(k)Θ−1(k)K(k)+ǫCT
ηα(k)Cηα(k) +

ǫAT
ηα(k)P (k + 1)Aηα(k) + βI

P (N + 1) = SN+1

(10)Ù¥
K(k) = (AT

η (k)P (k + 1)Bη(k) + ǫAT
ηα(k)P (k)Bηα +

CT
η (k)Dη(k) + ǫCT

ηα(k)Dηα(k))T

Θ(k) = γ2I −BT
η (k)P (k + 1)Bη(k) − ǫDT

ηα(k)Dηα(k) −

ǫBT
ηα(k)P (k + 1)Bηα(k) −DT

η (k)Dη(k) > 0XÚ (7) þ��ê­½, �÷vXe H∞ 5U�I
sup

‖www(k)‖2 6=0

‖rrre(k)‖
2
2,E + E{ηηηT(N + 1)SN+1ηηη(N + 1)}

‖www(k)‖2
2

< γ2

(11)y². Äky²¿©5. éXÚ (7) À�Xe Lyapunov¼ê
V(ηηη(k), k) = ηηηT(k)P (k)ηηη(k), P (k) > 0 (12)� Fk Ǒd ηηη(i), i = 0, · · · , k �)� Borel-σ �, Kdª (4),

(7) Ú (12) �
E{∆V} = E{V(k + 1)|Fk} − V(k) =

ηηηT(k)AT
η (k)P (k + 1)Aη(k)ηηη(k) +

ηηηT(k)AT
η (k)P (k + 1)Bη(k)www(k) +

ǫηηηT(k)AT
ηα(k)P (k + 1)Aηα(k)ηηη(k) +

ǫηηηT(k)AT
ηα(k)P (k + 1)Bηα(k)www(k) +

wwwT(k)BT
η (k)P (k + 1)Aη(k)ηηη(k) +

wwwT(k)BT
η (k)P (k + 1)Bη(k)www(k) +

ǫwwwT(k)BT
ηα(k)P (k + 1)Aηα(k)ηηη(k) +

ǫwwwT(k)BT
ηα(k)P (k + 1)Bηα(k)www(k) −

ηηηT(k)P (k)ηηη(k)dª (7) ¥ re(k) L�ª, kXeð�'X¤á:

E{∆V} = E{∆V}−−E{rrrTe (k)rrre(k)} + E{rrrTe (k)rrre(k)} −

E{γ2wwwT(k)www(k)}+E{γ2wwwT(k)www(k)} =

ηηηT(k)Π11(k)ηηη(k)+www
T(k)Π21(k)ηηη(k) +

E{γ2wwwT(k)www(k)}+ηηηT(k)Π12(k)www(k) −

E{rrrTe (k)rrre(k)}−www
T(k)(−Π22(k))www(k) (13)Ù¥

Π11(k)=A
T
η (k)P (k+1)Aη(k) + ǫAT

ηα(k)P (k+1)Aηα(k) −

P (k) + CT
η (k)Cη(k) + ǫCT

ηα(k)Cηα(k)

Π12(k)=A
T
η (k)P (k+1)Bη(k) + ǫAT

ηα(k)P (k+1)Bηα(k) +

CT
η (k)Dη(k) + ǫCT

ηα(k)Dηα(k)

Π22(k)=B
T
η (k)P (k+1)Bη(k) + ǫBT

ηα(k)P (k+1)Bηα(k) −

γ2I +DT
η (k)Dη(k) + ǫDT

ηα(k)Dηα(k)

Π21(k)=ΠT
12(k)Äuª (13), 3"�©^�e, é E{∆V} l 0 �Ǒ� N �Ǒ�Ú, ����

E

{

N
∑

k=0

∆V

}

= E{ηT(N + 1)P (N + 1)η(N + 1)} −

ηηηT(0)P (0)ηηη(0) =

−E
{ N

∑

k=0

(www(k)−µµµ(k))TΘ(k)(www(k)−µµµ(k))
}

+

E
{

ηηηT(k)R(P (k))ηηη(k)
}

+

E
{ N

∑

k=0

γ2wwwT(k)www(k) − rrrTe (k)rrre(k)
}

(14)

Ù¥
Θ(k) = −Π22(k)

µµµ(k) = Θ−1(k)Π21(k)ηηη(k)

R(P (k)) = Π11(k) + Π12(k)Θ
−1(k)Π21(k)

1) ­½5©Û, - www(k) = 000, KdÚn 1 �, Ǒ��XÚ (7) þ��ê­½, ��=��3 P (·) ��ª (9) ¤á.w,é÷vª (10) � P (·) Ú β > 0, 7kª (9) ¤á, ÷v­½5^�.

2) H∞ 5U©Û, ½Â
J1N = E

{

N
∑

k=0

rrrTe (k)rrre(k) − γ2
N

∑

k=0

wwwT(k)www(k)
}

+

E
{

ηηηT(N + 1)SN+1ηηη(N + 1)
}KÄu"�©^�, éª (14) £���

J1N = − E
{

N
∑

k=0

(www(k) − µµµ(k))TΘ(k)(www(k) − µµµ(k))
}

+

E
{

ηηηT(N+1)(SN+1 − P (N + 1))ηηη(N + 1)
}

+

E
{

ηηηT(k)R(P (k))ηηη(k) + γ2ηηηT(0)P (0)ηηη(0)
}

≤

− E
{

N
∑

k=0

(www(k) − µµµ(k))TΘ(k)(www(k) − µµµ(k))
}

+

E
{

ηηηT(N + 1)(SN+1 − P (N + 1))ηηη(N + 1)
}

+
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E
{

ηηηT(k)(R(P (k)) + βI)ηηη(k) + γ2ηηηT(0)P (0)ηηη(0)
}

(15)dª (15) �±wÑ, e R(P (k)) + βI = 0, =�3 P (k)��ª (10) ¤á�÷v Θ(k) > 0 �, 3"�©^�e7k
J1N < 0 ¤á, l
H∞ 5U�I (11) ¤á. ¿©5�y.�e5y²½n�7�5. aqu©z [19−20], æ^�y{. b�é k ∈ [0, N ], Ø�3 P (k) ��ª (10) ¤á, Ǒ=d�� P (k + 1) = SN+1, �) Riccati �§ (10) (Ù¥ k

= N , N − 1, · · · ) �, �3�Ǒ k = k0, ��Ý
 Θ(k) ��½. �ÄXen«�¹:

1) Θ(k0) äk “0” AÆ�, ÙéA�AÆ�þPǑ
λλλ(k0). -











ηηη(0) = 0,www(k) = 0, k < k0

www(k) = λλλ(k0), k = k0

www(k) = µµµ(k), k > k0Kdª (15) ��, J1N = 0, � J1N < 0 gñ.

2) Θ(k0) äkKAÆ�. P λλλ(k0) Ǒ Θ(k0) �KAÆ�
“δ” éA�AÆ�þ. -

{

www(k) = µµµ(k), k 6= k0

www(k) = µµµ(k0) +λλλ(k0), k = k0Kdª (15) � J1N = −δλλλT(k0)λλλ(k0) > 0, � J1N < 0 gñ.

3) Θ(k0) äkEêAÆ�. P λλλ(k0) Ǒ Θ(k0) �EêAÆ� “a+ bi” éA�AÆ�þ. -
{

www(k) = µµµ(k), k 6= k0

www(k) = µµµ(k0) +λλλ(k0), k = k0Kdª (15) � J1N = −(a + bi)λλλT(k0)λλλ(k0), J1N �¿Â,�b�gñ. 7�5�y. �5º 2. dþã©Û��, ½n 1 í�Ñ�� (Back-

ward) Riccati �§ (10), ��XÚ (7) þ��ê­½, ���ª��'�H∞ 5U�I (11) ¤á. ½n 1 �±w�´©z [21] ¥½n 2.5 3k��m�e�í2. e¡òÏL�Eª (7) ���XÚ, �Ñ
� (Forward) Riccati �§, ���XÚ���'�H∞ 5U�I (8) ¤á, o(ǑXe�½n 2.½n 2. éXÚ (7), �½ γ > 0, ��=��3Ý

Q(k) > 0 Ú�~ê β, ��e��§¤á






















Q(k + 1) = Aη(k)Q(k)AT
η (k) + ǫBηα(k)BT

ηα(k) +

Bη(k)BT
η (k) +M(k)Ξ−1(k)MT(k) +

ǫAηα(k)Q(k)AT
ηα(k) + βI

Q(0) = S−1

(16)Ù¥
M(k) = (Cη(k)Q(k)AT

η (k) + ǫCηα(k)Q(k)AT
ηα(k) +

Dη(k)BT
η (k) + ǫDηα(k)BT

ηα(k))T

Ξ(k) = γ2I−Cη(k)Q(k)CT
η (k)−ǫCηα(k)Q(k)CT

ηα(k) −

Dη(k)DT
η (k) − ǫDηα(k)DT

ηα(k) > 0

XÚ (7) þ��ê­½, �kH∞ 5U�I (8) ¤á.y². dª (7) �
rrre(k) =























































(Cη(k) + α(k)Cηα(k))Φ(k, 0)ηηη(0) +

(Dη(k) + α(k)Dηα(k))www(k) +

(Cη(k) + α(k)Cηα(k))
k−1
∑

j=0

Φ(k, j + 1) ×

(Bη(j) + α(k)Bηα(j))www(j), 0 < k ≤ N

(Cη(0) + α(0)Cηα(0))ηηη(0) +

(Dη(0) + α(0)Dηα(0))www(0), k = 0

(17)Ù¥, Φ(k, j) Ǒ÷vXe'X�G�=£Ý

Φ(k, j) =



























(Aη(k − 1) + α(k − 1)Aηα(k − 1)) × · · ·×

(Aη(j + 1) + α(j + 1)Aηα(j + 1)) ×

(Aη(j) + α(j)Aηα(j)), 0 < j < k

I, k = jÄuª (17), ½Â G Ǒ (ηηη(0),www(k)) � rrre(k) ��5N��f. ½ÂSÈ
〈(ηηη1(0),www1(k)), (ηηη2(0),www2(k))〉 =

E{ηηηT
1 (0)Sηηη2(0)} + 〈www1(k),www2(k)〉

〈www1(k),www2(k)〉 = E{
N

∑

k=0

wwwT
1 (k)www2(k)},� G∼ Ǒ G ����f, ¿P

G∼rrre(k) = [ ηηηT
a (0) wwwT

a (k) ]T. �f G∼, G ÷vXe'X
〈G(ηηη(0),www(k)), rrre(k)〉 = 〈(ηηη(0),www(k)),G∼rrre(k)〉éwww(k), rrre(k), A^þãSÈ'X

〈G(ηηη(0),www(k)), rrre(k)〉 = 〈(ηηη(0),www(k)),G∼rrre(k)〉 =

E{ηηηT(0)Sηηηa(0)} + E{

N
∑

k=0

wwwT(k)wwwa(k)}K���
N

∑

k=0

E
{

rrrTe (k)[(Cη(k) + α(k)Cηα(k))Φ(k, 0)ηηη(0) +

(Cη(k) + α(k)Cηα(k)) ×

k−1
∑

j=0

Φ(k, j + 1) ×

(Bη(j) + α(j)Bηα(j))www(j) +

(Dη(k) + α(k)Dηα(k))www(k)]
}

=

E
{

ηηηT(0)Sηηηa(0)
}

+ E
{

N
∑

k=0

wwwT(k)wwwa(k)
}l
k

ηηηa(0) = S−1
N

∑

j=0

ΦT(j, 0)(Cη(j) + α(j)Cηα(j))Trrre(j)
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wwwa(k) = (Bη(k) + α(k)Bηα(k))T

N
∑

j=k+1

ΦT(j, k + 1) ×

(Cη(j) + α(j)Cηα(j))Trrre(j) +

(Dη(k) + α(k)Dηα(k))Trrre(k)½Â
λλλa(k) =

N
∑

j=k+1

ΦT(j, k + 1)(Cη(j) + α(j)Cηα(j))Trrre(j)K G∼ �G��mL�ªXe






















λλλa(k − 1) = (AT
η (k) + α(k)AT

ηα(k))λλλa(k) +

(CT
η (k) + α(k)CT

ηα(k))rrre(k)

wwwa(k) = (BT
η (k) + α(k)BT

ηα(k))λλλa(k) +

(DT
η (k) + α(k)DT

ηα(k))rrre(k)

(18)éª (18), ½Â
JaN = E{

N
∑

k=0

wwwT
a (k)wwwa(k) − γ2

N
∑

k=0

rrrTe (k)rrre(k) +

λλλT
a (−1)S−1λλλa(−1)}- k̄ = N − k, Kª (18) zǑXe/ª























λ̄λλa(k̄ + 1) = (ĀT
η (k̄) + α(k̄)ĀT

ηα(k̄))λ̄λλa(k̄) +

(C̄T
η (k̄) + α(k̄)C̄T

ηα(k̄))r̄rre(k̄)

w̄wwa(k̄) = (B̄T
η (k̄) + α(k̄)B̄T

ηα(k̄))λ̄λλa(k̄) +

(D̄T
η (k̄) + α(k̄)D̄T

ηα(k̄))r̄rre(k̄)

(19)Ù¥
Āη(k̄) = Aη(N − k̄), Āηα(k̄) = Aηα(N − k̄)

B̄η(k̄) = Bη(N − k̄), B̄ηα(k̄) = Bηα(N − k̄)

C̄η(k̄) = Cη(N − k̄), C̄ηα(k̄) = Cηα(N − k̄)

D̄η(k̄) = Dη(N − k̄), D̄ηα(k̄) = Dηα(N − k̄)

λ̄λλa(k̄) = λλλa(N − k̄), r̄rre(k̄) = rrre(N − k̄)

w̄wwa(k̄) = wwwa(N − k̄)|^ª (19) ��
JaN = E{

N
∑

k̄=0

w̄wwT
a (k̄)w̄wwa(k̄) − γ2

N
∑

k̄=0

r̄rrTe (k̄)r̄rre(k̄) +

λ̄λλ
T
a (N + 1)S−1λ̄λλa(N + 1)}?
�â½n 1, ��=��3é¡Ý
 P (k̄) > 0, ÷vXe�§























P (k̄) = Āη(k̄)P (k̄ + 1)ĀT
η (k̄) + B̄η(k̄)B̄T

η (k̄) +

F (k̄)Θ̄−1(k̄)FT(k̄) + ǫB̄ηα(k̄)B̄T
ηα(k̄) +

ǫĀηα(k̄)P (k̄ + 1)ĀT
ηα(k̄) + βI

P (N + 1) = S−1

(20)Ù¥
F (k̄) = (C̄η(k̄)P (k̄+1)ĀT

η (k̄) + ǫC̄ηα(k̄)P (k̄+1)ĀT
ηα(k̄) +

D̄η(k̄)B̄T
η (k̄) + ǫD̄T

ηα(k̄)B̄T
ηα(k̄))T

Θ̄(k̄) = − C̄η(k̄)P (k̄+1)C̄T
η (k̄)−ǫC̄ηα(k̄)P (k̄+1)C̄T

ηα(k̄) −

D̄η(k̄)D̄T
η (k̄) − ǫD̄T

ηα(k̄)D̄T
ηα(k̄) + γ2I > 0ke�H∞ 5U�I¤á

sup
‖r̄rre(k̄)‖2 6=0

‖w̄wwa(k̄)‖2
2,E + E{λ̄λλ

T
(N + 1)SN+1λ̄λλ(N+ 1)}

‖r̄rre(k̄)‖2
2,E

< γ2

(21)-Q(k) = P (N +1−k),(Üª (19), Kª (20) zǑª (16)/ª.du G, G∼ þǑ�êk.�5�f, �ª (8) Ú (21) ©OǑ G, G∼ ��f�ê, l
d©z [22] ½n 3.9−2 ��,

G, G∼ ��f�ê��, =�ª (21) ¤á�, 7kª (8) ¤á. �5º 3.e=�ÄH∞ 5U, d©z [20] ½n 7.2 �, �XÚ (1) �ëêÝ
Ǒ~ê�, LDTV XÚ (1) Ú (7) òzǑ LTI XÚ, �A�½n 1 ¥��CÝ
 P (k) zǑ~êÝ
 P , 4í Riccati �§zǑ~ê Riccati �§, � β = 0. d©z [5, 7, 10] �, Äu LMI £ã� H∞ �I (8) ¤á�¿©^�Ǒ: �3 P > 0, ��XeØ�ª¤á
{

Θ = Θ(k)|P (k)=P > 0

R(P ) = R(P (k))|P (k)=P < 0d J1N ½ÂªÚª (15) �, �N → ∞�, kXe'X¤á:

E
{

∞
∑

k=0

rrrTe (k)rrre(k)
}

=

− E
{

∞
∑

k=0

(www(k) −µµµ(k))TΘ(www(k) −µµµ(k))
}

+

E
{

ηηηT(k)R(P )ηηη(k)
}

+ γ2
∞

∑

k=0

wwwT(k)www(k) −

E
{

ηηηT(∞)Pηηη(∞)
}Ké γ1|R(P )=0, γ2|R(P )<0, dþã'X�

(γ2
1 − γ2

2)
∞

∑

k=0

wwwT(k)www(k) +̟ = 0, ̟ > 0l
 γ1|R(P )=0 < γ2|R(P )<0, =d½n 1 Ú½n 2 Äu
Riccati �§��� FDF �3�¿©7�^�, ���XÚ
(7) äk���H∞ 5U.5º 4. ½n 2 Äu���f�Ñ
XÚ (7) þ��ê­½¿÷v H∞ 5U�I (8) �¿©7�^�, d(ØØ=�±w�´©z [23] ¥Ún 3.2 3�ÅëêXÚ (7) ¥�í2, Ǒ�±w�´ò©z [24] ¥½n 3.1 �(Ød�ÅØ(½5=�^uXÚÝ
��¹, *��¤këêÝ
þÉ�ÅØ(½5KǑ��/, Ó��Ä
XÚ�þ��ê­½5.

2.2 ëêÝ
 L(k)L(k)L(k), V (k)V (k)V (k)�O�!òÄu½n 2 �Ñ� H∞-FDF �3�¿©7�^�, òëêÝ
 L(k), V (k) ���=zǑ�g.`z¯K,=ÏL�) Riccati �§, �� L(k), V (k), �� Ξ(k) é��U�� γ ÷v�½5�^�, l
`z5U�I (8). -
Q(k) =

[

Q11(k) Q12(k)

Q21(k) Q22(k)

]
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Ξ(k) = γ2I − V (k)C1(k)Q22(k)C

T
1 (k)V T(k) −

ǫV (k)Cα(k)Q11(k)C
T
α (k)V T(k) −

(V (k)Df1(k) − I)(V (k)Df1(k) − I)T −

V (k)Dd1(k)D
T
d1(k)V

T(k) −

ǫV (k)Dfα(k)DT
fα(k)V T(k) −

ǫV (k)Ddα(k)DT
dα(k)V T(k) (22)5¿� Ξ(k) Ǒ V (k) ��g.¼ê, K V (k) ��`�

Vopt(k) �½ÂǑ: 3�Ǒ k, �½ Q(k), é?¿·��ê�"��þ vvv(k) kXe'X¤á:

vvvT(k)Ξ(Vopt(k), k)vvv(k) ≥ vvvT(k)Ξ(V (k), k)vvv(k)Ǒ�� Vopt(k), -
∂vvvT(k)Ξ(V (k), k)vvv(k)

∂(V T(k)vvv(k))
= 0��

0 = − vvvT(k)V (k)(C1(k)Q22(k)C
T
1 (k) +

ǫCα(k)Q11(k)C
T
α (k) + ǫDfα(k)DT

fα(k) +

Df1(k)D
T
f1(k) +Dd1(k)D

T
d1(k) +

ǫDdα(k)DT
dα(k)) + vvvT(k)DT

f1(k) (23)?�Úd C(k) 1÷�, ��
∂2vvvT(k)Ξ(V (k), k)vvv(k)

∂(V T(k)vvv(k))2
=

− (C1(k)Q22(k)C
T
1 (k) + ǫDdα(k)DT

dα(k)+

ǫCα(k)Q11(k)C
T
α (k) + ǫDfα(k)DT

fα(k) +

Df1(k)Df1(k)
T +Dd1(k)D

T
d1(k)) < 0l


Vopt(k) = DT
f1(k)(C1(k)Q22(k)C

T
1 (k) +

ǫDdα(k)DT
dα(k) + ǫDfα(k)DT

fα(k) +

ǫCα(k)Q11(k)C
T
α (k) +

Df1(k)D
T
f1(k) +Dd1(k)D

T
d1(k))

−1 (24)òª (24) �\ª (22), �
Ξ(k) = (γ2 − 1)I +Df1(k)(C1(k)Q22(k)C

T
1 (k) +

ǫCα(k)Q11(k)C
T
α (k) + ǫDfα(k)DT

fα(k) +

Df1(k)D
T
f1(k) +Dd1(k)D

T
d1(k) +

ǫDdα(k)DT
dα(k))−1DT

f1 (25)
� V (k) = I �, =ØÚ\ëêÝ
 V (k) �, k
Ξ(k) = γ2I − C1(k)Q22(k)C

T
1 (k) −

ǫCα(k)Q11(k)C
T
α (k) −Dd1(k)D

T
d1(k) −

ǫDfα(k)DT
fα(k) − ǫDdα(k)DT

dα(k) −

(Df1(k) − I)(Df1(k) − I)T (26)

'�ª (25) Ú (26), ÏLÚ\ëêÝ
 V (k), O\
�O�gdÝ, l
é�½� γ, ª (25) ��ª (26) E�±�y
Θ(k) �½, ~�
�O��Å5, �� rrre(k)éwww(k) k���³��J.qdª (7) Ú (16) �, Q11 � L(k) �', 
é Q22 kXe'X¤á:

Q22(k + 1) = (A1(k) − L(k)C1(k))Q22(k)(A1(k) −

L(k)C1(k))
T+ ǫ(Aα(k)−L(k)Cα(k))Q11(k)(Aα(k) −

L(k)Cα(k))T + (Bf1(k) − L(k)Df1(k))(Bf1(k) −

L(k)Df1(k))
T + (Bd1(k) − L(k)Dd1(k))(Bd1(k) −

L(k)Dd1(k))
T + ǫ(Bfα(k) − L(k)Dfα(k))(Bfα(k) −

L(k)Dfα(k))T + ǫ(Bdα(k) − L(k)Ddα(k))(Bdα(k) −

L(k)Ddα(k))T + Γ(k)Ξ−1(k)ΓT(k) + βIÙ¥
Γ(k) = (A1(k) − L(k)C1(k))Q22(k)C

T
1 (k)V T(k) +

ǫ(Aα(k) − L(k)Cα(k))Q21(k)C
T
α (k)V T(k) +

(Bf1(k) − L(k)Df1(k))(V (k)Df1(k) − I)T +

(Bd1(k) − L(k)Dd1(k))D
T
d1(k)V

T(k) +

ǫ(Bfα(k) − L(k)Dfα(k))DT
fα(k)V T(k) +

ǫ(Bdα(k) − L(k)Ddα(k))DT
dα(k)V T(k)Äuª (25), aqu Vopt(k) ��), L(k) ��`)

Lopt(k) ½ÂǑ: 3�Ǒ k, �½ V (k)!Q(k), é?¿�·��ê�"��þ vvv(k) kXeØ�ª¤á:

vvvT(k)Q22(k + 1)vvv(k)|L(k)=Lopt(k) ≤

vvvT(k)Q22(k + 1)vvv(k)|L(k) 6=Lopt(k)l
��
vvvT(k + 1)Ξ(Lopt(k + 1), k + 1)vvv(k + 1) ≥

vvvT(k + 1)Ξ(L(k + 1), k + 1)vvv(k + 1)¤á. Ǒ�� Lopt(k), -
∂vvvT(k)Q22(k + 1)vvv(k)

∂(LT(k)vvv(k))
= 0��

0 = (H(k) +G(k)Ξ−1(k)GT(k))LT(k) −

G(k)Ξ−1(k)NT(k) − T (k)Ù¥
G(k) = C1(k)Q22(k)C

T
1 (k)V T(k)+ǫDdα(k)DT

dα(k)V T(k) +

ǫCα(k)Q21(k)C
T
α (k)V T(k)+Dd1(k)D

T
d1(k)V

T(k) +

Df1(k)(V (k)Df1(k)−I)
T+ǫDfα(k)DT

fα(k)V T(k)

H(k) = C1(k)Q22(k)C
T
1 (k) + ǫCα(k)Q11(k)C

T
α (k) +

Df1(k)D
T
f1(k) + ǫDfα(k)DT

fα(k) +

Dd1(k)D
T
d1(k) + ǫDdα(k)DT

dα(k)

N(k) = ǫAα(k)Q21(k)C
T
α (k)V T(k) +

ǫBdα(k)DT
dα(k)V T(k) +Bd1(k)D

T
d1(k)V

T(k) +

Bf1(k)(V (k)Df1(k) − I)T + ǫBfα(k)DT
fα(k)V T(k) +
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A1(k)Q22(k)C

T
1 (k)V T(k)

T (k) = C1(k)Q22(k)A
T
1 (k) + ǫCα(k)Q11(k)A

T
α(k) +

Df1(k)B
T
f1(k) + ǫDfα(k)BT

fα(k) +

Dd1(k)B
T
d1(k) + ǫDdα(k)BT

dα(k)?�Úd C(k) 1÷��
∂2vvvT(k)Q22(k + 1)vvv(k)

∂(LT(k)vvv(k))2
= H(k) +G(k)Ξ−1(k)GT(k) > 0l


Lopt(k) = ΩT(k)(H(k) +G(k)Ξ−1(k)GT(k))−1 (27)Ù¥
Ω(k) = T (k) +G(k)Ξ−1(k)NT(k)

Ξ(k) dª (25) (½.òþãí�L§o(ǑXe½n:½n 3. éXÚ (5), �½ γ > 0, ��=��3�½Ý

Q(k) =

[

Q11(k) Q12(k)

Q21(k) Q22(k)

]Ú�~ê β, ��ª (16) ¤á, Ù¥ Ξ(k) dª (25) ��, K÷v�I (8) �H∞-FDF(6) �3, ëêÝ
 L(k)!V (k) ©Odª (27) Ú (24) (½.5º 5. �©�â FDF �3�¿©7�^�, Äu
Riccati �§ (16), �Ñ
 LDTV XÚ�3õÚêâ¿��¹e FDF ëêÝ
 L(k)!V (k) �wª). �XÚ (1) �ëêÝ
Ǒ~ê�, �©�Ñ�(ØǑ©z [10] �é LTI XÚ�3õÚêâ¿��¹eFDF � Riccati �§). d5º 3��, �'u©z [10] �Ñ�Äu LMI �ê�), ½n 3 �Ñ��{äk����Å5.

3 �~�~ 1. Ǒ�y�{k�5, �ÄXÚ (1) ¥�ëêÝ
Xe:

A(k) =

[

−0.1e−
k

100 0.9k

−0.85 −0.1

]

Bf (k) =

[

0.6 sin(k)

0.4

]

, Bd(k) =

[

0.6

0.2

]

C(k) =
[

−0.1 0.3
]

Df (k) = 0.8, Dd(k) = 0.3êâ�¿�VÇ ρ = 0.85, xxx(0) = [0.2 0]T, Q(0) = 0.1I , γ

= 1.1, β = 0.01, θ(k) CzÇXã 1 ¤«, ��Ñ\&ÒXã 2 ¤«, ã 3 Úã 4 ©O�Ñ
�Å�æÚ�uÅ�æ9�A�í�&Ò. dã 3 Úã 4 �±wÑ, �©¤�O�°�H∞-FDF �±3�æu)���k��í�&Ò.�~ 2. Ǒ`²�©�{�`�5, �Ä©z [10] ¥�é LTI XÚ��~, �ëêÝ
Xe:

ã 1 θ(k) Cz5Æ
Fig. 1 Change of θ(k)

ã 2 ��Ñ\ ddd(k)

Fig. 2 Unknown input ddd(k)

ã 3 �Å�æ fff(k) 9í� rrr(k)

Fig. 3 Stepwise fault fff(k) and the residual rrr(k)

ã 4 �uÅ�æ fff(k) 9í� rrr(k)

Fig. 4 Sine-wave fault fff(k) and the residual rrr(k)
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A =







0.5 −0.6 0.7

−0.2 0.4 0.5

0.6 0.3 −0.3







Bf =







0.35

0.45

0.2






, Bd =







0.2

0.3

0.5







C =
[

3.9 2.5 3.5
]

, Df = 1.6

ρ = 0.7, ��Ñ\&ÒEXã 2 ¤«, �æ&Ò f(k) �ǑXe/ª:

f(k) =











1, k ∈ [20, 40]

−1, k ∈ [60, 80]

0, Ù�Kd�©½n 3 � γ ���� γmin = 1.0005, �u©z [10]��� γopt = 1.0019. �� γ = 1.0019 �, d½n 3 ��
Lopt =

[

0.0248 0.0717 0.0935 1.0056
]T

Vopt = 8.2853 × 10−4í�Xã 5 ¤«, ã¥¢�Ǒd�©½n 3 ���í�­�, J�Ǒd©z [10] ½n 2 ���í�­�. dã¥�±wÑ, ���Ó³�' γ �, d�©(Ø���í�äk���Ì�, =3�Ó6Ä³�Y²^�e, |^#(Ø���í�é�æäk�p�(¯5.

ã 5 í�'�
Fig. 5 Comparison of residuals

4 (Ø�©�é�a�3õÚ�Åÿþêâ�¿�� LDTVXÚ, �OÄu*ÿì� FDF, ò°� H∞-FDF �O¯K8(Ǒ�Å�CXÚH∞ ÈÅ¯K, í�¿y²
 FDF �3�¿©7�^�, ¿�Ñ
Äu Riccati �§�ÈÅìëêÝ
�wªL�ª, ¢y�æ�3�uÿ. �~�y
�{�k�5.N¹Ún 1 �y².

1)¿©5. b�ª (9)¤á,d P (·) > 0,K�3 κ1(·) >

0 Ú κ2(·) > 0 ��
κ1(k)I≤P (k)≤κ2(k)I, κ1(k + 1)I≤P (k + 1)≤κ2(k + 1)I

¤á, K
κ1(k)E{ηηη

T(k)ηηη(k)}≤E{ηηηT(k)P (k)ηηη(k)}≤κ2(k)E{ηηη
T(k)ηηη(k)}�k

E{ηηηT(k + 1)P (k + 1)ηηη(k + 1)|Fk} =

E{ηηηT(k)(AT
η (k)P (k+1)Aη(k)+εAT

ηα(k)P (k+1)Aηα(k)−

P (k))ηηη(k)} + E{ηηηT(k)P (k)ηηη(k)}�ª (9) ¤á�, �3 0 < κ3(k) < κ2(k) ��
E{ηηηT(k + 1)P (k + 1)ηηη(k + 1)} ≤

−κ3(k)E{ηηη
T(k)ηηη(k)} + E{ηηηT(k)P (k)ηηη(k)} ≤

−κ3(k)
κ2(k)

E{ηηηT(k)P (k)ηηη(k)} + E{ηηηT(k)P (k)ηηη(k)} =

(1 − κ3(k)
κ2(k)

)E{ηηηT(k)P (k)ηηη(k)}l

κ1(k + 1)E{ηηηT(k + 1)ηηη(k + 1)} ≤

E{ηηηT(k + 1)P (k + 1)ηηη(k + 1)} ≤

(1 − κ3(k)
κ2(k)

)E{ηηηT(k)P (k)ηηη(k)} ≤

(1−κ3(k)
κ2(k)

)(1−κ3(k−1)
κ2(k−1)

)E{ηηηT(k−1)P (k−1)ηηη(k−1)} ≤

· · · ≤ (1 − κ3(k)
κ2(k)

) · · · (1 − κ3(0)
κ2(0)

)E{ηηηT(0)P (0)ηηη(0)}� q1 = max{(1 − κ3(k)
κ2(k)

), · · · , (1 − κ3(0)
κ2(0)

)}, K
E{ηηηT(k + 1)P (k + 1)ηηη(k + 1)} ≤

qk+1
1 E{ηηηT(0)P (0)ηηη(0)} =

qk+1
1 ηηηT(0)P (0)ηηη(0)?
k

κ1(k + 1)E{ηηηT(k + 1)ηηη(k + 1)} ≤ κ2(0)q
k+1‖ηηη(0)‖2l
��

E{ηηηT(k)ηηη(k)} ≤ cqk‖ηηη(0)‖2Ù¥, c = κ2(0)
κ1(k)

> 0, q = max{(1 − κ3(k−1)
κ2(k−1)

), · · · , (1 −
κ3(0)
κ2(0)

)} ∈ (0, 1). ¿©5�y.

2) 7�5. aqu©z [25] ½n 2.1 �y²g´, �ÄXe¼ê
g(k) = ηηηT(k)P (k)ηηη(k) = E

{ N
∑

i=k

ηηηT(i)Ψ(i)ηηη(i)|Fk

}Ù¥, Ψ(i), i = k, · · · , N Ǒ?¿�½Ý
. Kd E{‖ηηη(k)‖2}

≤ cqk‖ηηη(0)‖2 �, E{ηηηT(i)Ψ(i)ηηη(i)} > 0 �k., l
k
P (k) > 0. ?
�½Â g(k + 1) Ǒ

g(k + 1) = ηηηT(k + 1)P (k + 1)ηηη(k + 1) =

E
{

N
∑

i=k+1

ηηηT(i)Ψ(i+ 1)ηηη(i)|Fk+1

}��¡
E{(g(k) − g(k + 1))|Fk} =

E
{(

E
{

N
∑

i=k

ηηηT(i)ΨΨΨ(i)ηηη(i)|Fk

}

−
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{

N
∑

i=k+1

ηηηT(i)Ψ(i+ 1)ηηη(i)|Fk+1

})

|Fk

}

=

ηηηT(k)Ψ(k)ηηη(k),��¡
E{(g(k) − g(k + 1))|Fk} =

E{ηηηT(k)P (k)ηηη(k)−ηηηT(k+1)P (k+1)ηηη(k+1)|Fk} =

ηηηT(k)
(

− AT
η (k)P (k+1)Aη(k)−

ǫAT
ηα(k)P (k+1)Aηα(k)+P (k)

)

ηηη(k)l
��
AT

η (k)P (k+1)Aη(k)+ǫAT
ηα(k)P (k+1)Aηα(k)−P (k)=−Ψ(k)ÏǑé?¿�½Ý
 Ψ(k) Ú�þ ηηη(k), Ñkþã�§¤á,Kd©z [21] ½n 2.5 �

AT
η (k)P (k + 1)Aη(k)+ǫAT

ηα(k)P (k + 1)Aηα(k)−P (k) < 07�5�y. �d©z [26] �, �©�Ún 1 �ÀǑ©z [18] Ún 1Ú©z [21] (Ø 2.2 3k��m�S�*�, Ǒ�ÀǑ©z
[26] ½n 3.4 ¤�(Ø3XÚØ¹kMarkov ëê��A~.
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