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Abstract In linear discriminant analysis (LDA), ratio-trace, ratio-value, and trace-ratio are three Fisher discriminant

functions in common use. Each has one orthogonal discriminant (OD) matrix and one uncorrelated discriminant (UD)
matrix. This paper aims to systematically analyze the obtained approach and properties of these six discriminant matrices
and to more clearly recognize their relations and differences. When the within-class scatter matrix is nonsingular, the
research on the discriminant matrices of ratio-trace and ratio-value functions and the OD matrix of trace-ratio function
have already been done. This paper only discusses the obtained approach and properties of UD matrix of trace-ratio
function, and obtains such conclusions that the UD matrix of trace-ratio function is equal to that of ratio-trace and ratio-
value function, and the trace-ratio function value of UD matrix is no more than that of OD matrix. When the within-class
scatter matrix is singular, it is difficult to obtain these six discriminant matrices. To overcome the difficulty, this paper
introduces the limitation idea and redefines these three discriminant functions, then attains the obtained approach of the
six discriminant matrices by calculating the limitations. From these obtained approaches, we can conclude that the six
discriminant matrices are equal when the need discriminant vectors are all in the null space of the within-class scatter
matrix.

Key words Fisher discriminant function, orthogonal discriminant matrix, uncorrelated discriminant matrix, limit
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aS; (I = Dar(Dy, 8, Daa) ' D, 5,1) S, =
(I~— (QQT + anAle?)Dal(Da(QQT‘F
aQiA7'Q1)Da1) ' Dar)(aSS'S,) —
(I —QQ"Dy(DfQQ™ D) 'DIQQ"S, =
(QQT — QuiviQM)S, (34)
K, ws, A (QQT — QuvTQ™)S, fk KEF
AEAE X N B RFAE ) . 90 QTS,Q MU — KAFAE
(0] 7 KPR E 0 4 v, MR AEAR ) w3y = Qus.
HIEEHE, B QT S, Q I @ RAFHEAR XS I KRR AE 1)
= v, W

wi, = limwi = Qui, i=12--.s (35)

B S, @35, tAE R AL Jo(w) BIRT s 4> OD [



10 3 FEIEAREE: ] Fisher J%1 b8 55080 0 56 BFEA 5T 1367

BLR 41 S;71(0) hili NLDA S50 OD 1
5, Hrf s 2Fasm] S (0) mM4E%k.

é'\ Das - (wg?awgga'” 7wgg)‘7 DS = (wgla
Wy, - wy), W wse ) EFFAETFE (36) 1R
RRFAEAEAS I (R[] 12

(I = Das(DL.S7 Do) DL, S Syt =
AaSaWsl i) (36)
PRIAFII A o — 0, 13
Q1Q1T5bw(2)(s+1) = AQIAQ?wg(s-&-l) (37)
i Vs | Q?Sle AHXET Q?SMQ1 (O NEE:
?IE'{EX%FJE@EF#?EEW%, I)_I\IJ wg(s+1) = Ql'/s+1.

é'\ Da(s+1) - (Das7wg(as+1))) Ds+1 - (Dsu
W3)s W w3, o REAFE TR (38) 1L KAEAE
(ERSPNARESE RN s
(I - Da(s+1)(DE(erl)S;lDa(S-i-l))ilDE(erl)So?l) X

Sbw;?s+2) = )‘aSawg((ls-s-Q) (38)
P PRI IR R, 45

lim [(1 — Deas+1)(Dass1)Sa  Dagsr1y) ™" X

O [e3

DZ(8+1>S;1)Sbw2?s+z>] = iif})[)\asat"’g(sw)]
(39)

hm[(I - Ds+1(D3+1S;1Ds+1)_1 X

a—0

DSTHS;l)Sbwg?sH)] = iig[AaSawg‘(’;H)]
(40)

(llii%[(l - QQT — Q1V5+1(V;F+1A_1Vs+1)_l) X

VAT QDS ) = limA Sy

(41)

(QlQ? - Ql'/s+1(VsT+1A_1Vs+1)_1)V§+1A_1Q1F) X

Sbw5(5+2) = )\S+2Q1AQ1Tw§(S+2) (42)
W A v (QFSu@1) 'Wen) v,
x (QTS,Q1) " HQTS,Q: M T QTS,Q: Mk
P SCRFE DR R AORFGE 1) 5, T w3, ) = Q1/asa.

%%C{U\f@, iﬂ Vs j"j (I— Hz(HZT(erTSle)_lx

Hi)_lﬂf(QlfSle)_l)QTSbQ1 FH 6T Q?Sle
(1) e KT SCRRAEAE 0 N IR e 4 ) 1=, Horp H =
(Vs-‘rlu Ty Vs+i—1)7 |

Wy = i{%"”g?sﬂ) = Qs+,

i=1,2,,d—s (43)

AHER Y, voqs 22X PR A

VTQTSbQﬂ/
VTerI‘SwQIV

SCjii OFST 3 2128 4 A n) &=, PR b A 2 25 )
SZ1(0) 2 Ak B A B OFST #3311y,
FQ 5 Q) IEAT, JF LA ik s ) 5 i e 45 £ 2 7% [
(S51(0))* .

SRR, Jan (w) 1 OD 4 MR R
JEH1 NLDA + OFST $0:3K4310 OD il %5205
B BB TN R SR IR A B

3) M TF Jy(W), % d > dim(S;(0)) i, o
WY Sk EHEMSR OD MkE We. Hd <
dim(S71(0)) B, RAEF H Jy(W) 1088 S Bk
ATLLAF] 400, BIE, #40

Jag, (V) = (44)

o = tr((Wy) TS Wg*) M tr(WTS,W)
(W) TS, W) wTuw,—o \tT(WTS, W)
lwi||=1
(45)

MY o — 0 B, B — +oo. HTIEE3 %1, W 25
B (Sy — BYSa) BT d I RKFFAEAE XS I [ RFAE ] 5.
H AR (S, —6S,) HHEE (S,/6%—S,) HA IR
REAE &, HY o — 0 I, (Sy/8% — Sa) — — S,
BRI W9 iy d AN A ) wsy, wsy, - - wh, BB
TEAEF A S,1(0) . X5k [13] Z5ie I, =
T3] S, H(0) RIS IE A FE BT ANE—, W 2
b —AM i

LA We =QV, @ X (21) X,V =
(Wi, o, vg) AEFVEACHIBE. FTIUER] V&
QT S,Q HIHT d A RUFAE AL B FREAE 1) . 1558

af® — tr((W3) S, W3) =1 (46)
i wie = w; + Yia, W
Yia = 0, f™ia =0 (47)
Hk
(Sp — B Sa)ws = Niaws; (48)
(Sp = B5a)(QVi + Via) = Mia(QVi +Yia)  (49)
P Ze e QT KK (22) A (49), 15
Q"[S, — B(aQQ" + Q1 AQT)(QVi +ia)
Xia QT (QVi + Vi)
efi, 43

QS Qu; — (B + BQia) = Niali + (Q ia)
(51)

50
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¥ {1

36 &

L a—0, 1%

QS Qu; = (N + n)v; (52)

iR, M d < dim(S;1(0)) B, J5(W) 1 OD
FEBEZ th NLDA 53245 211 ) 51 5E R

EAHE 3.2 TH A 3.3 TS R s A
S TSI AN R e 45 A, AHERS 2

EE 3. LA d < dim(S,'(0))
INF, A0 R A 6 AR 2 [R]— AN,
I T NLDA SRR 21 1 540 50 3

K, MFEAR PCA B4ESE N — 1 I, 25
f] S,H0) HEH e— 1 MAGHE, Fd=c—1,
I NLDA S5t ME— AR5,

4 SLIG

Ay AE Yale AJG AT Feret A 74
IGUE SR 4SS, Yale N S4T 15 AN A 165
MR, fEAA 11 KR, 15358 100 5% x 100
%3, S, A NBEALE 5 MRS 75 M BG4 Al
AR, R 90 T8 EURAE Sy MREE. Feret Bl 1 1)
— MRS 1010 A, B 2 fEEME, HEGET 200
A3 400 T B G T 5856, SEE0HTT Ths @ IR
OREATRIE, JF¥ Rl BB ik 128 R 3FE x 128
2%, S, BEALE 100 A 200 g ERAE A2
£, R 100 AT 200 TR EHRAE Sy mlgE. AN SE
IOHAN 10 %8, B 10 R4 B P9 1E R i e i 45 1.
E52E LDA Z Ri26 M PCA BREAR R4, 10 FEA S
H N, BEYEJEREAR I GERCR n, EBEHI AN d =
rank(Sy). KA EATAR 7 25ds, LRSI B 1E N P &
J5 .

4.1 XEIE 1 BIE

FIAUE Js(W) [ UD HipE W 5 (W) 1
UD HifE W Rl Jy(w) 1 UD HiFE Wt i
AFHRE W 5 W, Wi %, 4 Yale A
Ji6 e L BEAT 5286, B n = 20, 30, 40, 50, 60 %5 5 4>
ANFE, XIHRE S, JEAT 5, R 1 4 T 504
B R 1R || - || RARHBER Frobenius Y641,
1AL RERERE W 5 W, W IBEE AN E,
{EEE B D ARH /N, e ISR 22, AT LA —Fh
S R B UD SRR AR A .

4.2 JEIRE 2 BIEIE
AR (W) < J3(W2), HKRTE Yale Ak
i EHEATSER. U n = 20, 30, 40, 50, 60 %5 5 NAS

A OE, SEe gl R ILR 2. Rk 2 nT W, Js(W) 1)
UD B4 (0 o8 U AN /K OD KRR A b 50 {E.

® 1 Yale NRFE L Wi, Wi, Wit Z IR ES
Table 1 The distances among Wy, Wy, and W3' on

Yale face database

Ja(W) Wy — Wi Wy — Wy
n =20 6.9417 x 10—14 5.8693 x 10—14
n = 30 6.8088 x 10—14 6.7884 x 10— 14
n =40 1.2418 x 10~13 1.7141 x 10—13
n = 50 1.7973 x 10~13 2.1578 x 10—13
n = 60 3.9103 x 10~ 1.5181 x 10— **

#2 Wi 5 Wg A Yale NJRiFE 132k b of B 1K) LR
Table 2 Comparison of the trace-ratio function values

between W3' and W3 on Yale face database

Js (W) W Wy

n=20 3.7852 5.2126
n = 30 9.2748 11.2145
n = 40 16.3735 19.8646
n = 50 31.4948 37.6231
n =60 75.1909 90.1838

4.3 NLDA + GEVD %5 NLDA + UFST
BIAREEAS

FEXT NLDA + GEVD 57545 21 1) 340 5 7 1
W 5 NLDA + UFST 5515 200250 5 K W
HEAT LA, sbr b 5 LB e AT Lo A8 pR 25 (B R T
1F Yale ANJGEE LA n = N — 10 R HI3EAT5L5, b
WS, 75, A5 ANH M EAEFEA N SH0) H,
KRNI 9 ANHN R EAEFA R SH0) Ak, EATrE
R A N 3. W3R 3 nTLLE H, AEZRAE M S, 1(0)
o R ERAS B 5 AN AN ) R R, X2
B B A #R & NLDA Syk43 2011, (B 250
SoH0) Z AN B EEAS B 9 AN A ) & AN R
[, X2 K48 NLDA + GEVD 5.32:45 216 40 51 1)
R AN, T NLDA + UFST S32:49- 314
) 1) AN A A, B W 0 UD $5RE, 1M WY
AR

4.4 6 FhFIHFERERYF A 1% RE ELA

HHOEHEE 1 RIS 4.1 g sn, =P ek £
Schr B HAART 14 UD HFERT 3 A OD 5ERE 3L 4
AN PR, O LeBEATT A e, 70 il AE
Yale AJKiZEFN Feret AJKiZE FibATSE5G. SCny, ik
n M1 E] N —1, i3 N IERTIE, 458 0K 1
Rl 2. K1 FIE 2 AT0L =R OD & BE 1) 55
PERER LT, (2 UD JE B A0 1 g 5 AT K
ZE0). B B 2 40, UD R FER) R B AN OD 4



10 34 FEIEZRSE: W5 Fisher )71 B8 25 AT 53 1369

P, BARTE Yale NS I UD SRR P RESS T
OD JEBE, {H1E Feret AJGE L UD FE R 4] 0 24
REENOR T OD HEFE, XX 150 BH ) 0l B 1) ek 50 I A
RETHEAM S e ) 1k fe.

43 NLDA + GEVD #i%%5 NLDA + UFST Sk LA
Table 3 Comparison between NLDA + GEVD algorithm
and NLDA + UFST algorithm

Ja(w;) 1 we W
i=1 43 793 492.7781 43 793 492.7781
1=2 21 469 744.1039 21 469 744.1039
i=3 16 020 838.0020 16 020 838.0020
i=4 12 857 366.4798 12 857 366.4798
i=5 8 894 362.4360 8 894 362.4360
i=6 3 260 446.3555 3 260 975.4491
i=7 695 461.5540 695 750.6067
i=8 774.5882 1 138.5426
i=9 350.5667 451.1253
1 =10 163.2153 194.5261
1 =11 87.4238 107.0164
1 =12 54.6687 66.9784
i=13 32.0990 39.9374
i=14 19.3317 23.0465

EHRAE (%) 97.8889 97.7778
100

> 951

(o]

S

S 90t — PCA

=] ——

g 85t ——

2 g0l "

3 ——

3 ;

= 75t

z

—

3 70t

65

0 20 30 40 50 60 70 80
Reduction dimensions of PCA
K1 PIRIARFRAE Yale ARG ZE L fA 0 00 e L
Fig.1 Comparison of discriminant performances of

discriminant matrixes on Yale face database

5 R

[ =]

AR LI R H Ty (W) EEAE R T (w) A5
ELe £ Js(W) (1 6 MORDRFEER T T R G0, 4

Sy AEwy s, Wi TEMTMKO S EER, 4 S, &
S, SRR R ) ARSI HISRECT 7.

90

80

70

60

50

40

Correct recognition accuracy

30

204 50 100 150 200

Reduction dimensions of PCA

2 FUNFEREAE Feret NI EFA ML RELLEL

Fig.2 Comparison of discriminant performances of

discriminant matrixes on Feret face database
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