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Path Following Control of Tractor-trailers with Off-axle Hitching

ZHOU Huo-Feng1 MA Bao-Li1 SONG Li-Hui2 ZHANG Fang-Fang3

Abstract In this work, we investigated the path following problem of an arbitrary body of tractor-trailers with off-axle

hitching. First, a linearized time-state model was derived and proved to be controllable. A dynamic linear feedback control

law was then proposed based on internal mode principal to guarantee that the path tracking error is uniformly ultimately

bounded and the bound is cubically proportional to the variation rate of the desired geometric path function. Simulation

results showed the effectiveness of the proposed control scheme.
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1 G��.Ú´»�l��¯K�êÆ£ã
1.1 G��.�Äã 1 ¤«�� n !l¶ªö��£ÄÅì<XÚ, Ù¥�N i �Ó¶¥%:Ǒ Pi, Ù�IǑ
(xi, yi), �N���ÆǑ θi, ��ÝǑ vi, Æ�ÝǑ
ωi, �N i + 1 ��N i ���ÆÝ�Ǒ βi+1 = θi−

θi+1, �N i+1 ��N i �ë(:Ǒ Qi, Pi :�Qi:�ålǑ di, Qi :� Pi+1 :�ålǑ fi+1.éþãXÚ, N´��±e$ÄÆ'Xª:

ẋ0 = v0 cos θ0, ẏ0 = v0 sin θ0, θ̇0 = ω0

vi = vi−1 cos βi + di−1θ̇i−1 sin βi, ẋi = vi cos θi

ẏi = vi sin θi

θ̇i = ωi =
1

fi

(vi−1 sin βi − di−1θ̇i−1 cos βi),

i = 1, 2, · · · , n (1)N´wÑ, {xi, yi, θi, β1, β2, · · · , βn, i ∈ {1, 2,

· · · , n}} þ´ÕáCþ|, ��Ǒö�£ÄÅì<XÚ�G�Cþ.
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ã 1 l¶ª�ö�£ÄÅì<«¿ã
Fig. 1 A diagram of tractor-trailers with off-axle hitchingdª (1) �±����$ÄÆ�Ý4í'X
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(3)�A/, dª (3) �±��_�$ÄÆ'XǑ
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∏
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−fi
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 , 1 ≤ j ≤ n (5)d ẋi = vi cos θi, ẏi = vi sin θi, θ̇i = ωi 9ª
(2) Úª (4) �±��G��§
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Di

[

v0

ω0

]

β̇j =

[

−
1

fj

sin βj 1 +
dj−1

fj

cos βj

]

Dj−1

[

v0

ω0

]

,

i = 0, 1, 2, · · · , n, j = 1, 2, · · · , n

(6)

Ǒ
{z��ì��O, ·�± (vi, ωi)�ǑXÚ#�Ñ\, §ÚXÚ�Ñ\ (v0, ω0) �3±e'X
[
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ωi

]

= Di

[
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,
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ω0
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= D−1
i

[

vi
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(7)|^±þ'X�±��^#���Ñ\ (vi, ωi)L��G��§Ǒ






ẋi

ẏi

θ̇i






=







cos θi 0

sin θi 0

0 1







[

vi

ωi

]

, i = 0, 1, 2, · · · , n

β̇j =

[

−
1

fj

sin βj 1 +
di−1

fj

cos βj

]

Dj−1D
−1
i

[

vi

ωi

]

,

j = 1, 2, · · · , n

(8)

1.2 ´»�l¯K9ÙêÆ£ãb½Ï"AÛ´»Ǒ yid = f(xi), �N i �Ï"$Ä��ÝǑ vd(t) ≥ a (a Ǒ�~ê). ½Â´»�lØ� ei = yi − f(xi), Kö�£ÄÅì<�´»�l��¯K�±QãXe:

1) ?´»�l��¯K (Forward path fol-

lowing, FPF). �O��Æ vi(·), ωi(·) ��XÚ (8)�G�÷v: ẋi = vd(t), (yi, θi, β1, · · · , βn)k.Ú�ª��k., ��lØ��� |ei| �þ�½ªu".

2)�ò´»�l��¯K (Backward path fol-
lowing, BPF). �O��Æ vi(·), ωi(·)��XÚ (8)�G�÷v: ẋi = −vd(t), (yi, θi, β1, · · · , βn) k.Ú�ª��k., ��lØ��� |ei| �þ�½ªu".

2 �m–G��5z�.9ÙU�5± {yi, θi, β1, β2, · · · , βn, i ∈ {0, 1, 2, · · · , n}}�Ǒ�m –G��.�1�Ü©G�, xi �Ǒ�m
– G��.�1�Ü©G� (Ó�Ǒ´1�Ü©��mþ§), �±���mG��.[13] Ǒ
yi

′ = tan θi, θi
′ =

1

cos θi

ui,

βj
′ =

( [

−
1

fj

sin βj 1 +
di−1

fj

cos βj

]

Dj−1Di
−1

[

1

ui

]

)

cos θi

,

j = 1, 2, · · · , n

ẋi = vi cos θi

(9)Ù¥, ξ′ =
dξ

dxi

, ui =
ωi

vi

.
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(10)Ù¥
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[
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· · · k4(i−1) k4i

...
...

...
. . .

...
...

0 0 0 · · ·

1

di−2
k(i−1)i

0 0 0 · · · 0
1

di−1



































A3 =
































−1

fi+1
0 · · · 0 0 0

k̃(i+2)(i+1)
−1

fi+2
· · · 0 0 0

...
...

. . .
...

...
...

k̃(n−1)(i+1) k̃(n−1)(i+2) · · · k̃(n−1)(n−2)
−1

fn−1
0

k̃n(i+1) k̃n(i+2) · · · k̃n(n−2) k̃n(n−1)
−1

fn

































b1 =

[

0

1
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, b2 =
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...

gi













, b3 =













g̃i+1
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...

g̃n













klm =

(

1 +
dl−1

fl

)

m−1
∏

s=l

fs

m−1
∏

s=l−1

ds

(−1)l−m 6= 0,

2 ≤ l ≤ i − 1

k̃lj =

(

dj−1

fj

+ 1

)

j−2
∏

s=l

ds

j−1
∏

s=l

fs

(−1)j−l−1 6= 0,

i + 2 ≤ l ≤ n

gl =

(

1 +
dl−1

fl

)

(−1)i−l−1

i−1
∏

k=l

fk

i−1
∏

k=l−1

dk

6= 0,

0 ≤ l ≤ i − 1

gi = −

(

fi

di−1

+ 1

)

gi+1 = −
di

fi+1

g̃j =

(

dj−1

fj

+ 1

)

(−1)j−i−1

j−2
∏

l=i

dl

j−1
∏

l=i+1

fl

6= 0,

i + 2 ≤ j ≤ nÚn 1. e {Aj, bj} (j = 1, 2, 3) ǑU�é, � Aj (j = 1, 2, 3) �AÆ�pØ�Ó, K
{[

A1 0 0
0 A2 0
0 0 A3

]

,
[

b1
b2
b3

]} ǑǑU�é. Ù¥, Ai Ǒ nj

× nj Ý
, bj Ǒ nj × 1��þ.y². dU�5AÆ��â, �I�y²éu
Aj (j = 1, 2, 3) �?¿AÆ� s, k

rank







sI − A1 0 0 b1

0 sI − A2 0 b2

0 0 sI − A3 b3






=

n1 + n2 + n3e s�u A1 �,�AÆ�, K sI − A2, sI −
A3þǑ�ÛÉ
. 2d {A1, b1}U��, rank[sI −

A1 0 0 b1] = n1, Ïd
rank







sI − A1 0 0 b1

0 sI − A2 0 b2

0 0 sI − A3 b3






=

rank







sI − A1 0 0 b1

0 sI − A2 0 0

0 0 sI − A3 0






=

n1 + n2 + n3� s�u A2, A3 �,�AÆ��, Ón�y. �A^Ún 1, é�m –G��5z�. (10) k±e(Ø.
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0), 1/dl (0 ≤ l ≤ i− 1), −1/fj (i + 1 ≤ j ≤ n), Ïd Ai �mvk�Ó�AÆ�. �âÚn 1, �I�y² {Aj , bj} (j = 1, 2, 3) ǑU�é=�.Äk, � s �u A1 �AÆ� (0, 0) �, k:

rank[sI − A1 b1] = rank
[

0 −1 0
0 0 1

]

= 2, Ïd
{A1, b1}ǑU�é.Ùg,� s�uA2�AÆ� 1/dl (0 ≤ l ≤ i−1)�, du

k(l+1)p

klp

=

(

1 +
dl+1−1
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)
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∏
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∏
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∏
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∏
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=
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(

1 +
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(

1 +
dl−1

fl

) = hl(l+1)

gl+1

gl

=
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∏
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∏

k=l

dk

(

1 +
dl−1

fl

)

(−1)
i−l−1

i−1
∏

k=l

fk

i−1
∏

k=l−1

dk

=

−

(

1 +
d1

fl+1

)

dl−1

(

1 +
dl−1

fl

)

fl
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1 ≤ l ≤ i − 2Ïd, éÝ
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0 s−d
−1
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0 0 s− 1
d3

··· 0 0 0

...
...

...
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Ù¥
− k̂l(l+1) = −kl(l+1) −

(

s −
1

dl

)

gl

gl+1

=

(

1 +
dl−1

fl

)

fl

dldl−1

−

(

s −
1

dl

) −fl

(

1 +
dl−1

fl

)

dl−1

(

1 +
dl

fl+1

) =

fl

(

1 +
dl−1

fl
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fl+1dls + dl

dl−1 (fl+1 + dl) dl

}

,

1 ≤ l ≤ i − 1du s > 0, ¤± k̂l(l+1) 6= 0, l rank[sI −

A2 b2] = i, Ïd {A2, b2}ǑU�é.Ón�y {A3, b3} ǑU�é, ÏddÚn 1 �
{A, b}ǑU�é. �

3 ÄuS��n�´»�l��ì�OÚ©Û
3.1 ÄuS��n���ì�O�!Äuö���m –G��5z�.ÚÏ"AÛ´»�&Ò�., /��5XÚ�S��n�OÄ��5�"��ì, ±�yl¶ªö�£ÄÅì<1 i !�N�Ó¶¥%�lÏ"�AÛ´».P

z =

[

z1

z2

]

, z1 = ei = yi − f(xi)

z2 =
[

θi, β1, · · · , βn

]T5¿�ª (9) màØ¹ yi, Ïd�òXÚ (9) 3G� z eL«Ǒ
z′ = Az +R1(z2)+(b+R2(z2))ui − bwf ′(xi) (11)Ù¥, bw = [1, 0, · · · , 0]T, R1(z2), R2(z2)Ǒ�5z{�. 3 z2 = 0 ���S, k ‖R1(z2)‖ ≤ r1‖z2‖

3
,

‖R2(z2)‖ ≤ r2‖z2‖
2
, r1, r2 Ǒ�~ê.�Ñ R1, R2 �±��ª (11) �Cq�5zXÚǑ

z′ = Az + bui + bwf ′(xi) (12)?�Úb½ f ′(xi)ǑXe�5�ØCXÚ�ÑÑ, =
w′ = Aww, f ′(x) = cww (13)
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�yXÚ
(12) �ÑÑ: z1 = ei = yi − f(xi) = cz1 ìCªu", �±�â�5XÚS��n3pÑÖ�ì¥�\ f ′(xi)��. (13).Äk�Ä xi → ∞ (?�l) ��¹.´»�l��ìäk±eÄ��"�/ª:

ui = −K1X − K2xc, x′

c = Awxc − bcz1 (14)Ù¥, bc = [0, 0, · · · , 0, 1]T, K1,K2 Ǒ�À�"Xê. 4�XÚ (12) Ú (13) �±�Ǒ
[

z′

x′

c

]

= Ã

[

z

xc

]

−

[

bw

0

]

f ′(xi) (15)Ù¥, Ã =
[

A−bK1 −bK2

−bcc Aw

]

.éuXÚ (15), ���3K1,K2��Ý
 ÃǑ
Hurwitz 
, KXÚ (15) �ÑÑ z1 ìCªu", l¢yéÏ"ÑÑ&Ò f(xi)�ìC�l.�3 K1,K2 �� Ã�4:äkK¢Ü�¿©7�^�´ {[

A 0
−bcc Aw

]

,
[

b
0

]} �	½, ¿©^�Ǒ
{[

A 0
−bcc Aw

]

,
[

b
0

]}U�.{[

A 0
−bcc Aw

]

,
[

b
0

]}U����¿©^�´[14] :

1) {A, b}U�;

2) é u Aw � z � � A Æ � λw k
rank

[

λw−A b
−c 0

]

= dim(A) + dim(y) = n + 2 + 1 =

n + 3;

3) dim(u1) ≥ dim(yi).du dim(u1) = dim(yi) = 1, Ïd^� 3) w,÷v; dÚn 1 �, ^� 1) ¤á. ±ey²^�
2) Ǒ¤á.(Ø 2. é?¿ λw k

rank

[

(λwI − A) b

−c 0

]

= n + 3y². d {A, b} U��, éu?¿ λw, ±þÝ
� n + 2 1�5�'. ,	N´wÑ, þãÝ
����1� n + 2 1�5�', Ïd
rank

[

(λw)I−A b
−c 0

]

= n + 3. �dÚn 1 Ú(Ø 2 �, 7,�3K1,K2 �� Ã�4:���?¿ �, Ïd� xi → ∞�, ��À� K1,K2 �� Ã Ǒ Hurwitz Ý
, Ò�±�y�5zXÚéÏ"´»&Ò�ìC�l.éu xi → −∞��¹, ± −xi Ǒ�mCþ��4�XÚ��§Ǒ







dz

d(−xi)
dxc

d(−xi)






=

[

−A + bK1 bK2

bcc −Aw

][

z

xc

]

+

[

bw

0

]

f ′(xi)�â±þaq�?Ø�, ��À� K1,K2 ��
[

−A+bK1 bK2

bcc −Aw

]ǑHurwitzÝ
, Ò�±�y�5zXÚéÏ"´»&Ò�ìC�l.

3.2 �lØ�k.5©Û�âS��n¤�O�´»�l��ìǑ,�±�y xi → ±∞ �, �5z�m –G��.�ÑÑ
yi ìC�l�5z&Ò�.�ÑÑ f(xi), �´éu���5XÚ%¿�Xd, �I�?�Ú�©Û.ò��Æ (14) �\ª (11), ��4��§Ǒ
z′ = Az + R1(z2) + (b + R2(z2))(−K1z − K2xc)−

bwf ′(xi) =

Az − bK1z − bK2xc + R(z2, xc) − bwf ′(xi)

(16)Ù¥, R(z, xc) = R1(z2) − R2(z2)(K1z + K2xc)Ǒ'u (z2, xc)�n��¡�þ.(Ü xc ��§��4�XÚ:
[

z′

x′

c

]

=

[

A − bK1 −bK2

−bcc Aw

][

z

xc

]

+

[

R(z, xc)

0

]

−

[

bw

0

]

f ′(xi)

(17)w,, XÚ
[

z′

x′

c

]

=

[

A − bK1 −bK2

−bcc Aw

][

z

xc

]

+

[

R(z, xc)

0

]

(18)ÛÜ�ê½, b½ÙáÚ«����OǑ
{

(z, xc) :
∥

∥

∥
[z, xc]

T
∥

∥

∥
≤ r

}

, Ù¥ r Ǒ�~ê, KéXÚ (17) k±e(J.(Ø 3. � ẋi > 0, xi → ∞ �, �3¿©��� r k'��ê ε, ��� |f ′(xi)| ≤ ε,
∥

∥

∥
[z(0), xc(0)]

T
∥

∥

∥
≤ r �, XÚ (17) �G�Ú�lØ��ª��k., ��lØ���ª��.�'u ε3, = limt→∞ |z1| ∝ ε3, Ù¥ K1,K2 ��

[

A−bK1 −bK2

−bcc Aw

]Ǒ Hurwitz Ý
.y². duXÚ (18) ÛÜ�ê½, Ïd�â�ê½6ÄXÚ�k'(J (ë�©z [15] 1ÊÙÚn 9.2), � ε¿©��, XÚ (17) �G� (z, xc)��k.Ú�ª��k., ��ª���.�'u ε

(6Ä.).
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z′

x′

c

]

=
[

A−bK1 −bK2

−bcc Aw

] [

z
xc

] 36Ä R(z, xc), f ′(xi) �^e�6ÄXÚ. éuÑÑ z1 = yi − f ′(xi)A^U\�n��, z1 = z11 + z12, Ù¥ z11, z12 ©OǑ±eXÚ�ÑÑ.

S1 :

[

z′

x′

c

]

=

[

A − bK1 −bK2

−bcc Aw

][

z

xc

]

−

[

bw

0

]

f ′(xi), z11 = z1

(19)

S2 :

[

z′

x′

c

]

=

[

A − bK1 −bK2

−bcc Aw

][

z

xc

]

+

[

R(z, xc)

0

]

, z12 = z1

(20)éXÚ S1, dS��n�� limxi→∞ z11 = 0,Ïd z11 ��ª��.Ǒ?¿��ê; éXÚ S2, du R(z, xc) ��ª��.�'u ε3, Ïd z12 ��ª��.Ǒ�'u ε3, l z1 ��ª��.�'u
ε3. �éu�ò´»�l��¹, �±��Ó�(J.(Ø 4. � ẋi < 0, xi → −∞ �, �3¿©���ê ε, ��� |f ′(xi)| ≤ ε,

∥

∥

∥
[z(0), xc(0)]

T
∥

∥

∥
≤ r�, XÚ (17) �G�Ú�lØ��ª��k., ��lØ���ìC�'u ε3, = limt→∞ |z1| ∝ ε3,Ù¥K1,K2 �� [

−A+bK1 bK2

bcc −Aw

] Ǒ Hurwitz Ý
.y². aÓ½n 1, Ñ. �5 1. Ǒ
�y?$Ä�, = vi > 0�, xi →

∞, ẋi = vd(t) > 0, AÀ� vi Ǒ vi = 1
cos θi

vd(t); Ón, Ǒ
�y�ò$Ä�, = vi < 0�, xi → −∞,

ẋi = −vd(t) < 0, AÀ� vi Ǒ vi = − 1
cos θi

vd(t).5 2. �âÑ\C�'X ui =
ωi

vi

,
[

vi

ωi

]

=

Ai

[

v0
ω0

]

, �±�Ñ�©��Ǒ
[

v0

ω0

]

= D−1
i

[

vi

ωi

]

= D−1
i

[

vi

uivi

]

(21)

4 �~��ý�!�é�ü!l¶ªö��£ÄÅì<XÚ,|^ Matlab ^�é¤���´»�l��Æ?1�ý�y.b½1�!ö�Ó¶¥%I��lÏ"AÛ´» y1d = 1 + sin(0.5x1), K�±�� y′

1d =

0.5 cos(0.5x1), Ïd&Ò�.Ǒ w′

1 = w2, w′

2 =

−0.52w1. ö�£ÄÅì<��©G�Ǒ (x1, y1, θ1,
β1, β2)(0) = (0,−2, 0, 0, 0) m, AÛëêǑ f1 =

f2 = d0 = d1 = 1m, 1�!ö��Ï"$Ä�ÝǑ vd = 1m/s, &Ò�.��©G�Ǒ (0, 0). �½Ï"4: −0.08 × (10, 9, 8, 7, 6, 5), O����?Ú�ò�l����ìëê©OǑ [K1,K2] =

[−0.4719, −2.9637, −3.2824, −0.0006, −0.0783,

−0.3219]Ú [K1,K2] = [−0.4719, 2.9637, −0.0006,
−3.2824, −0.0783, 0.3219].ö�£ÄÅì<1�!ö�?Ú�ò�lÏ"AÛ´»��ý(JXã 2 Úã 3¤«, Ù¥ã 2Úã 3 ¥�1���ãǑ1�!ö��Ï"Ú¢SAÛ$Ä;,, Ù�Ê��ãǑ��G���m�Cz;,. �±wÑ, �©¤JÑ����{�±�y1�!ö�é�/�lÏ"�AÛ´», Ó��±��Në\�m�YÆk..

ã 2 1�!ö�?�lAÛ´» y1d = 1 + sin 0.5x1

Fig. 2 The first trailer tracking geometric path forward

y1d = 1 + sin 0.5x1

ã 3 1�!ö��ò�lAÛ´» y1d = 1 + sin 0.5x1

Fig. 3 The first trailer tracking geometric path backward

y1d = 1 + sin 0.5x1
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5 (Øéu��l¶ªö�£ÄÅì<XÚ, �©ïÄ
Ù?¿�!�N�l,�aAÛ´»���¯K. Äkí�ÑXÚ��m –G��5z�., ¿y²
�.�U�5; ,�/�S��n�O
�«�5Ä��"��Æ. nØ©ÛL², ¤�O���Æ�±�yXÚG�Ú�lØ�k.��ª��k., ��lØ���ª��.�'uÏ"AÛ´»¼êCzÇ��á�. �éu��5ÑÑN!��ì, ¤�O���ìØI�O�éAÏ"ÑÑ�G�;,°()Û)½Cq); �éÏ"´»¼ê
f(xi) (�A5±	�ëêCzäk°�5 (~X,éu~�¼ê, ØI���¼ê����, éu�u¼ê, �I���¼ê�ªÇ, ØI���¼ê�Ì�Ú� ). ÙÌ�":´��Ä
é,�aAÛ´»��l¯K, �ØU¢yìC�l, Ïd�I�?�Ú�U?Ú�õ.
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