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Multiple-model Probability Hypothesis Density Smoother
LIAN Feng? HAN Chong-Zhao! LIU Wei-Feng? YUAN Xiang-Hui'
Abstract By integrating the multiple-model probability hypothesis density (MM-PHD) filter with the smoothing al-

gorithms, an MM-PHD forward-backward smoother is proposed in this paper for tracking multiple maneuvering targets
in clutter. To avoid use of complex random finite set (RFS) theory, the backward updated equation of the MM-PHD
smoother can be derived according to the physical-space explanation of the PHD. Since the MM-PHD forward-backward
smoother involves multiple integrals, this renders its recursion analytically intractable in the nonlinear and non-Gaussian
conditions. Thus, the sequential Monte Carlo (SMC) method is used to implement the smoother. 100 Monte Carlo (MC)
simulation results show that the proposed MM-PHD smoother significantly outperforms the MM-PHD filter in estimating
the number and states of the multiple maneuvering targets, although the MM-PHD smoother will have time lag and more

expansive computation requirement.

Key words

Multiple maneuvering targets tracking, probability hypothesis density filter (PHD filter), probability hy-

pothesis density smoother (PHD smoother), interacting multiple model (IMM)

ARk, T RN P4E (Random finite set,
RFS) =31 #IS £ H br BREIL 32 3 T B N oh 2
TR 2R, HXF RFS HEAE R 2408882 H b
DUk ae ) BT R A S H AR N s £
MR N E. 0Tk 8, Mahler $2&H 7 —FpsEpr
TERAAT AT i — MR A L (Probability
hypothesis density, PHD) yEJ%#:°, it PHD /&
ZALEEE 2 H bR R M5 % () — i 4e ik, PHD
WA — LI MO IR AL Vo ST
PHD JEJ IR 38 SE: SMC-PHD (Sequen-
tial Monte Carlo PHD, ##54 Particle PHD) 3§

ks F 35 2009-06-05 s A FA 2009-11-10

Manuscript received June 5, 2009; accepted November 10, 2009

[H 5 F S oT R TR (973 1K) (2007CB311006), [H5 [ %
Bla#3E4r (60574033) %)

Supported by National Basic Research Program of China (973
Program) (2007CB311006) and National Natural Science Foun-
dation of China (60574033)

1. PHZAGH WL 5 A5 B DR B s B 3L s 182 710049
2. FUNHE TR E A%k i 310018

1. Institute of Integrated Automation, School of Electronics
and Information Engineering, Xi’an Jiaotong University, Xi’an
710049 2. School of Automation, Hangzhou Dianzi University,
Hangzhou 310018

W osl Vo S5 2R VRIS Bl AR 7R R A A ) A
ZAF T3] T PHD s8R A3 RS L GM-
PHD (Gaussian mixture PHD) 3§ 87, AN T
FR G2 (T SRIR I 2 B AR PR EEFTVEE) 9l fe il
432 (Nearest neighbor, NN B4 M 5 $i s 5%
It (Joint probability data association, JPDA)M,
Z B EREE (Multiple hypothesis track, MHT)12
2 PHD JE % 28 i #E M A2 33 H FRR S 102 A £ B,
DT IHE AN 75 35 52 )% %) 25090 DG T B 458 ] AN H A iR &
3 A R AR 2 H AR AN BORDIR S Al oF . B0
EH TR, BB AR HAN S I [a] A2 4k,
DL R AR BRAS R AR /N T 1 N 2 H AR EREE 3 5
H i, PHD JE 3 #% 75 BF B b FRERS) L M 1 42 40 R
B Wl U IR RO P gl R R 0 R
PREEOTI8 S IS T2 IR .

B PHD U848 656 7% 1% B AL 1)1
L. ARG, ZHAZ A (Interacting multiple
model, IMM) 5751 S BRE T AP 4 1F B AL
B HARA 207, BISCHR [20—21] 584 IMM &
LA PHD yER AR AHES &, £33 T 0] LAERER 20130



940 H | 1k

F {1

36 &

H 4% MM-PHD (Multiple-model PHD) J§ % 42.
R T2 HARIANEOR N, H AR R0 & e Y. O
RAAE, HARI IR R 5 LA S AR 55 Ak 2 R 3
[P RZME, MM-PHD 8% 75 18 5 1R e 75 21036 5 1 Ak v
RO U AL B R I I, B H AR LBl B
B4 DA AR I8 SR 1) o 5 A 3 BOWL I £ 4 A 78 43
i), MM-PHD JEJ 35 1 GERs 23 W & F 1%,

BExck FOA ), AR SO MM-PHD 38 % 2% R
WHEIEME S, #2287 MM-PHD 7 7] — J& [n) 7 #
N TR NE 2R I RENLAE BEIR, A SURAE
PHD {4 # =5[] (Physical space) ik %22 #E
T2 T MM-PHD i #0955 m 58 a0 i
T MM-PHD Hi[n] - Ji [n] P9 8 i 4 2 U rp a7
EEIEZ 5 S N A< @ { S 5 | =B T S N €]
fEFT I FRIETE AL WA S g T e BT B SR
RV (Sequential Monte Carlo, SMC) SEIL. K T
tb i MM-PHD 383 2% F1 MM-PHD -3 2% 1
e, AT G TR 100 IRZEFF R (Monte
Carlo, MC) J b/ BLSEEG. 1S5 R 0, X T 2%
WS M2 A8 H AR IR ER [ #, 1 T MM-PHD
S A AR R FH B 2 19 N TR PR AT LG T
MM-PHD 345, ‘EAE HERHLBNER, A2 5%
R UL A Sk R A 2 A5G I o] LA R4 = 2 H b
(IS BORTARZS AL VHRE BE. 75— S8 S Ik SR AN w5y B
FOVFEE AC BRI B, G HARARAS I 4 i 2s (1]
QIR LR H R AR BRIEE . M B H AR A
AT ) ] A 23] L MR AR 718 bR ) R
PR I DA (2] A5 AT A A v P I AL

1 [a)REfEA
1.1 BfrizzhiEs

T/ W P s I B, el - FARI R L
PRI T S IR, W KR 1 %2 AR BBt il
A, O kRS 0% HARANEC Ny,
A HFRIRAN 2, WIEZ) k% HARIIRASTT LA
RA—ARFSX, = {zp )k, Hohzp 5% n (n
=1,-, Ny) DR

e LB DR A 1 B 5 3 40 9 A AR R
WZ kS0 (n=1,---,Ny) A HIIE A
Al

xy = ge (1, 7y, Wi ) (1)

B g () H AR L wi, NI
k— 1% n DNHARRERERES. r ZoRZ) k% n
AN HARFHSSEA. 2 H AR NS, Hbsd— A
BEER IR ) — AN SR, R B
() A B 4006 A2 S R B, 12 B o A H R E I 2

ko= OB DIEINGZ) b O (05 R
B fuinr (rElTE).

1.2 fERSENEEE

A RSN A ER T b £ S e A
I HH AT, 4 2, R4k (0
MR i, U RESZ, = {27}, RR4
lo AL AR (SRS, ek M, I Z) ki
B 2w = 21, 20 R NZ T BIRZ) K
fry EA

BZ kB m (=1, My) AN 2
T 0 A EAR, DRI T E A AR 3 45

z;cn = hk(m27r27’v?) (2)

B by () TE AR L o N K
(A ek ) B 7
(B> & I FSREL ATSSUR ML

ki(zr) = Acfe(zr) (3)

R Sk R TR AR 2 A, ()
Sy e 2 T A 2

g 1) ARSCHH IR ESIN A k1 B
BRI S 2,0, W% b % HERA S N,
M BRI SA X = {21,

2 MM-PHD ¥igzs

J T 3RARA S @I MM-PHD §if 1] — )& 1]
WS, BATE e F S0 PHD &3 2851 MM-PHD j&
B AR AT IR B4,
2.1 PHD jEig g MM-PHD &R 28

PHD J& RFS HEHES T2 HARIRSE SR
BN B (M — B e AL d I k () PHD b

Dw@ﬁ%@:/“

T EXy

S (X Z214)0X, (4)

A e (X Zr) IZ E 2 BFRREEET
Ja W WE A L. Dy (0| Z21) W% k& ) PHD.
[0, FAREATS. WZ k¥ PHD 7EAF &R
A& S ARG J iz 2N X A 2 H b A0
WA N, B

Nk\k = E[Nk] = / Dk|k(mk’31:k)dmk (5)
s
LK 2 H bR A 5 A 1R IS 1] F000 M 2 % 5

Jrpp—1(Xe| Z1:0-1) WAL R VAR 43 A T3, Mahler 15
B k %) PHD 383 2% (1384 2 X dn R



7 VS R AR (B T 941

1) we
Dyjp—1(xk| Z1:0-1) = We(@r) +
/[pS,klk—l(wk—l)fkk—l(xk’xk—l) +

ﬂk\k—l(-’Ek|-’17k—1)]Dk—1|k—1(-’l?k—1 \Z1zk—1)d-’lfk—1

(6)
2) Hopr b

Dk\k(xk|zlzk) =
Dyjp—1(xk| Z1.-1)[1 — pps(xr) +

Z D,k (Zk) frk(ZrlZK) ]
Kk (2e)+ [ ok (®k) ok (Zr1Er) Dijk—1 (@k| 216 1) das,

ZLEZY -
(7)
J:ﬂﬁitqj, ’Yk(xk) il ﬁk|k71(xk|wk—1) 5390 K B AR
AR EE VR AR, Ry (2)) A ARBEIRIE, oo (]
-’111%1) by H Ei‘ﬂk?&%%ﬁ%i%ﬁ, fk\k(zk‘mk) by H
f I — 1 H AR SRR BR AL pS,k\k—l(mk—l) M H
AT, pp i (r) AR RS H AR AR IR .
SCHR [20—21] # IMM HVLR PHD 383 2% 4H
shty, 135 7 MM-PHD W28, 0] il T4 5 H b
RSO kB %) MM-PHD 38 5% 4 (1 2 4E

AR RO
1) FE

Dk\k—1(-’1¢k77'k|31:k—1) =

kak—1(7"k|7“k—1)/[Ps,k|k—1(-’17k—1,7”k—1) X

Thk—1
fk|k—1($k‘$k—177“k> + ﬁk|k—1(-’13k|-’13k—177"k)] X

Dy qjp—1(®p—1,76-1]Z15-1)dZr—1 + Vi (Tk, Tx)

(8)
2) HOpr b
Dk|k(93k,7“k|zlzk) =
Dyjj—1 (@i, 7| Z1:6-1)[1 — poi(Tr, 71) +
Z D,k (=k:Tk) fr |12k 2k, Tk) ]
kilzi ) PD K (=k,mk) fok(zE |28 ,78) Di (ks k| 21:6-1 ) Ao
2L €EZ)
9)

PRI Z) kAR e (@, k), BAR
qug_%g ﬁk|k71($k|$k71, Tk), $ H *ﬁ%#&%%*ﬂ}fi
B frepp—1 (@p|Tr_1, 7)), ALK — 50 H AR AL
IRBREL fuon(2nl®r, i), HARAETETMER Do k-1 (@r—1,
Tk_1), 4?@%&@@“1%% pD,k(-’Ek, Tk) i@'ﬁ H ﬁ?@iﬂ
BT, frp—1 (rr|re—1) NBIVEREHEA.

2.2 MM-PHD §ilE - f5EEiasE

TR H AR G 2 A AR W Tk
T EAT T W) - S AP Sk (Forward-backward

smoother, FBS)%! i JJ% #5 #1595 (Two-filter
smoother, TFS)P0 Hlfg K J5 5 V-3 H 7% (Maxi-
mum a posteriori smoother, MAPS)I27 %% [A]Ff,
MM-PHD - as th al 4 LA _E =FEA. ASCHE
RBEFE MM-PHD i [ - J 7~ 53, MM-PHD
T IF) — Ji 1)~ 4 PR 1) SEOR A sCRIR 56 2.1 1)
MM-PHD &3 2% B0 =8 (8) FIEEF =X (9), Hlit
I TN e A R i e B A 2K
ANFF Mahler ] RFS fiAHE4L, Erdine 5545
th 7 PHD JEB A ) 3 4% 7] (Physical space) fii
TRy T G A A IR B AL AR B, AR SCAR R SCHR
[22] o PHD (W43 2 [ 4k vk 45 MM-PHD i
I — Ji [ P34 1 i 1) B8 A 2K
7t PHD JE A 8 = (i f kv, H bR
ZFla) S BRI H Ny AR, s (i=1,-- -,
N,) NN S;, LR MisRZ s — 1 H
B 30wy (i) RonFfE 20 kS0 AP AEE
ANEAR?, di(2) ZonFAT B2 kS5 AP NI HE
PRIHTS. BATCHILE RFS HE4L R, PHD R
SRR SR AN R, 7 PHD (14738 25 () ik
i, PHD ] B H AR A 2 0 1 FAr A B
PIAL AN H AR IR 222 R e AR R4 1 (B
PR EOE T 695 K HAEAD AR A& T 0), M
P(uy(i),r| Z1.0) BIRR TINZ (¢ < k, b k3R
ZNHTINZ]) MM-PHD PR Dy (24, 74 Z1.10)-
N{igloo (ue(2), 7| Z10) = Dyi (@4, 7| Z1.)  (10)
7 PHD W82 [k, s 20 ¢ 55 @
AN B ARLER Z) ¢ + 1 v] fgis 3 FPR A )
S NI j (5 =1, -, N,) DMK S; ek
PR, AR A A A n] 15

P(ug(i), 14| Z1.0) = P(ug(i), 7| Z1.8) X
P(dy(i), 7o Z1e) + DY Plursa (), misa| Za) %

J o Tt

P(Ut(i%Tt’Ut+1(j)>7“t+1731:k) (11)
i H bris S8 ) e B i FE A H R 2 1

()35 e R 5095 A2 5 2R R, IIAR i DLt S 28 5K

AT

P(Ut i 7Tt‘Zl:k) =

(), re| Z14) P(di(3), 74| Z1:8) +

Z P(ut+1(j)uTt+1|ut(i)7TtuZl:t) _

— P(Ut+1(j)77“t+1|zl:t)

i (1), 74| Z1:0) P(tis1 ()5 Tig1| Z1e) X

Ut(i)ﬂ"t’Zl:t) (1 — PS(“t(i)7rt‘Zl:k)) +

RS
U=

-

P
P

—_ o~



942 Hoo® % 4R 36 4
ZZ Ut+1 |Ut ) rt—i—l) 4 175%%1:}:[
7 Pl (), mea | 2i) 41 FEIZZEE
P(rogalre) P(u(i), 7el 21:0) P(ue1(5)s ega] Z1k)

(12)

E Py Fon HER AR,
X (12) 555 32 ) s OB BR AT A3 20 ¢ (¢
< k) MM-PHD P35 15 1) 5280 7 F ok

Dt|k($t77“t|Zl:k) =
filtered
——t—
Dt|t($t,7“t|Z1:t)[1 _pS,t+1|t(xt7rt) +

dynamics

/ft+1t (res1|7e) frane (@ea |Te, 70) «

Dt+1\t i1, 71| Z1:)

Tt+1

predicted

smoothed

Dyprje(Tisr, g1 Z1x) Ay o] (13)

R4E X (13), 7T ¢ + 1 % MM-PHD F)°F#F
B 1) 3 HEAS 2 ¢ I %) MM-PHD (¥ {H. &
TS = k— 1 I %), MM-PHD (7 i
8 Disapr(@esr, rea | Z1) BN B I 208 098 Al
Dk|k(xk7rk|Zl:k)-

3 MM-PHD &880 SMC £

i+ MM-PHD 7 ] — J& 7] P38 E
gy, Rt e e ARtk %#Fmﬁwﬁi@ﬁiﬁ

AR SMC 73530 MM-PHD FHi 2. i
BN ZIh k, 221 4t 1 [ E IR 1) SMC-
MM-PHD i [r) — Ji7 i)V # a5 f SvE AR, b, b
br “~? RIRKFEAE, &, 7,0 3R IRERE 18
BN SR A RIAH B (R R AN

R, FTFEUHI

1) fEFERFEL JE A I MCMC #3))20
Sk 2 R

2) fE%2 HFRRASRBOE, % v R K B8
(K-means)?) o & WiiR A8 (Gaussian mixture
model, GMM)BO SR E PR AR AT R K.

3) M\ MM-PHD i1 a i 17 58 22 2Cn]
LA, B ¢+ 1 Bk 7~ B TSR %) ¢
(RL P A T O (J, Jpyr ) OB 2RI HL
Z NSRS WAE R OR. BRI, O TN R BN
PRV IR, T8 H W] R PR = AR 4 (Fast Gaus-
sian transform, FGT)BY {ifi £ # I (Fast mul-
tipole expansions, FME)PB2 145 1] % 5| (Spatial-
index) 3 ST 7 VLT S ) BB A 5K

1281 p)

FIE— N ARBAE T 2 2 Hiris a5t
WAL '*fﬁ’JHTIEﬂEEEW F BRSO 601 LB I ] 224
%0 W 9 DX IR K9 L2 [—1.000, 1000] x [—1000,
1000 m?. WAHE K T = 50, fa REEN b
At = 1s. WINZ E BILE AN B Ny, HFR(E
AR () AT REAR ST B S iz gl Bk, W H bR
iz YA 1 — A2 (Constant velocity, CV)
PR T — AN 25 (Coordinated turn, CT) #5134
. W2k Sin (n=1,---,Ny) AN HERPAR
AR 2y = (o, 4,y g, QLT H [ gt
HEAE x AARENTT 10 Ry AR AR DT ) (047 1R
(&3, gl EAE x ARG TS 10 Ay AR T 1h]
FEWE; QF A E R MIEER, LI 1Yk,
IS 177 ) A . Al 2 n A HARBPIRAS AL Oy

= Fﬁk“’Zﬂ +w:},k (14)

EX, FR S 0 ASHARRS r (r = 1,2) MR
FPREHRE A, w)y A n A HIRIE » A
F 3 M 7B 8 A [ 4 Z‘EE’JAi’ﬂEm e
W, DT 2R Q. AR T Dy OV B, R 2
o CT B8, )

(1 At 0 0 0
0 1 0 0 O
F'e=10 0 1 At 0
0 0 0 1 O
00 0 0 0]
B sin Qp_; At _1—cos Qp_ At T
1 Qp_, 0 Qp_, 0
0 cosQp At 0 —sinQp At 0
sz — 0 1— co;i)kl 1At 1 ilngg llAt 0
0 sinQ} At 0 cosQy_ At 0
0 0 0 0 1
A AAY 1
— — 0 0 O
NN
5 A2 0 0 O
n 4 3
T =0t 0 0 Ait Ait 0
I
0 0 5 At?2 0
| 0 0 0 0 0 ]




7 HEIELE: 2 R AR BB 1Y 4 943

#1 SMC-MM-PHD Ayl — J& i) P8 53
Table1 Brief description of the proposed SMC-MM-PHD forward-backward smoother
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