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This paper deals with the mean-square exponential input-to-state stability (exp-ISS) of Euler-Maruyama (EM) method

ZENG Lit

applied to stochastic control systems (SCSs). The aim is to find out the conditions of the exact and EM method solutions to an SCS
having the property of mean-square exp-ISS without involving control Lyapunov functions. Second moment boundedness and an
appropriate form of strong convergence are achieved under global Lipschitz coefficients and mean-square continuous random inputs.
Under the strong convergent condition, it is shown that the mean-square exp-ISS of an SCS holds if and only if that of the EM

method is preserved for sufficiently small step size.
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When investigating stability and designing controller of
a system, it is important to characterize the effects of ex-
ternal inputs. The well-known input-to-state stability (ISS)
property plays useful role in this regard. The concept of ISS
originated in [1] for deterministic systems and has been fre-
quently investigated in recent years?~l. Especially, some
concepts of exp-ISS for stochastic control systems (SCSs)
have been appeared in [7—9]. These concepts are the ex-
tension of ISS for deterministic systems (plus exponential
stability).

The exp-ISS of a stochastic control system, usually de-
pends on the existence of an appropriate control Lyapunov
function. However, in general, there is no very effective
method to find such control Lyapunov function. Thus, in
the absence of an appropriate control Lyapunov function,
we may carry out careful numerical simulations using a nu-
merical method with a small step size A. Then, for the
mean-square exp-ISS and Euler-Maruyama (EM) method,
two key questions follow.

Question 1. If the SCS satisfies mean-square exp-ISS,
will the EM method preserve the mean-square exp-ISS for
sufficiently small A?

Question 2. If the EM method satisfies mean-square
exp-ISS for small A, can we infer that the underlying SCS
also satisfies mean-square exp-1SS?

Results that answer Questions 1 and 2 for uncontrolled
stochastic systems can be found in [10—13]. Furthermore,
the ISS of Runge-Kutta methods and one-leg methods for
deterministic control systems was investigated in [14—15],
respectively. However, to the best of the authors’ knowl-
edge, the mean-square exp-ISS of EM method for SCSs
remains open, which motivates this paper. In addition, it
is of great importance to study control problems by using
numerical methods, since the research on control problems
(e.g. ISS) becomes much more difficult by using traditional
methods with the rapid development of some larger engi-
neering designs and so on.
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Our aim of this study is to give very positive answers to
both Questions 1 and 2 without the existence of an appro-
priate control Lyapunov function. The organization of the
paper is as follows. In Section 1, we give our definitions of
mean-square exp-ISS for the SCS and EM method. In Sec-
tion 2, under global Lipschitz coefficients and mean-square
continuous random inputs, the second moment bounded-
ness and an appropriate form of strong convergence are
obtained in Theorem 1 and Theorem 2, respectively. In
Section 3, Theorem 3 shows the equivalence, for sufficiently
small step size, of the mean-square exp-ISS of the SCSs and
that of the EM method.

Furthermore, it may be noted that the approach used
in Theorem 3 allows us to discuss whether an SCS shares
mean-square exp-1SS property with other numerical meth-
ods (e.g. the stochastic theta method), however, this dis-
cussion is not covered here due to space limitation and will
be reported in our next paper.

Notation. R" denotes the n-dimensional Euclidean
space, R™*™ is the set of all n X m real matrices, and Z is
the set of all integers. (2,5, {§¢}t>0,P) is a complete prob-
ability space with a filtration {§:}+>0 satisfying the usual
conditions (i. e., it is right continuous and §o contains all P-
null sets). E{-} stands for the mathematical expectation.
Let | - | denote both the Euclidean norm in R™ and the
trace norm in R"*™. Denote by L%, (Q;R") the family of
all §+-measurable random variables £ : Q@ — R"™ such that
E|¢)? < co. A function v : RT — R is called a s-function
if it is continuous, strictly increasing, and (0) = 0.

1 The mean-square exp-ISS

Consider the following n-dimensional Ito SCS:

dy(t) = f(y(t),u(t))dt + g(y (), u(t))dw(t), t>=0 (1)

where y(t) € R™ and u(t) € R™ are the state vector and
input vector of the system, respectively. w(t) is a standard
p-dimensional Wiener process. The set of admissible inputs
is denoted by F(R™) and is the set of all progressively
measurable random functions u : Q x [0,00) — R™ such
that the supremum norm |u|sup = sup{|u(t)],t > 0,a.s.} <
00, where a.s. means almost surely. That is to say, for
every t > 0, the random input u is §: X Bi-measurable



No. 3

ZHU Qiao et al.: Mean-square Exponential Input-to-state Stability of - - - 407

(B is the o-algebra of Borel subsets of [0,t]). As a direct
consequence, each u(t) is §r-adapted.

We always assume that f : R®™ x R™ — R" and
g: R" xR™ — R™P? are both Borel measurable such
that the SCS (1) has a unique solution for any initial data
y(0) = € € L3, (€ R™) and random inputs u(t) € F(R™).
We shall denote this solution by y(¢;0,&,u(t)). For de-
tailed conditions on the existence and uniqueness of y(t) =
y(¢;0,€&,u(t)), we refer the reader to [9, 16]. For the purpose
of stability study in this paper, assume that

f(070) =0, 9(070) =0 (2)

Definition 1. The SCS (1) is said to satisfy mean-
square exp-ISS if there exists a k-function § and posi-
tive constants M and A such that, for all initial data
€ € L3, (% R") and random inputs u(t) € F(R™),

Ely(t)]> < MEE[Pe ™" + EB(lulp) (3)

We refer to A\ as a rate constant, M as a growth constant,
and (3 as a gain function.

Intuitively, the mean-square exp-ISS property indicates
that, with random but almost surely bounded inputs, the
behavior of the SCS should remain bounded in mean-square
and tend exponentially to the equilibrium in mean-square
when inputs almost surely approach to zero.

Remark 1. The mean-square exp-ISS of SCSs is a nat-
ural extension of the well-known deterministic ISS intro-
duced by Sontagl?~3l. Furthermore, a concept also named
as mean-square exp-ISS for SCSs was introduced in [7,9].
However, the mean-square exp-ISS employed in [7, 9] es-
sentially is an extension of robust stability for deterministic
systems introduced in [2]. The equivalence of the ISS and
the robust stability for deterministic systems was proved
in [2]. Due to the page limit, the relationship between the
mean-square exp-ISS in Definition 1 and that employed in
[7, 9] will be investigated and discussed later.

Now, we define the EM method** '™ for the SCS (1).
The discrete approximation x5 ~ y(kA) with ¢, = kA, is
formed by simulation from zo = §; however, in general,

Tpt1 =Tk + f(@r,un) A + g(xr, urp) Awy, (4)

where Awy, = w((k + 1)A) —w(kA) and up = u(kA). We
introduce the continuous approximation

z(t) =€+ / F(2(),U(s))ds + / a(2(s), U(s))duw(s)
(5)

where

2(t) = Z Tl (r1)a) (1)
k=0

U(t) = Z Urlipa, (k+1)a)(t)
k=0

with 1 denoting the indicator function for the set G. It
is easily shown that z(kA) = zx, and hence, z(t) is an
interpolant to the discrete EM method solution.

Following Definition 1, we may define the mean-square
exp-ISS for the continuous EM method.

Definition 2. For a given step size A > 0, the contin-
uous EM method is said to satisfy mean-square exp-ISS, if
there exists a x-function + and positive constants N and [

such that, for all initial data & € L3, (Q;R") and random
inputs u(t) € F(R™),

Elz(t)]* < NEE[Pe™" + Ey(jul2,) (6)

We refer to [ as a rate constant, N as a growth constant,
and v as a gain function.

To be simple, we denote a3(x) + bz by (a8 + b)(x) and
denote aB(x) +br < cx for all x € R™ by a3+b < ¢, where
0 is any k-function and a,b,c are any positive constants.
Clearly, it implies that (b3 + a) is also a k-function.

Furthermore, we must declare that the questions ad-
dressed, results proved, as well as style of analysis use much
of the work [10] for reference.

2 Strong convergence

Our aim is to find conditions under which the EM
method reproduces the stability behavior of the under-
lying problem, for sufficiently small A. In order to do
this, we introduce some conditions and perform prelimi-
nary analysis that establishes second moment boundedness
and an appropriate form of strong convergence under global
Lipschitz coefficients and mean-square continuous random
inputs.

Assumption 1. Assume that both f and g are globally
Lipschitz continuous, that is,

fu) — @) <Ki(ly—g/° +u—af) (7)
and
9y u) —g@w))* < Ko(ly —9° + u—al*)  (8)

for all y,y € R™ and u,u € F(R™), where K7 and K> are
positive constants. Furthermore, we also assume that, for
all sufficiently small A > 0, ¢ > 0 and u(t) € F(R™),

Blu(t +A) —u(t)]” < LA’ElulSp (9)

where L is a positive constant, which implies the random
input u(t) is mean-square continuous.

Theorem 1. Under (2) and the global Lipschtiz condi-
tions (7) and (8), for sufficiently small A, the continuous
EM method solution (5) satisfies,

sup Elz(t)|” < B, 7 jujuny T >0 (10)
0<t<T

where
Be, 7 juluuy = 3(BIE]* + T(TK1 + Ka)Elul2,,)e* ™17

Proof. From (2) and the global Lipschtiz conditions (7)
and (8), we note that

fl@w)” < Ki(lz* + [uf*),  |g(z,w)]® < Ka(2[” + [ul*)

Then, we derive from (5) that, for 0 <¢ < T,
t
Bla(0) < 3EIE +3TE | |f(x().U(s)[*ds+
0
t
3E [ Ig(e().U(s) s <
JO

3E[E)? + 3(TK 1 + K2)x
t
([ mitoras + e,
0
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Since the right-hand side term is nondecreasing in ¢, we
have

sup Elz(t)* < 3E[E]> + 3T(TK1 + K2)Elul2,,+

0<t<t;
ty
3(TK: + Kz)/ Elz(s)|’ds <
0
3E|¢|> + 3T (TK1 + K2)Elu|2,,+

3(TK: + K3) /Otl( sup Elz(t)[*)ds

0<t<s

for any ¢1 € [0,7]. The continuous Gronwall inequality
hence yields

sup Ele(t)|* < 3(BJE*+ T(TK 1 +Kz)Elull,,)e* ™ T

0<t<T

which is the required assertion (10). O

Lemma 1. Under (2) and the global Lipschitz condi-
tions (7) and (8), for sufficiently small A, the continuous
EM method solution (5) satisfies

sup Elz(t) — z(t)]* < (2K2 + 1)A sup Elz(t)]*+
0<t<T 0<t<T

(2K2 + 1)AE|u‘gup (11)
for all T > 0.

Proof. Givenany 0 < ¢ < T, let k = [t/A] be the integer
part of t/A, this seems incomplete; so kA <t < (k+ 1)A.
It follows from (5) that

z(t) — 2(t) = f (@, ur)(t — kA) + gz, ur) (w(t) —w(kA))

(12)
Then, we have
Elz(t) — 2(1)]* < 2(K1A + K2) AB(|zx|* + Jue|*) <
(2K2 + 1)A sup Elz(t)]* + (2K + 1)AEu|2,,
0<t<T
if 2K1 A < 1. Hence the assertion (11) follows. O

Theorem 2. Under (2) and Assumption 1, for suffi-
ciently small A, the continuous EM method solution (5)
satisfies

sup Elz(t) —y(t)]> < CrA sup Elz(t)|” + DrAE[ulZ,

0<t<T 0<ieT
(13)
where
Cr = 4T(K0T + K2)(2K> + 1)e!T A THE
and

Dy = 2T(K1\T + K») (4K, + 3)e*TF1 T2

Proof. It follows from (1) and (5) that for any 0 < ¢ <
T,

2(t) —y(t) = / F).U() — Fu(s),u(s)ds+
/0 l0(2(5), U(s)) — g(y(s),u(s))]du(s)

Hence, for sufficiently small A,
Elz(t) — y(t)|* <

2(KaT + Kz)E/O (I2(s) =y ()] + [U(s) —u(s)[*)ds <

JK\T + K»)E / (l2(s) = 2(5) + |a(s) — y(s)P)ds +

2T (KT + K2) LA ElulZ,, <
AT (KT + K2)(2K2 + 1) x

A < sup Blz(t)* + E\uﬁup) +2(K T + K») x

0<t<T

t
(2E/ lz(s) —y(s)]>ds + TLA2E|U\§UP) <
0

4(K\T + K2)E /Ot lz(s) —y(s)]>ds +

AT (KT + K3)(2Ks + 1)A sup Elz(t)]* +

0<t<T

2T (KT + K»)(4K> + 3) AEul3y,

if LA < 1. From an application of the continuous Gronwall
Lemma, we obtain a bound of the form

Ela(t) —y(t)]* < CrA sup Elz(t)]* + DrAEufZ,

0<t<T

Since this holds for any ¢ € [0, 7], the assertion (13) must
hold. a

Remark 2. The inequality (13) implies that the EM
method has a strong finite-time convergence order of at
least 1/2 with a “squared error constant” that is linearly
proportional to supy,~ E|z(t)|* and E[u|2,,. Obviously,
for uncontrolled stochastic systems, it implies that the
strong convergence order of EM method also is greater than

1/2.

3 Main results

It is of interest to ask whether the EM method shares
mean-square exp-I1SS with the SCS (1). The results below
answer this question positively.

Lemma 2. Assume that the SCS (1) satisfies mean-
square exp-ISS with rate constant A\, growth constant M,
and gain 8. Under (2) and Assumption 1, there exists a
A* > 0 such that for every 0 < A < A*, the continuous

EM method satisfies mean-square exp-ISS of the SCS (1)

with rate constant [ = %)\, growth constant N = 2Me2 T

and gain v = (8 + 1)/(1 — e~ 2*7).
Proof. Choose T'=1+ (4log M)/}, so that

Me T <o 3T (14)
Now, for any 7 > 0,
1
Elz(t)]* < (1+7)Ele(t) —y(t)|* + (1 + ;)Ely(t)l2 (15)

From (2), Assumption 1 and Theorem 2, we have (13).
Then, using (13) and (3), we see that

sup Blz(t)]> < (1+7)(CarA sup Elz(t)]*+

0<t<2T 0<t<2T

Dar ABJulZ,,) + (1+ 1) (MEE + EA(ful,,)
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If we take A sufficiently small, this rearranges to

1+ Hm )
Elz(t))? <—— T/ _El¢]*+
ogstugpQT () “1—-(1+71)CorA 4

(1+ )84+ (1+7)DarA

R s oY

(lulswp) (16)

Now, taking the supremum over [T, 27 in (15), using (13)
and the bound (16), and also the stability condition (3), we
have

sup El(t)]” < (1+7) sup Ela(t) —y(t)[*+

T<t<2T 0<t<2T
(1+2) swp Bl <
T T<t<2T
(1+7)(1+ 1) MEI¢|?
1—(147)CrA
gt )1+ 1)+ (1+ 1)DarA
(1+ 1) CerA

1 _
Cor A+ (1 + ;)ME|§\2e ATy

Car A(JulZup)+

1 1
(1 + ;)DQTAE|U‘§up + (1 + ;)E/Bﬂu‘fup)
We write this as

sup Elz(t)|* < R(A)EIE]* + ES(A)(julZw)  (17)

T<t<2T
where
 +na+d 1 AT
1 1+ % 1 DarA
S(A):( + 7)1+ )8+ (14 7)Dar ]CQTA+

1—(1+47)CrA
1 1
1+ —)DarA+ (14 )6

Let 7 = 1/v/A. Note that R(A) and S(A) increase mono-
tonically with A. It implies that S(A1)(z) < S(A2)(zx) for
all z € RY if 0 < Ay < A,. Hence, by using (14), and
taking A sufficiently small, we may ensure that

R(A) <e 2, S(A)<B+1 (18)

In (17) this gives

sup Ele(t)]> <e 2T sup Ela()]* + EB + 1)(|ul’yp)
T<t<2T 0<t<T

Now, let g(t) be the solution to the SCS (1) for t €
[T, 00), with the initial condition §(7") = z(T'). Following
the previous analysis, we have

Elz(t)]* < (1+7)Ele(t) — ()" + (1 + %)Elil(t)l2 (19)

Taking the supremum over [T, 37, and using the Markov
property for the SCS (1), we can shift (3) and (13) to
[T, 3T], obtaining

1+ HMm
Bl < —~ 727~
TgsllgpsT =) < 1-(1471)CorA

1+ B+ 1+7)DerA
1-— (1 + T)CQTA

Elz(T)[*+

(Jul2up)

Note that E[g(t)|* < ME|z(T)[*e "7 + Ef(julZ,)
for all t > T. Then, taking the supremum over [27,37] in
(19), in place of (17), we arrive at

sup  Elz(t)* < R(A)Ez(T)]* + ES(A)(fulp)

2T <t<3T
Continuing this approach and using (18) gives

sup Elz(t))? < e 2Bz (iT)*+
(i+1)T<t<(i+2)T

B8+ D(lulZp)  (20)
for ¢ > 0. From (20) we see that

sup Elz(t)]* <
(i+1)T<t<(i+2)T

e 2 sup Bzt + BB+ 1)(|ully,) <

iT<t<(i+1)T
e 2 ez T sup  Elz(t)|*+

(i—-1)T<t<iT

(e 2T L DEB + 1) (|uffp) < - <

— AT (i+1)

e sup Elz(t)>+
0<t<T

1 )
1— ef§>\T(1+1)
57 B0+ 1)(Juldw) (21)

1
1— 675)\T

Now, using 7 = 1/v/A in (16), for sufficiently small A we
see that

sup Elz(1)]” < 2MEE]” +E(5 +1)(luls)  (22)

0<t<T

It follows from (21) and (22) that
sup Elz(t)]> < 2Mefé’\T(i+1)E\£\2+
(+1)T<t<(i+2)T

1 .
1— eff)\T(z#»Q)
BB+ D(luly) <

B+1
mﬂu@up)

1
1— e—EAT

oMez TE|¢[%e M + B

Hence, the continuous EM method satisfies mean-square
exp-ISS with I = 1\, N = 2Me?*”, and v = (B +1)/(1 —
eféAT). O

The next lemma gives a positive answer to Question 2.

Lemma 3. Under (2) and Assumption 1, assume that
for a step A > 0, the continuous EM method satisfies mean-
square exp-ISS with rate constant [, growth constant N and
gain 7. If A satisfies

CoreT(A+VA) +1+ VA <ei'T, CrA<1  (23)
and

(Dot + Cory)(A + VA) + VA <1, (Dr+Cry)A<1
(24)

where T'= 1+ (4log N)/I, then the SCS (1) satisfies mean-
square exp-ISS with rate constant \ = %l, growth constant
M= 2Ne%lT, and gain 8= (v+1)/(1 — e_%lT).

Proof. First, note that

e TN <o 2! (25)
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For any 7 > 0, we have
1
Ely(t)]* < (1 +m)Elz(t) —y(1)* + (1 + ;)Elﬂ'v‘(t)l2 (26)
Using (13) and (6) in (26), we obtain

sup Bly(t)]*> < (1+7) sup Elz(t) —y(t)]*+

T<t<2T 0<t<2T

1
(1+2) sup Elz(t)* <
T T<t<2T

(1 7)Car A+ (14 D) TN ElE R+
BI(L+7)(Der + Gor)A+ (1+ D) (2)
Setting 7 = 1/v/A gives

sup Ely(t)]* < [Core!T (A+VA)+1+VA]NE[E[?e T+

T<t<2T

E[(Dar + Cor7)(A+ VA) + (1+ VAN (lufsp)  (28)
Using (23) ~ (25), we then have

_3
sup Ely(t)]* < e T NE|E]* + E(y + 1)(juf2up) <
T<t<2T

¢ 27T sup Ely(t) + E(y + 1)(julsy) (29)

0<t<T

Now, let Z(¢) for ¢t € [T, 00) denote the approximation
that arises from applying the EM method with (T) =
y(T). Then, using similar arguments to those that pro-
duced (27) and (28), we have

sup Bz (t) —y(1)]* +

T<t<3T

sup  Ely(t)* < (1+7)
2T <t<3T

1 .
(1+-) sup EJz(1)]* <
T 2T<t<3T

(14 7)CorA + (1 + %)e*lT]NEw(T)FJr
(14 7)(Dar + Cory)A + (1 + %)7]E|u|§up <

_1
e sup Ely(t)]* + E(y + 1)(ulZup)

T<t<2T

Generally, this approach may be used to show that

sup  Elg() <e 7 sup  Ely(t))+

IT<t<(i+1)T (i—1)T<t<iT
2
E(v + 1)(Julsup)

for ¢ > 1. Hence,
_1y
sup  Ely(t)]* <e 2" sup Ely(1)]*+
IT<t<(i+1)T 0<t<T
1
1— efilzT 9
—e

Now, using (23) and (24), we see that

sup Ely(t)|* < 2NE[E]* + E(y + 1)(|Jul2,,)

0<t<T

Inserting it into (30), we obtain

sup E|y(t)|2 < e—%l(i+1)Te%lT2NE|€|2+
iT<t<(i+1)T
1 .
1_67§l(1+1)T )
B+ D) <

e TN EIE + B (ull)
1—e"2
which proves the required result. O

Lemma 2 and Lemma 3 lead to the following theorem.

Theorem 3. Under (2) and Assumption 1, the SCS
(1) satisfies mean-square exp-ISS if and only if there ex-
ists a A > 0 such that the continuous EM method satisfies
mean-square exp-ISS with rate constant [, growth constant
N, and gain =, step size A, and global constants Cr, Dr
for T = 1+ (4logN)/l satisfying conditions (23) and
(24).

Proof. The “if” part of the theorem follows directly
from Lemma 3. To prove the “only if” part, suppose that
the SCS (1) satisfies mean-square exp-ISS with rate con-
stant A\, growth constant M, and gain 8. Lemma 2 shows
that there exists a A > 0 such that for any step size
0 < A < A", the EM method satisfies mean-square exp-ISS
with rate constant [ = %)\, growth constant N = 2Me2 T

and gainy=(8+1)/(1 — efé/\T). Noting that these con-
stants are all independent of A, it follows that we may
reduce A if necessary until (23) and (24) are satisfied. O

4 Conclusion

With the rapid development of scientific research and
large scale engineering design many control systems are so
complicated that it is very difficult to investigate the sys-
tems by using traditional methods such as Lyapunov meth-
ods. Thus, it is a natural thought to investigate the control
systems by using numerical methods. In this paper, we re-
search the mean-square exp-ISS property of SCSs by EM
methods. From Theorem 3, it is feasible to investigate the
mean-square exp-ISS of the SCS (1) with careful numerical
simulations.
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