Brief Paper

ACTA AUTOMATICA SINICA

Vol. 35, No.9 September, 2009

Delay-dependent L,-L., Filter for
Singular Time-delay Systems
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Abstract The problem of Ly-L filtering is discussed for sin-
gular time-delay systems. Attention is focused on the design of
full-order filter that guarantees the delay-dependent exponential
admissibility and a prescribed noise attenuation level in Lo-L
sense for the filtering error dynamics. The desired filter can be
constructed by solving certain linear matrix inequality (LMI).
Numerical examples are given to show that the methods have
less conservatism.
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Over the past decades, the filtering problem has been ex-
tensively investigated due to the fact that filtering is of both
theoretical and practical importance in signal processing.
For Ls-Lo filter designs, there have been fruitful results in
terms of the linear matrix inequality (LMI) approach[lf?’]‘
Recently, considerable attention has been devoted to singu-
lar systems due to the fact that they can describe physical
systems better than state-space ones and have extensive ap-
plications. It should be pointed out that the analysis and
synthesis for singular systems are much more complicated
than those for state-space systems because it requires to
consider not only stability, but also regularity and absence
of impulses (for continuous singular systems) and causality
(for discrete singular systems) at the same time® | and the
latter two need not be considered in regular systems. For
more details on singular systems, we can refer to [4]. Re-
cently, the filtering problem for singular systems has been
studied in terms of LMI approach. References [5—6] inves-
tigated the H filtering issues for singular systems while
the Lo-Lo filtering results for singular systems were pre-
sented in [7]. When time-delays appear, [8—10] discussed
the H filtering problem for singular time-delay systems.
So far, to the best of our knowledge, there has been no
delay-dependent method reported on the Ls-Lo filtering
problem for singular time-delay systems.

This paper is concerned with the problem of delay-
dependent Lo-Lo filtering problem for singular time-delay
systems. A delay-dependent condition is proposed, which
guarantees the considered singular time-delay system to be
exponentially admissible with a prescribed Lo-Lo, perfor-
mance level. Based on it, an LMI method for designing an
linear full-order filter is proposed.

1 Problem formulation

Consider the singular time-delay systems

Ez(t) = Az(t) + Aaz(t — d) + Bow(t)
y(t) = Cx(t) + Caz(t — d) + Dow(t)
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2(t) = La(t) 1)
x(t) = ¢(t)a te [_da 0]

where z(t) € R" is the state, y(t) € R® is the measure-
ment, z(t) € R? is the signal to be estimated, and w(t) €
RP? is the disturbance input that belongs to L2[0,00). d is
an unknown but constant time delay, d is a known constant
satisfying 0 < d < d, and ¢(t) € Cp 4, is a compatible vec-
tor valued initial function. The matrix £ € R™*™ may be
singular and it is assumed that rank £ = r < n. A, Ag,
B., C, Cq4, D, and L are known real constant matrices
with appropriate dimensions.
We consider a filter with the following form:

Esa(t) = As&(t) + Byy(t)

2(t) = Crz(t) @)

where the constant matrices Ey, Ay, By, and Cy are the
filter matrices with appropriate dimensions, which are to
be designed. Augmenting (1) to include the states of the
filter, we obtain the following filtering error system

®3)

where 2(t) = 2(t) — (1), (1) = [&(t)T &(t)*]", and
_ E 0 _ A 0 = A 0
b= |:0 Ef:| y A= |:BfC Af] » Aa = |:Bféd 0:|

_ B, -
B, = |:Bwa:| , L=[L —Cy]

The problem to be addressed here is as follows: given
scalars d > 0, v > 0, and system (1), design a full-
order filter of the form (2) such that the filtering er-
ror system (3) with w(¢) = O is exponentially admissible
and under the zero-initial condition, the L2-L., perfor-
mance [|2(t)]|c< v|lw(t)|l2 is guaranteed for all nonzero
w(t) € L2[0,00) and for any constant time delay d sat-

isfying 0 < d < d, where |z(t)||co= sup, \/z(t)T2z(t) and

lw®)lla=/ [;° w(t)Tw(t)dt.

Lemma 1. If the singular time-delay system

Ez(t) = Az(t) + Aaz(t — d) )
:E(t) = ¢(t)7 te [_dv 0]
is regular and impulse free, then there exists a scalar K > 0
such that ) )
sup |[lz(s)[” < xllé(t)llz (5)
—d<s<d

Proof. Note that the regularity and the absence of im-
pulses of the pair (E, A) imply that there always exist two

nonsingular matrices M and N such that MEN = IOT 8
A0 ) _ |Aa Aa
and MAN = [0 In—r]' Write MA4N = |:Ad3 Ad4:|
and &(t) = Elgﬂ = N7'z(t). Then, the system (4) can
2

be written as
£1(t) = Arg () + A&, (t — d) + Aanéy(t — d)
—€5(t) = Aas€ (t — d) + Aaa,(t — d) (6)
£(t) =v(t) = N '¢(t), t € [-d,0]
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Then, for any 0 <t < d, we have

I€: ()] < (2k1d+1)\|¢||d+k‘1/|\€ )ldec— (7)

where k1 = max{||A1|], ||Aa1], ||Aaz]|}- Applying the well
known Gronwall Lemma, we obtain from (7) that for
any 0 < t < d, &) < (2kad + 1)[9pllge™ . Thus,
SuPg<s<q [€1(s )H2 (2k1d + 1)%[[9]|3e*" 7. Tt is easy to
get from (6) that sup;<,<q[§2(s )I? < 4k3||9]|3, where
ko = max{||Aasl|,||Adsl|}. Hence, there exists a scalar
& > 0 such that (5) holds. O

2 Main results

Theorem 1. For prescribed scalars d > 0 and v > 0,
the singular time-delay systems

Bi(t) = Az(t) + Agz(t — d) + Bow(t)
2(t) = Lz (t) (8)
2(t) = ¢(t), t € [~d, 0]

is exponentially admissible with Lz-L.. performance 7 for
any constant time delay d satisfying 0 < d < d, if there ex-
ist matrix P and symmetric positive-definite matrices Q1,
Q2, Z1, and Z> such that

E'P=P'E>0 (9a)
2. PTAy ETYZ)E PTB, &ATZ
* Zo0  EYZ2FE 0 d*AYz
* * =33 0 0 <0 (gb)
* * * —I d*BYz
* * * * —4d*Z
ETp LT
[ L J >0 (9¢)
where Z = (Z1 + Z»), 211 = PTA+ AP+ Q, — ETZ,E,
B =—Q2— ETZ:F, and E33 = -Q1 + Q2 — ETZE.

Proof. Under the and condition of the theorem, we first
show the exponential admissibility of the singular time-
delay system (8) with w(t) = 0. Noting that rank £ =
r < n, we can always find two nonsingular matrices G

and H such that GEH = {)T 8 Denote GAH =
A A - A P
{ A5 A, } and G PH = { B, P } From (9a),

it is easy to obtain that P, = 0. Then, pre- and post-
multiplying Z11 < 0 by HT and H, respectively, we have
AT P,+PF Ay < 0, which implies A4 is nonsingular and
thus the pair (E, A) is regular and impulse free. Now, pre-
and post-multiplying (9b) by II = [I I 1 0 0} and
7T, respectively, we get PT(A + Aq) + (A + A)TP < 0.
Considering this and (9a), it can be deduced that the pair
(B, A+ Ay) is regular and impulse free, and the matrix P
is nonsingular. Thus, the singular time-delay system (8)
with w(t) = 0 is regular and impulse free for any constant
time delay d satisfying 0 < d < d.

Next, we will show the exponential stability of system
(8). To this end, define the following Lyapunov candidate
for system (8) with w(t) =0 as

V(xe,t) =x(t)"ET Px(t) + /tid 2(s)TQuz(s)ds +

2

M\g.

/ T ()T Qo(s) ds +

TS
TEE

where z; = x(t + 0) and — 2d < 6 < 0. Calculating the
derivative of V' (z;,t) along the solutions of system (8) with
w(t) =0 yields for any ¢ > d, we have

YYET Z, Ei(a) dadfB + (10)

TETZ,FEi(a) dadp

V(x:,t) = 22(t)"ET Pi(t) + © ( " Qua(t) —
2(t — d)" Qua(t — d) + 2t — 5)"(Qz ~ Qu)a(t — 5)+
d;.'i:( OTEY (2, + Zo)Ei(t) — ‘21 , &()"ETZ,E x
da—f/ a)"ET Z, Ei(a) da

According to Jensen integral inequality[n], the following
equations are true:

S e )

Thus, through algebraic manipulations, we have that when
t>d, V(s t) <n(t)"¥n(t), where

En PTAs ETZiE] g [AT AT
U= * 522 ETZQE +Z AdT Z Ag

* * 533 0 0
n(t) = [z(t) z(t-d)T 2(t-HT]"

Now, applying the Schur complements and from (9b), it
is easy to see that there exits a scalar A\g > 0 such that
V(xe,t) < —Xo|lz(t)]|>. Moreover, by the definition of
V(z¢,t), there exist positive scalars A1, A2, and A3 such that
for any t > d, V(z¢,t) < /\1||.'1:(1€)H2 + Ao ftt_d ||.'z:(s)|\2ds +
A3 f:ﬁd llz(s — d)||*ds. Then, according to Lemma 1, it
is easy to get that there exists a scalar Ay > 0 such that

_ —1
V(za,d) < Aallp(t)]|3 Set G = L AQ_“F G. Tt is
0 Ay
o [ I 0 s [ AL 0O

easy to get GEH = { 0 O} and GAH = { Ay T },
where 1211 = A — AQAZlAg and 143 = A21A3. Denote
A Aar Aaz A—T P P

GAa |:Ad3 Ad4:|7G [Ps P4},and
HTQ:H = Q*n g;; } Considering (9a) and nonsin-

gularity of P, we can deduce that P, > 0 and P» = 0.

Define ¢(t) = E;Etﬂ = H 'x(t); then the system (8) with
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w(t) =0 is a restricted system equivalent to where
¢ (1) = A€y () + Aary (t — d) + Aaaly(t — d) -
En P'Ay E'ZE P'B., AT AT
= (t) = Cl(t) + AasCy (t - d) + Aasls (t - d) (11) = T 2 T T
1 * =29 E ZQE O + i Ad A Ad
Ct) =9(t) = H "¢(t), t € [-d,0] * * B3 0 410 0
* * * —I BT BT

To prove the exponential stability, we define a new function
as

W (s, t) = e V(e t), t > d (12)

where the scalar € > 0. Then, we find that for any ¢ > d

t

W (0, ) — W (za, d) g/ ¢ V(@2 5) — Aolle(s)|] ds <

d

t «
[ e [eA1|\w<a>||2 bods [ (o) ds +
d a—d

[ :Hns—dwds—Aoux(a)ﬂ do
’ (13)

By Lemma 1 and interchanging the integration sequence,
we get for any t > d,

t a t
/ e da/ [2(s)]|? ds < desd/ ez ()]]? da <
d a—d 0

t
e /d e*|lz()||” da + d*e** k|| ¢(t)|3

t «
/ e da/ (s — d)||* ds <
d a—d

t
4t [ a(e)|* da+ 26 R $(0)
(14)

Let the scalar € > 0 small enough such that e\, +ede Ny +
ede*¥\3 — \o < 0. Then, substituting (14) into (13) gives
that there exists a scalar k > 0 such that for any ¢ > d,

Amin (P61 (D" < V(@e, t) < ke™lo@)lI7  (15)

Hence, for any t > d,

162 (D11 < Amin(P1) ™ ke ™" l$(1)1 (16)

Combining Lemma 1 yields for any ¢t > 0, ||¢,(t)]® <
ae”"||@(t)||%, where a = max{Amin(P1) 'k, s||H"|[?e*?}.
Applying the same approach of [9], it is easy to prove
from (9) that there exist scalars p > 0 and €1 > 0 such
that [|¢5(s)|*> < pe “*||¢5(s)||3, which means, combining
(16), that system (8) is exponentially stable for any con-
stant time delay d satisfying 0 < d < d.

Next, we will establish the La-Lo performance. Choose
the Lyapunov functional candidate as in (10) and the index
W(t) = V(z, t fo s)ds for system (8). Under
zero initial condrtlon it easy to see that

W(t) = /Ot [V(% s) — w(s)Tw(s)] ds <

Hence, by Schur complements, (9b) implies that for any
t > 0, W( ) < 0 for any non-zero w(t) € L2[0,00). Thus,
V(e t) < fo s)ds. On the other hand, (9¢c) im-
plies LTL < WQETP Therefore, for any t > 0, 2(t)T2(t) =
( )TLTL:J:( ) < Y2(t)TETPa(t) < * [yw(s)Tw(s)ds <
v w s)ds. Thus, La-Loo performance ||2(t)||oo<
Y|lw(t )H2 is guaranteed. Therefore, the singular time-delay
systems (8) is exponentially admissible with Lo-Lo, perfor-
mance 7. B O
Theorem 2. For prescribed scalars d > 0 and v > 0,
the filtering error system (5) is exponentially admissible
with La-Lo. performance v for any constant time delay d
satisfying 0 < d < d, if there exist matrices X, U, Ay, By,
Cy and symmetric positive-definite matrices S1, S2, R1 and
R> such that

E'X=X"E>0 (17a)
E'U=U"E>0 (17b)
E'"X-U)=(X-U)"TE>0 (17c)
A Ay Ay ETRIE (X -U)"B, &ATR
* Ag As ETR1E )\ JZATR
x* % N¢ ETRE 0 FAIR| _
* * * A7 0 0
£ % % * I d*BIR
* * * * * —4d°R
(17d)
E"X-U) E"X-U) L"+Cf
* ETX L™ | >0 (17
* * ’yQI

where R = Ry + Rs, ¥ = X"B,, + B;D,,, and

A=A X -U)+(X-U)"A-E"RIE+ S

Ay =AF —E"RiE+ S

As=A"X+C"Bf + XA+ B;C - E'"RiE+ S
A= (X -U)T Ay

As = XTAy+ ByCy

Ag= — S — E"R:E

A7 = =81+ 52— E"(Ri + R)E

Then, a desired Hs filter in the form of (3) can be chosen
with parameters as

Ay = —U T(A; —A"(X -U) -
By =U"B;,C;=Cy, E; = FE

XTA- B;0) a8)

Proof. By Theorem 1 and the methods of [4,8], the
desired results can be obtained easily. |

3 Numerical examples

Example 1. Consider the singular time-delay system
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(4) and
10 0.6341  0.5413
E= [0 0} A= [—0.6121 —1.121}
~0.45 0
As = [ 0 70.1210}

Comparing the result in Theorem 1 with the methods in
[10,12-15], we get Table 1, which demonstrates our result
has less conservatism.

Table 1 Comparison of maximum allowed delays d

[12] [13] [10] [14—15] Theorem 1

2.4841 1.1576 2.1372 2.4865 2.5176

Example 2. Consider singular time-delay system (8)
with the following parameters:

10 -2 0 -1 0
E‘[o 1}"4_{ 0 —0.9}”‘“_{—1 —0.9]

0 117 11"
po- )= cmom—ro| L]

In this example, the time delay upper bound d is assumed
to be 1.1. The minimum Ls-L performance 7 of the fil-
tering system (3) achieved by [2] is 0.5460. However, ap-
plying Theorem 2 in this paper, the achieved L2-Lo, per-
formances of the filtering system (3) can be calculated as
0.4872. Thus, for the above system, Theorem 2 in this
paper is less conservative than that in [2].

Example 3. Consider the singular time-delay system
(1) with the following matrices

10 04 02 —09 1
E:{o 0}“4:{0.1 —1]’Ad:{ 0 0.5}

-1
B, = {0’4},0:[1 -09 ],Ca=[05 04 ],

D,=1,L=] -1 0]

For this example, the time delay upper bound d = 0.6 and
Ls-Loo performance index v = 3.5. Solving the LMIs (17),
we get the desired filter with the following parameter ma-
trices as follows

g [10] , _[-1.2466  4.8477

F= 100 o>~ |-0.3834 —1.1635
0.3736

Bj = [_0.4624} ,Cy=1[03211 0]

The simulation result of the state response of the designed
filter is given in Fig.1, where the exogenous disturbance
input w(t) is given as w(t) = 2.5/(2+ 5¢), t > 0. Fig.2 is
the simulation result of the error response of z(t) — 2(t) of
the designed filter. It can be seen that the designed La-Loo
filter satisfies the specified requirements.

4 Conclusion

The problem of Li-L filtering for singular time-delay
systems is investigated in this paper. A delay-dependent
sufficient condition for the solvability of the problem has
been obtained in terms of a set of LMIs. Several numerical
examples are provided to demonstrate the effectiveness of
the proposed methods.

2
L5 =
1t
051

-3

0 20 40 60 80 1?95 120 140 160 180 200

Fig.1 State responses of zs1(t) and x s (t)

_50 20 40 60 80 1(%0/ 120 140 160 180 200
s

Fig.2 Error response of Z(t)
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