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Singular Time-delay Systems
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The problem of delay-dependent H., control for singular systems with state delay is discussed. In terms of linear

CHU Jian!

matrix inequality (LMI) approach, a delay-dependent bounded real lemma (BRL) is presented to ensure the system to be regular,
impulse free, and stable with H., performance condition via an augmented Lyapunov functional. Based on the BRL obtained, the
delay-dependent condition for the existence of H., state feedback controller is presented via strict LMI. An explicit expression for
the desired state feedback controller is also given. Numerical examples are presented to illustrate the significant improvement on the

conservativeness of some reported results in the literature.
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In the past few years, singular time-delay systems have
been extensively studied by many researchers from math-
ematics and control communities because they can better
describe and analyze physical systems than the state-space
time-delay ones!!l. The singular time-delay system con-
tains three kinds of modes, that is, finite dynamic modes,
infinite dynamic modes, which generate the undesired im-
pulsive behavior of the system, and nondynamic modes,
while the latter two do not appear in the state-space time-
delay systemm. Therefore, the study for such systems is
much more complicated than that for state-space systems.

Many problems for singular time-delay systems have
been tackled, and a great number of fundamental concepts
and results based on the theory of state-space time-delay
systems have been successfully extended to singular time-
delay systems. For instance, several delay-independent
bounded real lemmas (BRLs) for singular time-delay sys-
tems were provided, and the delay-independent H control
problem was solved via state feedback controller in [2—3].
Recent research effort is focused more on the study for
delay-dependent H, control of singular time-delay sys-
tems, because it has been shown that delay-dependent re-
sults are less conservative than delay-independent ones, es-
pecially in the case where time delays are small. The prob-
lem of delay-dependent H control for singular time-delay
systems was solved in [4—6] in terms of LMI approach. Sev-
eral delay-dependent BRLs were obtained and the design
algorithms of desired controllers, including state feedback
controllers, filters, and output feedback controllers, were
also given. It should be pointed out that in [4—5] decompo-
sition and transformation of the original system coefficient
matrices are required, which makes the analysis and design
procedures complex and unreliable. The delay-dependent
robust H control problem for singular time-delay systems
was discussed in [7—9] when norm-bounded parameter un-
certainties arose, and some delay-dependent BRLs and suf-
ficient conditions for the solvability of this problem were
also obtained. Recently, a free-weighting matrix method,
which is based on Leibniz-Newton formula, has been pro-
posed to efficiently improve the delay-dependent results for
state-space time-delay systems'°~'* in which the bound-
ing techniques on some cross product terms are no longer
involved. The free-weighting matrix method was used to
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deal with the delay-dependent Ho, control problem for sin-
gular time-delay systems in [12—13], and the obtained re-
sults have improved the conservativeness of the results of
[4—9] to a certain extent. But it is should be pointed out
that the proposed results in [6—9, 12—13] are all formulated
in terms of non-strict LMIs whose solutions are difficult
to calculate since equality constraints are often fragile and
usually do not met perfectly.

In this paper, an augmented Lyapunov functional is pro-
posed to discuss the delay-dependent Hs, control problem
for singular time-delay systems. Owing to the augmented
Lyapunov functional, an improved delay-dependent BRL
is derived which guarantees the singular time-delay sys-
tems to be regular, impulse free, and delay-dependent sta-
ble while satisfying a prescribed Ho performance level.
Based on the BRL obtained, a strict LMI-based method
is proposed to solve the delay-dependent H., control prob-
lem and the desired state feedback controllers can be con-
structed by solving a set of strict LMIs. Numerical exam-
ples show that the proposed methods are much less conser-
vative than the existing corresponding ones in the litera-
ture.

Notations. R"™ denotes the n-dimensional Euclidean
space, R™*"™ is the set of all m x n real matrices. Chn,a =
C([—d,0],R™) denotes the Banach space of continuous
vector functions mapping the interval [—d,0] into R™.
£2]0,00) stands for the space of square integrable func-
tions on [0,00). || - || refers to the Euclidean vector norm
or spectral matrix norm and ||¢(¢)|la = sup_,<;<o [|0)||
stands for the norm of a function ¢(t) € Chr,q. p(M) de-
notes the spectral radius of the matrix M. The superscript
“T” represents the transpose and “x” denotes the term that
is induced by symmetry.

1 Problem formulation

Consider uncertain singular time-delay systems:

Ei(t) = Az(t) + Aaz(t — d) + Bu(t) + Bow(t)
z(t) = Cz(t) + Du(t) (1)
#(t), t € [—d,0]

where z(t) € R" is the state, u(t) € R™ is the control
input, w(t) € RP is the disturbance input that belongs
to L2[0,00), 2(t) € R’ is the controlled output, d is an
unknown but constant delay satisfying 0 < d < d, and
¢(t) € C,, 7 is a compatible vector valued initial function.

8
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The matrix £ € R™™™ may be singular and it is assumed
that rank & =r < n. A, A4, B, B,, C, and D are known
real constant matrices with appropriate dimensions.
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Definition 1'%, For a given scalar d > 0, the singular
time-delay system

Ei(t) = Az(t) + Azt — d)

_ - (2)

fl?(t) - ¢(t)v te [7d7 0]

is said to be regular and impulse free for any constant time

delay d satisfying 0 < d < d, if the pairs (E, A) and (E, A+
Ag) are regular and impulse free.

We are interested in designing a state feedback controller

u(t) = Kz(t) (3)

where K € R™*™ is a matrix to be determined. Then, the
aim of this paper is for prescribed scalars d > 0 and v > 0,
to develop a state feedback controller (3) such that for any
constant time-delay d satisfying 0 < d < d, the following
requirements are satisfied:

1) The closed-loop system with w(t) = 0 is regular, im-
pulse free, and stable;

2) The closed-loop system possesses Ho performance =,
that is, under the zero initial condition, the closed-loop
system satisfies

Jow = / b (zT(t)z(t) - WQwT(t)w(t)> <0 (4)

for any nonzero w(t) € £2[0, c0).

To end this section, we propose the following lemma
which will be used in the proof of our main results.

Lemma 1. For any symmetric positive-definite con-
stant matrices Z;, Z3 € R™*", any constant matrices Za,

nxn Z1 Z2

E e R"", « 7
exists a vector function z(a) : [0,7] — R" such that the
integrations concerned are well defined, then

af LA [ 2] [ e

> 0, and a scalar d > 0, if there

ety 1" [-E"ZE E"Z:E —ETZY
z(t — d) EYZsE —ETZsE  ETZ3 | x
[l z(a)da] ~ZE Z>E ~Z
z(t)
z(t — d)

ftid z(a)da |

[14]

Proof. According to Jensen integral inequality'"™, we
have
t T
z(«a) Zi Za| | z(@)
— . . <
d /H {Em(a)} [* ZJ {Ez(a) da <
t T t
iL‘(a) Zl ZQ:| / [x(a) :|
— . da . da =
/tid {Ew(a)} [* Z3| ), 4 | EE()
et) 1" [-EZE E ZE —ETZT
z(t —d) E'ZsE  —E"ZsE  ETZy | x
[l z(a)da —Z2F 7B ~7Z
x(t)
z(t — d)
t
J;_,z(a)da
O

Remark 1. Lemma 1 will play a key role in the deriva-
tion of a less conservative delay-dependent BRL, and the
additional matrix Z> will give a potential relaxation.

2 Main results

In this section, we will solve the delay-dependent Hoo
control problem for the singular time-delay systems (1) in
terms of LMI approach. Initially, a delay-dependent BRL
is given which guarantees the singular time-delay systems
(1) with u(¢) = 0 to be regular, impulse free, and delay-
dependent stable while satisfying a prescribed Ho, perfor-
mance 7. B

Theorem 1. For prescribed scalars d > 0 and v >
0, the singular time-delay system (1) with w(¢) = 0 is
regular, impulse free, and stable with H., performance
v for any constant time delay d satisfying 0 < d <

d, if there exist symmetric positive-definite matrices @,

{Pl Pz} , {Zl Z2] , and matrices S, T1, T> such that

Pr Py |zF Zs
E11 Ei2 Ei3 Eu THB, CF
x  Hoy TXAy P TiB, 0
== * * E33 E34 0 0 < 0 (5)
* * —71 0
* * * * —'yzl 0
* * * * * —I

where R € R™(™™" i any matrix with full column and
satisfies ETR = 0 and

En=T A+ A" TN+ E" P+ PFE4+ Q- E"ZsE+ d*Zy
E=E"Pi+SR" -1 + A"T» + d* 2,

Eis=TrAg+ ETZsE — ETP,

Bu=P—-E"Z]

o= —To — Ty +d*Zs

ss= —Q— EYZ3E

Ssu= —Ps+ETZy

m

Proof. First, we prove the singular time-delay system
(1) with u(t) = 0 is regular, impulse free, and stable. To
this end, we consider system (2). It follows from (5) that

11 Z12 Ei3 Zy Zy 0
% B TFAL —d® | x Zs 0] <0 (6)
* * =33 * * 0

Letting

I A" o
V‘{o AT I]

and pre- and post-multiplying (6) by V and VT, respec-
tively, we get
{Tu T2

* =33

] <0 (7)
where
Tvw=E"P,+PJE+Q—-E"ZsE+ ETP,A +

SRTA+ ATPE + ATRST
Tio= —E'P,+EYZ3E+ E"PiAy+ SRT A4

Choose two nonsingular matrices M and N such that

I, 0}

MEN:{O 0

(8)
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Noting that ETR = 0 and rank R = n — r, we can get

M TR= L?I} (9)

where H € R %= ig any nonsingular matrix. Write

Al Tqg |51
al s [3)

All

Aoy (10)

MAN:{

Pre- and post-multiplying 711 < 0 by NT and N, respec-
tively, and then using the expressions in (8) ~ (10), we
have

SoHT Ags + A5 HSy < 0

which implies A2 is nonsingular.
pair (E,A) is regular and impulse free.

Therefore, the
Pre-and post-

multiplying (7) by [I I} and [I I]T, respectively, we get

(ETPi+ SR™)(A+ Ag) + (A+ A))"(PLE+ RST) <0
(11)

Using the same method, we can find (11) implies the pair
(B, A+ Ayq) is regular and impulse free. Thus, according to
Definition 1, the singular time-delay system (2) is regular
and impulse free for any constant time delay d satisfying
0<d<d.

Next, we shall show the stability of the singular time-
delay system (2). For any ¢ > d, choose a Lyapunov func-
tional candidate to be

Vi(ze) = Vi(ze) + Va(e) + Vs(we) (12)

where
wien = [ 200 [ 2 [ T
/ | 27(@)Qz(a)da

vt =a [ [H0] [2 Z][A0)]

where z; = z(t + ) and —2d < 0 < 0. Then, the time-
derivative of V' (z;) along the solution of system (2) gives

Vz (mt) =

z(t) "IETP, + SRT ETPR,
Vi(@) =2 { tt_dm(a) da] [ Pr Ps } x
Ei(t)
L:(t) —z(t— d)}
Va(a:) =z (1)Qz(t) — 2" (t — d)Qz(t — d)

Ei(t «  Zs| |Ex(t)

t T
NI
i a | BE(c) x  Zs| |Fz(«a)
On the other hand, for any appropriately dimensional ma-
trices Th and T, the following equation is true:

V(@) < & {:z:.(t))}T {Zl ZQ} {m(t) } B

alt) =2 [mT(t)TlT + (E:i:(t))TTzT] x
[Ez(t) + Az(t) + Aaz(t —d)] =0

Hence, taking Lemma 1 into account, we have that there
exists a scalar A > 0 such that

V(@) = Vilm:) + Va(@e) + V(@) + alt) <

zt) ]T[En Ei2  Eis 14
E{L‘(t) * Zoo T;Ad P
ZII(t — d) * * 533 534 X
_f:id:z:(oz)da_ * * * -7 (13)
[ z(t) ]
Ex(t)
ot oy | < AeOI
_f:idm(a)da_

Note that the regularity and the absence of impulses of the
pair (E, A) imply that there always exist two nonsingular
matrices M and N such that

I, 0

S o A0
won=fi oman=[b 0] o
Write

~ Anr Age
MALN = |:Ad3 Ad4:|
NTQN:[QU Q12}

* Q22

. (19

“To S
N°S= {521}
-1, [0
vl

where H € R X~ i any nonsingular matrix. Pre-

0 N 0 N
spectively, and then using the expressions in (14) and (15),
we have

~ T ~
and post- multiplying (7) by {N 0] and [N Q:|) re-

S HT + IjIS;I; + Q22 SQlﬁTAd4:| <0 (16)
* *sz

which implies (15-16]

p(Adaa) <1 (17)
Noting this and noting (12) and (13), and following a line
similar to that in the proof of Theorem 1 in [15—16], we can
deduce that the singular time-delay system (2) is stable for
any constant time delay d satisfying 0 < d < d.

In the following, we will establish the H, performance of
the singular time-delay systems (1) with u(¢) = 0. Under
the zero initial condition, it can be shown that for any
nonzero w(t) € L2[0, c0),

T = / (2T W) - " () dt <
/(; (" W=) T 0w + V@) dt <
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where satisfies FR = 0 and
(1) 21 =GTAT + VBT + AG+ BV + EP, +
Ei(t) PYET + Q- EZsE™ + &* 7y
¢(t) = ff"(tz‘;)d S1,= EP, + SR* — GT + AG + BV + &Z»
“df(t()l * == G AY 4 EZ,ET — EP,
[Z11 +CTC Z12  Eis S T{'B. Su=P—-EZ;
o : Ejg Tgid :P; TQTOBW Ei5=GTCT + VD"
. « s+  —Z 0 En=-G-G +dZs
L * * * * —’72[ H33 = — Q - EZ3ET

By applying the Schur complement to (5), we have Q < 0.
Therefore, J.., < 0 for any nonzero w(t) € £2[0, c0). O
Remark 2. Theorem 1 proposes a new version of
the bound real lemma (BRL) for the singular time-delay
systems (1) with u(t) = 0 to be regular, impulse free,
and delay-dependently stable with Ho, performance « in
terms of strict LMI formulated by all the coefficient ma-
trices of the original system, which is contrast to those
of [6—9,12—13], where nonstrict LMI conditions were re-
ported, and is also different from the conditions of [4—5],
where decomposition of the given singular system were
used. Testing such a strict LMI-based condition can avoid
some numerical problems arising from equality constraints
and decomposition of the original singular system. Thus,
the BRL in this paper is more elegant and has computa-
tional advantages from the mathematical point of view.

Remark 3. References [8,12] used the Lyapunov func-
tional method to deal with delay-dependent H., control
problem for singular time-delay systems. However, their
methods are based on (12) with P» = P3 = Z1 = Z> = 0.
This implies that the Lyapunov functional (12) is more gen-
eralized and includes more weighting matrices. Therefore,
Theorem 1 has less conservative than the results of the
aforementioned papers. This will be demonstrated by nu-
merical examples in Section 3.

In the following theorem, we will apply Theorem 1 to de-
sign the state feedback controller (3) for the singular time-
delay system (1) such that the resultant closed-loop system
is regular, impulse free, and delay-dependently stable with
H performance 7. B

Theorem 2. For prescribed scalars d > 0 and v > 0,
the singular time-delay system (1) controlled by u(t) =
VG 'z(t) is regular, impulse free, and stable with Hoo
performance v for any constant time delay d satisfying
0 < d < d, if there exist symmetric positive-definite ma-

trices @,
P P VAR
PQT P3 ’ ZQT Z3

and matrices S, GG, V such that

Z11 Zi2 Ei3 Ei4a  Ei5 B
*  Heo GTAY P, Ei5 0
- _ * * E33 E34 0 0
== % * —7 0 o | <0 (18)
* * * * —721 0
* * * * * -1

where R € R™*("™") is any matrix with full column and

Ssa= —P3s+EZy

Proof. Substituting the state feedback controller u(t) =
Kz(t) into system (1) yields the following closed-loop sys-
tem

Ez(t) = (A+ BK)z(t) + Asx(t — d) + Bow(t) (19)
z(t) = (C + DK)z(t)
Since det(sE—(A+BK)) = det(sET —(A+BK)T), the pair
(F, (A4 BK)) is regular and impulse free if and only if the
pair (ET, (A + BK)T) is regular and impulse free. More-
over, since the solution of det(sE—(A+BK)—e % A,4) = 0
is the same as that of det(sET — (A+ BK)T —e % AY) =0
and the det(sET — (A + BK)T —e % AY) = 0 and the

1G(s)llec =
sup Umax{(c + DK)(_]UJE — (A + BK) _ e*dijd)lew}

w€[0,00)
is equal to
[1H (s)lloo =
SUp Omad Be WET—(A+BEK) = 4 A} " (C+DK)™}

w€[0,00)

as long as the regularity, absence of impulses, and stability
with Ho performance are the only concern, system (19) is
equivalent to the system

ET&(t) = (A+ BK) z(t) + Ajz(t — d) +
(C+ DEK)"w(t) (20)
2(t) = Boz(t)

Hence, applying Theorem 1 to the above system and set-
ting 71 = To = G and V = KG yields (18) straightfor-
wardly. O

Remark 4. Theorem 2 provides a sufficient condition
for the solvability of delay-dependent H., control problem
for the singular time-delay system (1). The desired state
feedback controller can be obtained by solving the strict
LMI (18), without any parameter tuning and decomposi-
tion or transformation of the original system, and can be
solved numerically very efficiently by using LMI toolbox
of Matlab. While the decomposition or transformation of
the system matrices is needed in [4—5], the equality con-
straints appear in the state feedback controller design pro-
cesses of [7—9,12—13]. Thus, Theorem 2 is much more
general and elegant. Moreover, if (18) is feasible, it follows
from Zoy = -G — GT + d%Z5 < 0 that G is nonsingular
and thus the desired state feedback gain K can be read-
ily obtained. It is worth pointing out that such a strict
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LMI-based condition on the delay-dependent H, control
in the context of singular time-delay systems has not been
reported in the literature.

Remark 5. Note that using the methods we derived,
the problems of finding the largest d for a given -y, or the
smallest v for a given d can be easily solved by solving
a quasi-convex optimization problem without the need of
explicitly tuning any parameters.

3 Numerical examples

In this section, some examples are used to demonstrate
that the methods presented in this paper are effective and
are an improvement over the existing methods.

Example 1. Consider the following singular time-delay

system:
107, 0.6341 05413
[ 00 }”(t) = { ~0.6121 —1.1210 }”(t)
~0.4500 0
{ 0 —0.1210 }””(t_d)

1105
where
1 0 -1 0
o=l s sl 4]
—0.5 1
s=| Y] e [1]
C=[1 02], D=01

For a given time-delay d = 1.2, the minimum +'s are 21
and 15.0268, which can be obtained using the methods
of [4,12], respectively. However, by resorting to Theo-
rem 2 in this paper, for the same time-delay, the minimum
~v = 9.6754 by solving the strict LMI (18), which is 53.93%
and 35.61% larger than those in [4,12], respectively. Fur-
thermore, the state feedback controller achieving the min-
imum v = 9.6754 can be obtained as
u(t) = [0.4834 72.3868] z(t)

while the result of [6] can not deal with the Ho, control
problem for the above system. Therefore, Theorem 2 in
this paper is less conservative than those in [4, 6, 12].

Table 2 Comparison of maximum allowed time-delays d’s for

By comparing the stability criterion of Theorem 1 with Example 2
those of [4—7,16—17] for the above system, we have
Table 1. Hence, for this example, the stability criterion v 2.0 2.2 2.4 2.6 2.8 3.0 3.2
we derived is less conservative than those reported in the [7—8]  0.3121 0.4109 0.4760 0.5237 0.5607 0.5906 0.6156
above-mentioned papers. [4—5]  0.6711 0.9213 1.0533 1.1334 1.1864 1.2237 1.2512
_ [12—13]  0.6745 0.9381 1.1102 1.2261 1.3061 1.3626 1.4034
Table 1 Comparison of maximum allowed time-delays d's Theorem 1 0.9508 1.1681 1.2865 1.3559 1.3973 1.4272 1.4525
(6] (17] [4-5] [7, 16] Theorem 1 Table 3 Comparison of minimum ~’s for Example 2
- 2.1328 2.1372 2.4841 2.4865

Example 2. To compare the delay-dependent BRL in
Theorem 1 with the existing ones, we consider the singular
time-delay system (1) with u(¢) =0 and

10 06 0.5
E= {0 0} y A= {—0.6 —1}

-07 0 0.5
Ad_{o —0.2]’ B“’_{2]
C=[05 0.5

For a given v > 0, the maximum allowed time-delay d
satisfying the LMI in (5) can be calculated by solving a
quasi-convex optimization problem. Similarly, for a given
d > 0, the minimum allowed ~ satisfying the LMI in (5) can
also be calculated by solving a quasi-convex optimization
problem. Tables 2 and 3 provide the comparison results
on the maximum allowed time-delay d for given v > 0 and
the minimum allowed v for given d > 0, respectively, via
the methods in [4—5,7—8,12—13] and Theorem 1 in this
paper. In addition, the result of [6] cannot deal with the
above system. Thus, the BRL in Theorem 1 of this paper
is less conservative than those in [4—8,12—13].

Example 3. To show the reduced conservatism of the
Hoo control result in Theorem 2 in this paper, we now con-
sider singular system with time delay!™:

Ei(t) = Aqx(t —d) + Bu(t) + Bow(t)
z(t) = Cz(t) + Du(t)

d 0.90 0.95 1.00 1.05 1.10 1.15 1.20
[7-8] 5.8270 6.0969 6.3722 6.6540 6.9438 7.2440 7.5590
[4—5] 2.1763 2.2348 2.3056 2.3933 2.5054 2.6547 2.8653

[12—13] 2.1650 2.2115 2.2630 2.3205 2.3857 2.4604 2.5479

Theorem 1 1.9688 1.9995 2.0346 2.0751 2.1221 2.1774 2.2438

4 Conclusion

The problem of delay-dependent H, control for singular
systems with state delay has been solved in terms of LMI
approach and an augmented Lyapunov functional. A new
version of delay-dependent BRL and the design method of
the desired state feedback controller are established. The
obtained results are all formulated by strict LMIs involv-
ing no decomposition of the system matrices, which can
be tested easily by the LMI control toolbox and make the
analysis and design relatively simple and reliable. Numeri-
cal examples are given to demonstrate the reduced conser-
vatism of the obtained stability, BRL as well as Ho, control
results in this paper.
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