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Decomposition Based Two-dimensional

Threshold Algorithm for Gray Images

YUE Feng1 ZUO Wang-Meng1 WANG Kuan-Quan1

Abstract As a generalization of 1D Otsu algorithm, 2D Otsu

algorithm considers both the gray value of a pixel and the av-

erage gray value of its neighborhood, thus is more robust to

noise. By constructing look-up tables recursively, its fast algo-

rithm reduces its complexity from O(L4) to O(L2). Based on

the decomposition of 2D Otsu algorithm, a method of calculat-

ing the optimal threshold of two 1D Otsu algorithms indepen-

dently, instead of the optimal threshold of 2D Otsu algorithm,

is proposed. When the hypothesis of original 2D Otsu algorithm

holds, we point out that the threshold computed by our method

is exactly the same as that of 2D Otsu algorithm, while the com-

putational complexity is reduced to O(L). As for real images,

the hypothesis of 2D Otsu algorithm always fails, whereas ex-

perimental results show that the proposed threshold algorithm

still outperforms original 2D Otsu algorithm. Without losing

the robustness to noise, this method needs less time and space,

and produces a comparable or better segmentation result.
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´, Otsu {�{«©ã�¥�8I��Ý�C�D(. �éù�¯K, ïÄ<
JÑ
Äu����ã���K�©�{, �)���K�©�[2−3] Ú�� Otsu {[4] �. ��K�©�{Ø=�Ä
��:��Ý&E, ��Ä
Ù���Ý�þ�&E, |^üö��'5��ÈØD(�8�. 3dÄ:þ, µ¡��[5] qÚ\
���Ý�¥��ǑAÆ,JÑ
n���am���ã�©��{, é$&D'�ã�äk���©��J.Ǒ,p�K�©�{éuD(ã��±¼����©�5U, �¤I�O�þ%±�ê?O\, ��
Ù3¢S¥�A^. Ǒ
Jp��K�©�{��Ç, ù1²�[6] òK�|¢�����3����ã¥�éÆ�²1�ü^���m, �ÊÔ�[7] JÑ�� Otsu �K�©�{, �ZK��(½�IH{����ã�ÌéÆ�Ú�^gÌéÆ�. ÷j�[8−9] JÑ
���K�©��¯��{, æ^48��ª�ï�éL, ~�
�þ�EO�, ò��{�E,Ýd O(L4) ü� O(L2), ùp L L«ã���Ý?. �C, �°��[10] JÑ
�«aq��{, ^u��
Otsu {�¯�¢y. éun���am���ã�©��{, ©z [5] ¥�Ñ
¯��{, �ÙE,Ýd O(L6) ü�
O(L3) . �ÊÔ�[11] ?�
©z [5] ¥�4íúª, ?�Ú~�
T�{�$1�m. ,, n� Otsu {?n�Ì
256 × 256 ���ã�EI� 100 s ±þ, ù����
§�A^.�©©Û
�� Otsu {9Ù¯��{, JÑ©O�)ü��� Otsu {��ZK�, ¿òÙ�Ǒ�Z�� Otsu ©�K���{. �Ñ3��{�b�¤á�^�e, T�{���K���� Otsu {��ZK��Ó, �mE,5�k O(L) . 3¢S¥, ��{�b���Ø¤á. d�T�{���K����� Otsu {À��K�ØÓ. ¢�(JL², TK�z�{3�y��{û��|D5�Je,O��ZK�¤I��m�á!�m��, �K�z(JǑ�±��½`u�� Otsu �{�(J.

1 ��Otsu{9Ù¯��{�ã���Ý�?Ǒ L, �o�����²þ�Ý�?ǑǑ L. O�z���:���²þ�Ý, dd/¤����|: ����Ý� i Ú§����Ý�²þ� j. ���| (i, j) Ñy�ªêǑ fi,j , K�±½Â�A�éÜVÇ�Ý
Pi,j

Pi,j =
fi,j

N
, i, j = 0, 1, · · · , L − 1 (1)ª¥ N Ǒã�o���ê N =

∑L−1
i=0

∑L−1
j=0 fi,j , ¿�

∑L−1
i=0

∑L−1
j=0 Pi,j = 1.ã 1 ¤«Ǒ�Ì�Ýã�9Ù����ã©Ù. �©�K�Ǒ (s, t), K�� i = s Ú j = t ò����ã�ÝK²¡©Ǒo�«�, Xã 1 (c) ¤«, ©OL«Ǒ RI(s, t),

RII(s, t), RIII(s, t), RIV(s, t). 3�õê�¹e, ����ã¥�léÆ� i = j �«��VÇ�±�ÑØO, =«� IIÚ IV ¥�VÇ�±�ÑØO, �o8IÚ�µ©O u«� I Ú«� III ¥. b�3����ã¥�3üa C0 Ú C1,§�©O�LÔNÚ�µ, �äkØÓ�VÇ�Ý¼ê©Ù,Küa�VÇ©OǑ
W0 =

∑

(i,j)∈RI(s,t)

Pi,j =

s
∑

i=0

t
∑

j=0

Pi,j = W0(s, t) (2)
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(a) �©ã�
(a) Original image

(b) éA�����ã
(b) Corresponding 2D histogram

(c) ����ã3²¡þ�ÝK (²5�z), çÚL«VÇ�Ý��
(c) Projection of 2D histogram (The value is normalized

and dark color denotes large density.)ã 1 �Ýã������ã
Fig. 1 2D histogram of a gray image

W1 =
∑

(i,j)∈RIII(s,t)

Pi,j =

L−1
∑

i=s+1

L−1
∑

j=t+1

Pi,j = W1(s, t) (3)üaéA�þ�¥þǑ
ūuu0 = (ū0i, ū0j)

T =

(

s
∑

i=0

t
∑

j=0

iPi,j

W0
,

s
∑

i=0

t
∑

j=0

jPi,j

W0

)T

(4)

ūuu1 = (ū1i, ū1j)
T =

(

L−1
∑

i=s+1

L−1
∑

j=t+1

iPi,j

W1
,

L−1
∑

i=s+1

L−1
∑

j=t+1

jPi,j

W1

)T

(5)����ãþo�þ�¥þǑ
ūuu = (ūi, ūj)

T =

(

L−1
∑

i=0

L−1
∑

j=0

iPi,j ,

L−1
∑

i=0

L−1
∑

j=0

jPi,j

)T

(6)amÑÝ½ÂǑ
SB(s, t) = W0(s, t)(ūuu0 − ūuu)T(ūuu0 − ūuu)+

W1(s, t)(ūuu1 − ūuu)T(ūuu1 − ūuu) =

W0(ūuu0 − ūuu)T(ūuu0 − ūuu)+

W1(ūuu1 − ūuu)T(ūuu1 − ūuu) =

W0[(ū0i − ūi)
2 + (ū0j − ūj)

2]+

W1[(ū1i − ūi)
2 + (ū1j − ūj)

2] (7)aqu�� Otsu {, �Z©�K�÷veª[4]

SB(s′, t′) = max
0≤s,t≤L−1

{SB(s, t)} (8)

Ǒ
���ZK�, I�3 L×L �ÝK²¡S|¢. z��K�Ñ¬rÝK²¡©¤o�«�. �Ñ1 II Ú1 IV«�, ¿b½8IÚ�µ�3u1 I Ú1 III «�S, O��K�¤éA�amÑÝ. Ïd, �� Otsu {��mE,5Ǒ O(L2 × (s × t + (L − s) × (L − t))) = O(L4).5¿�� s1 ≤ s2 � t1 ≤ t2 �, RI(s1, t1) ⊆ RI(s2, t2)� RIII(s1, t1) ⊇ RIII(s2, t2). Ïd, 3|¢L§¥, éu
u0, u1, W0 Ú W1 �O��±æ^Oþ��ª. ò®O�L�(J��3�éL¥±;�EO�, ùÒ´�CJÑ��� Otsu {�¯�¢y�Ä�g�[10] . ù«¯��{3�ï�éL�I���mǑ O(L2), éuz�K�, O�amÑÝ��I� O(1) ��m, Ïdo�E,ÝǑ O(L2) + L2 × O(1) = O(L2). ��, ¯��{\¯
O��Ý. Ù´��Ý?O L ���, ù«`³�\²w.

2 Äu©)���K�À��{d±þ�©Û�±wÑ, �©��� Otsu �{9Ù¯��{Ñ�Ñ1 II Ú1 IV «�, ¿b½8IÚ�µ�3u1 I Ú1 III «�S. ¢Sþ, �� Otsu �{¿�ý��Ñ��ã¥� II!IV «�, áuùü�«����3��z�Ñ��Ǒ�µ��, ùÒ´�� Otsu �{äk�DA5����Ï. Ïd, �©JÑÄu©)���K�À��{, ò��L§©Ǒü�Ú½, 1��Ú½æ^�é�Ý����
Otsu {O�©�K�, 8�´lã�¥J�Ñ8I; 1��Ú½´^�é���²þ�Ý��� Otsu {À�K�, Ù8I´ÈØD(. ǑÒ´`, ^ü��� Otsu {���K��Ǒ�� Otsu {��Z©�K�, ùÒ´Äu©)���K�À��{���.

2.1 b�^�÷v�����Otsu{�d3ù�!¥, ·�y²
3��� Otsu �{�b�^�e, =�Ñ����ã¥�léÆ� i = j �«�, �©��� Otsu {��ZK���©JÑ��{���K��Ó.,, �©�{��mE,5�±?�Úü$� O(L) .�â����ã¥��| (i, j) Ñy�ªê fi,j , ·��±�����Ý� i Ñy�ªê±9���Ý� j Ñy�ªê gi =
∑L−1

j=0 fi,j Ú hj =
∑L−1

i=0 fi,j . Ó�, ·�Ǒ�±�âVÇ©Ù Pi,j ��>ÆVÇ Qi =
∑L−1

j=0 Pi,j ,

i = 0, 1, · · · , L − 1 9 Rj =
∑L−1

i=0 Pi,j , j = 0, 1, · · · , L − 1,©OL«���Ý� i Ú���Ý� j �����ã©Ù.�� Otsu {½Â����Ý�Ú���Ý��am��©OL«Ǒ
σBi(s) =

(

s
∑

i=0

Qi

)













s
∑

i=0

iQi

s
∑

i=0

Qi

−

L−1
∑

i=0

iQi













2

+

(

L−1
∑

i=s+1

Qi

)















L−1
∑

i=s+1

iQi

L−1
∑

i=s+1

Qi

−

L−1
∑

i=0

iQi















2

(9)
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σBj(t) =

(

t
∑

j=0

Rj

)















t
∑

j=0

jRj

t
∑

j=0

Rj

−

L−1
∑

j=0

jRj















2

+

(

L−1
∑

j=t+1

Rj

)















L−1
∑

j=t+1

jRj

L−1
∑

j=t+1

Rj

−

L−1
∑

j=0

jRj















2

(10)Ù¥ s Ú t ´éA��Ý�Ú���Ý��©�K�. 3�� Otsu {¥, �ZK� s′ Ú t′ ÷v
σBi(s

′) = max
0≤s≤L−1

{σBi(s)} (11)

σBj(t
′) = max

0≤t≤L−1
{σBj(t)} (12)3��Otsu{9Ù¯�¢y¥,Ñb�
����ã¥«�

II Ú IV ¥�VÇ�±�ÑØO, =∑L−1
i=s+1

∑t

j=0 Pi,j = 0�∑s

i=0

∑L−1
j=t+1 Pi,j = 0. 3ù�^�e

W0 =
s
∑

i=0

t
∑

j=0

Pi,j =
s
∑

i=0

t
∑

j=0

Pi,j +
s
∑

i=0

L−1
∑

j=t+1

Pi,j =

s
∑

i=0

L−1
∑

j=0

Pi,j =
s
∑

i=0

Qi (13)Ó�, ·��±��
W0 =

t
∑

j=0

Rj (14)

W1 =

L−1
∑

i=s+1

Qi =

L−1
∑

j=t+1

Rj (15)±9
ū0i =

s
∑

i=0

iQi

W0
(16)

ū0j =

t
∑

j=0

jRj

W0
(17)

ū1i =

L−1
∑

i=s+1

iQi

W1
(18)

ū1j =

L−1
∑

j=t+1

jRj

W1
(19)�Ä� ūi =

∑L−1
i=0

∑L−1
j=0 iPi,j =

∑L−1
i=0 iQi Ú ūj =

∑L−1
i=0

∑L−1
j=0 jPi,j =

∑L−1
j=0 jRj , òª (13)∼ (19) �\ª

(9) Ú (10), ·�k
σBi(s) = W0(ū0i − ūi)

2 + W1(ū1i − ūi)
2 (20)

σBj(t) = W0(ū0j − ūj)
2 + W1(ū1j − ūj)

2 (21)Ïd
SB(s, t) =W0[(ū0i − ūi)

2 + (ū0j − ūj)
2]+

W1[(ū1i − ūi)
2 + (ū1j − ūj)

2] =

W0(ū0i − ūi)
2 + W1(ū1i − ūi)

2+

W0(ū0j − ūj)
2 + W1(ū1j − ūj)

2 =

σBi(s) + σBj(t) (22)�Z©�K�÷v
SB(s′, t′) = max

0≤s,t≤L−1
{σBi(s) + σBj(t)} =

max
0≤s≤L−1

{σBi(s)} + max
0≤t≤L−1

{σBj(t)} =

σBi(s
′) + σBj(t

′) (23)��, �����¼ê SB(s, t) ��`), �±©)Ǒ�ü���¼ê σBi(s) Ú σBi(t) ��`). ǑÒ´`, ·��±�â�� Otsu {©O�)�Ý�Ú���Ý���Z©�K� s′ Ú t′, 2ò§�|Ü¤�� Otsu {��Z©�K�
(s′, t′). ù�, Ò;�
3������mL × L S|¢, ��±3ü��Ǒ L ����mS|¢, Ïd�� Otsu {��mE,Ý�±?�ÚüǑ O(L + L) = O(L).

2.2 b�^�Ø÷v�`u���Otsu{I�5¿�´, 3¢S¥�õê�ã�ÑØ÷v��
Otsu {�b�^�, =ã�¥½õ½��3�
D(, ù
D(NyǑ����ã¥�léÆ� i = j �«�. d�, ©¥JÑ�Äu©)�K�z�{���(J��©���
Otsu �{�(J¿Ø�Ó, �O=5gu´Ä�Ñ����ã¥�léÆ�«�. éu�©JÑ�Äu©)���K�À��{, duÓ��Ä
�Ý�Ú���²þ�Ý&E,Ïd�±��/J�Ñ8I«�, Ó�q�±
��� Otsu{ÈØD(�A5. ,�©�{;�
3������mS|¢, 3�mÚ�mþ���� Otsu {äk²w`³. �Y�¢�(JǑy¢
ù�:.

3 ¢�(J3ù�!¥, ·�Äk3Ü¤�ã�þ�y
JÑ��{���� Otsu {´���, Ùg3ý¢�ã�þl�m!�mE,59©��Jþ��©��� Otsu {�
¿©�'�.

3.1 Ü¤ã�þ�(J'�du¢Sã�A�ÑØ÷v��� Otsu {�b�^�, Ïd·��óÜ¤
�Ìã�, ^u�yJÑ��{��� Otsu {��d5. �Ìã��k 256 ��Ý? (��
0∼ 255), �µ´�Ý�Ǒ 235∼ 255 ��Åê, µ´�Ý�Ǒ 0∼ 20 ��Åê, Xã 2 (a) ¤«, ÙéA�����ãǑ 2 (b). éuùÌã�, �©JÑ��{��©��� Otsu{���©�K�ÑǑ (20, 120), L²éuTã�©JÑ��{��©��� Otsu {´�d�.Ùg·�ÿÁ
JÑ��{éD(ã��©��J. ã
3 (a) Ú (c) ©O´�©ã��\\
 2% �þíD(�ã�, ã 3 (b) ´©�(J� Ground truth ã�, ã 3 (d)∼ (f)©O´��Otsu{!��Otsu {Ú�©JÑ��{�©�



7Ï � ¸�: Äu©)��Ýã���K�À��{ 1025(J. dã 3 ��, �� Otsu {�{ÈØ�8I�Ý��C�D(, �� Otsu {�±3é�§ÝþÈØþíD(. é'ã 3 (e) Ú (f), ·�uy, �©JÑ��{éuþíD(äk���|D5, �±ÈØã�¥ý�Ü©�D(, ©��J��½�L
�� Otsu {�©��J.

(a) Ü¤�ã�
(a) Synthetic image

(b) éA�����ã
(b) Corresponding 2D histogramã 2 Ü¤�ã�9Ù����ã

Fig. 2 Synthetic image and its 2D histogram

(a) �©ã�
(a) Original image

(b) Ground truth ã�
(b) Ground truth image

(c) D(ã�
(c) Noise image

(d) �� Otsu {
(d) 1D Otsu algorithm

(e) �� Otsu {
(e) 2D Otsu algorithm

(f) �©JÑ��{
(f) Proposed methodã 3 �«�{3D(ã�þ�©�(J'�

Fig. 3 Comparison of segmentation results by different

methods on noise imageǑ
þz/'��� Otsu {��©JÑ��{, ·�æ�
�'u Ground truth ã�, ��©Ǒ8I½�µ���ê8�Ǒµd�I[12−13] . ã 3 (e) ¥, �� Otsu {�©���êǑ 2 762, �©JÑ��{�©���ê=Ǒ

1 163. ��, éu\\þíD(�ã 3 (c), �©�{²w`u�� Otsu {.

3.2 ý¢ã�þ�(J'�éuÿÁã�,·�ÀJ
©��{¥�Ǒ~^�Cam-

eraman Ú Rice ã� (�3Matlab �ã�?nóä�¥��). Äk·�'�
�©��� Otsu {9Ù¯��{��©JÑ��{�?n�Ý. 3 P4 2.66 GHz, 512 MB S�,

Windows XP+ VC 6.0 �¢��¸e, L 1 �Ñ
n«�{éuã 4 (a) Úã 5 (a) (�e�) �?n�m. ��, �©JÑ��{�Ýþ���L�©��� Otsu {9Ù¯��{,©O�±��§�� 20 000 �Ú 100 �.L 1 �m'� (ms)

Table 1 Comparison of computation time (ms)�©��� Otsu { �� Otsu {�¯��{ �©JÑ��{ã 4 (a) 1× 104 50.61 0.43ã 5 (a) 7× 103 35.46 0.35

(a) �©ã�
(a) Original image

(b) Ground truth ã�
(b) Ground truth image

(c) �� Otsu {
(c) 2D Otsu algorithm

(d) �©JÑ��{
(d) Proposed methodã 4 �«�{3ÿÁã� 1 þ�©�(J'�

Fig. 4 Comparison of segmentation results by different

methods on test image 1Ùg, ·�'�
n«�{¤I��mE,5. 3�©��� Otsu {¥, �I��;����ã Pi,j , Ïd¤I��mǑ L2. 3�� Otsu {�¯�¢y¥, I��	�; P (m,n), X(m, n) Ú Y (m,n) n�L, ÏdI���mǑ
4L2. 3�©JÑ��{¥, �I��;ü�����ã,¤I��m=Ǒ 2L. �ã���Ý?Ǒ L = 256 �, ¤I��m=Ǒ��{9Ù¯��{� 1% Ú 0.2 %.�e5·�'�
�� Otsu {��©JÑ��{���©�K�, ±9ddK������ã�. L 2 �Ñ
ØÓ�{3üÌã�þ����Z©�K�. du��
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Otsu {�¯��{¿vkUC��� Otsu {�K���úª, Ïdü«�{���K�´���Ó�. �©JÑ��{���K��Ù�ü«�{���K��O��. L 2 K�'�

Table 2 Comparison of segmentation thresholds�©��� Otsu { �� Otsu {�¯��{ �©JÑ��{ã 4 (a) (66, 140) (66, 140) (88, 89)ã 5 (a) (141, 89) (141, 89) (131, 128)ã 4 Úã 5 ´ØÓ�{éüÌ�Ýã��©�(J.ã 4 (c) Úã 5 (c) ´�� Otsu {�����ã�. du�©��� Otsu {9Ù¯��{���K����Ó, Ïd§��©�(JǑ���Ó. ã 4 (d) Úã 5 (d) ´�©JÑ��{�?n(J. dã 4 Úã 5 �±wÑ, �� Otsu {��©JÑ��{Ñ�±é�/J�Ñ8I. �©�{Ø=�±��/ÈØD( (~Xã 4 ¥�ú/), �����ã�Ǒ�±����� Otsu {�©��J, ,
�¹e$��L��{ (�ã¥IÑ�«�).

(a) �©ã�
(a) Original image

(b) Ground truth ã�
(b) Ground truth image

(c) �� Otsu {
(c) 2D Otsu algorithm

(d) �©JÑ��{
(d) Proposed methodã 5 �«�{3ÿÁã� 2 þ�©�(J'�

Fig. 5 Comparison of segmentation results by different

methods on test image 2�éuã 4 (b) � Ground truth ã�, �� Otsu �{��©�{�©���ê©OǑ 883 Ú 626; éuã 5 (b),�©���ê©OǑ 4 101 Ú 3 139. ��, �©JÑ��{3ý¢ã�þ�©��J`u��� Otsu {.��, ��©��� Otsu �{�', �©JÑ��{3�m!�mE,5þk²w`³. 3�±��{éD(Ø¯a�A:�Ä:þ, ©�(J�±��½�L�©���
Otsu {, Ïdäk�p�A^d�.

4 ?Ø����ã´�� Otsu {�Ø%. ÏL©Û����ã, ·��±é�� Otsu {k�\�\��£:

1) du�� Otsu {´�«��z�{, Ïdã�¥�¤k��Ñ�U�©a� “8I” ½ “�µ”. éuK� (s, t)ò����ã3²¡þ�ÝK©¤�o�«�,Ǒ,·��Ñ
1 II Ú1 IV «�, �b�8IÚ�µ©O�3u1 IÚ1 III «�¥, �3�ª���zL§¥, ·�¢Sþ´ò«� I ½ III ¥����Ǒ8I��, òÙ{«�¥���Ñ�Ǒ�µ��.

2) 3����ã¥, ��L«���Ý, ,��L«�����Ý�²þ�.���¹e, 38ISÜã���ÝCz´�ú�, ������Ý�Ù���²þ�Ý�~�C,Ïd, ý�Ü©���ÑéA3����ã¥éÆ� i = jNC, �léÆ�� �éA���ê8�~�.

3) ����ã¥�léÆ��:�)8I�>Æ:ÚþíD(, §��±©Ǒüa. 1�a��Ý�²w�uÙ����Ý�, �Ü© u«� II ¥; 1�a��Ý�²w�uÙ����Ý�, �Ü© u«� IV ¥. Ïd, ��
Otsu {�±k�ÈØD(�¢�´�Ñ
����ã�1
II Ú1 IV «�, =ò1 II Ú1 IV «��Ǒ�µ.

5 (Ø3�� Otsu {9Ù¯��{�Ä:þ, JÑ
�«Äu©)���K�À��{, ò�)�� Otsu {��ZK�©)Ǒ�)ü��� Otsu K�. 3ý¢ã�þ�¢�(JL², �'u��� Otsu {9Ù¯��{, �©¥��{3�±
Ù|D5�Je, ?n�Ý¯ü�êþ?, �;�m�ü�êþ?, �©�(J�±��½�L�©���
Otsu {, Ïdäk�p�A^d�. d	, ©¥JÑ�©)üÑ��U¬kÏu�\�\/n)¿U?n� Otsu K�À��{.
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