Vol. 35, No. 3

ACTA AUTOMATICA SINICA

March, 2009

LMI Approach to Exponential Stabilization of
Distributed Parameter Control Systems with Delay

LUO Yi-Ping! XIA Wen-Hua!

LIU Guo-Rong? DENG Fei-Qi?

Abstract A renovating method for distributed parameter control systems with constants, varying-delays, and multi-varying-delays
is put forward. By constructing average Lyapunov functions and employing linear matrix inequality (LMI) and other matrix inequality
technologies, several sufficient conditions for exponential stabilization are derived. In this method, the conditions are delay-dependent
and at the same time, the upper-bound of exponential convergence rate is obtained. In addition, the distinctive advantage of our
method is that the criteria mentioned in the paper are easy to check, so it can be applied to practice easily. Finally, a computation

example is given to illustrate the proposed method.
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The model of distributed parameter control systems is
widely applied in heat processing, migration, and other ar-
eas, therefore it is significant to research the control of dis-
tributed parameter systems. As we know, variable struc-
ture control is the main method applied in the parameters
control system at present[lfm]. However, it is especially
difficult to avoid the wobble phenomenon[6], and the con-
trol that is designed as a tool for operator semigroup theory
or a matrix norm theory is based on variable structure con-
trol theory!!~'2. Reference [6] has pointed that the con-
troller based on the semigroups operator theory is difficult
to use in practice because it is hard to verify compactness,
incredulity, and exchangeability of the operator, which are
requested. On the other hand, variable structure controller
designed on matrix norm theorem is also difficult to apply.
Therefore, it is a hot topic to find a practical and effective
method for distributed parameter control system. In order
to avoid the above-mentioned problems, we recently pro-
posed a way with some useful results!**~14. However, these
results were mainly used by comparative principles. In this
method, the stability conditions of the closed-loop system
require that all the system parameters should be of abso-
lute value format. This paper is to propose a new method
to obtain the stabilization conditions of the distributed pa-
rameter control system. By choosing a Lyapunov function,
applying distributed control, and using linear matrix in-
equality (LMI) and the related theory of matrix inequal-
ity with the choice of linear state feedback controller, the
exponential stabilization of distributed parameter systems
with constants, varying delay, and multi-varying-delays is
obtained.

1 Description

Consider the following distributed parameter system
with multi-varying-delays

8w1($t _DzawZ +Za”wjxt

ot
Zaijwj(m t—7) +Zbijuj($7t)
j=1 J=1
i=1,2,---.n (1)
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The matrix form of system (1) is

% = DAW (z,t) + AcW (z,t) + AW (z,t — 7) + Bu(z,t)

(2)
where (z,t) € Q@ x R4, D > 0, and 7 > 0 are constants;
Ao = (af;), A= (aij), and B = (b;;) are constant matrices

with corresponding ranks; Q = {z,| z ||< ! < +oo} C R™

is the bounded domain with smooth boundary 02, and

mesQ > 0 (mes is short for measure). State function

W(z,t) = col(wi(z,t), w2(z,t), -+ ,wn(z,t)) € R", A =
2

m 0
Zk:l 671’129

initial value and boundary value conditions satisfy

is the Laplace diffusion operator on 2. And the

W(z,t) =0, (x,t) €0 x[—T,+00) (3)
% =0, (z,t)€INx[-T,+00) (4)
W(z,t) =p(x,t), (x,t) €0 x[-T,0) (5)

where n is the unit outward normal vector of 92 and ¢(z, t)
is the suitable smooth function.

2 Main results

In order to get our main results, we first give some lem-
mas.

Lemma 1%, The inequality

Qz)
S' (@)

Qz) — S@)R™ ()" (x) > 0 (7)
Q" (x), R(z) = R"(z), and S(x) is affine on

is equal to
R(z) > 0,

where Q(z) =
x.

Lemma 2! . Let Ui, Ua, Us be real matrices, and
Us = Uy > 0, then for an arbitrary scalar 8 > 0, the
following inequality

16—17]

UsUy 4+ ULUs < B7UF U5 UL 4 BUS UsUs (8)
holds. In this paper, we let
u(z,t) =

Theorem 1. For arbitrarily given Ao, A, B, and (3, if
there exist a matrix K and a positive matrix P, such that
the following LMI

KW (z,t) 9)
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Ao+ AL + BK + KTBY + 2kI + 8P €A
ekTAT 7ﬂP < 0

(10)
holds, then system (2) is exponentially stabilized, and

1 — e—2kT

o lele™ )

Wit 1< |1+ ()

where Ay is the largest matrix eigenvalue of P and || @ ||=

1
suprﬁsgo(fQ |W(x7 S)|2dx) 2.
Proof. Construct a Lyapunov function:

V(t,W(x,t) = / W (z, )W (x, t)da +

Q
t
ROWT (5, 0)PW (z, 0)d0dz
B/Q/ (z,0)PW (z,0) o
12

where P is a positive matrix, PT = P, and 8 > 0. By
derivation of V (t,W(z,t)) along with the solution of (2),
we obtain

V= /Qe%f(WT(x,t)W(x,t)+WT(x,t)W(x,t))dx+
AlethWT(z,t)W(z,t)dz+
3 QGthWT(m,t)PW(m,t)dm—
,3/Qe2k<f*T>WT(x,t—T)PW(x,t—T)dm =
2 /Q W (z,t) DAW (z, t)dz +
/ﬂ EFWT (1) (Ao + 26T + ATYW (z, t)de +
/Q HWT (2, 1) AW (2, — 7)dzx +
ekt /Q Wz, t —7)A"W (x, t)dz +
o2kt /Q W (@, 0) Bu(w, 1) +u" (@, ) B*W (2, 1)) dz +
ﬂe%t/QWT(a:,t)PW(x,t)dmf
ge%(t*”/QWT(x,t—T)PW(x,t—r)dm:
2De2kt/QWT(x,t)AW(m,t)dx+e2kt X
/QWT(:E, t)(Ao + Ag + 2kI + BP)W (x, t)dx +
e%t/QWT(a:,t)AW(x,t—T)dm—k
o2kt /Q W (z,t — 7)A™W (z, t)dz +
o2kt /Q W (z,t)(BK + K" BY)YW (x, t)dz —

Be?kt=m) / W, t —7)PW (z,t — 7)dz (13)
Q

According to Lemma 2, it follows that
W, ) AW (z,t —7) + W (2,t — 1) A"W (x,t) <
1

Be%TWT(m, AP AW (x,t) +

Be MW (x,t — 7)PW (2,t — 7) (14)
Then,

/ (W (@, ) AW (2, ¢ — 7) + W (,t — ) ATW (2, £))de <
Q
/ %ez’”WT(z,t)AP*ATW(z,t)dx+
Q
ge*””/ W' (z,t —7)PW (x,t — 7)dz (15)
Q

And,

/ wi(x, ) Aws (z, 1) d =

(Y a5 ()
Oy - i=1 k=179 Oz,
(16)

ceey —) is the gradient operator, and
71 OTm

0
awi m o 8’(1}, o 8’(1},
Owe )y \Oz1' Oz
Combining (14) ~ (16), we obtain

n m 2
V<203 j/ (gl‘;) dz +
Q k

i=1 k=1

o2kt / W (@, 1)(Ao + AT + 2k + BPYW (z, t)dz +
Q

e | Wh(z,t)(BK + K"B")W (x,t)dx +
Q

1 2rcern) / Wz, ) AP AW (z, t)dz <

B Q

g2kt / W' (x,t) (AO + Ay + BK + KTBT 4+ 2kI+
Q

%e%TAP’lAT + 5P>W(m, t)dz a7

Therefore, from Schur complement, V(¢,W) < 0 while
R < 0. Thus, we have

VW (z,t)) <V(W(z,0))
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and
V(W (z,0)) = / W (2, 0)W (z, 0)dz +
JQ
B / / ’ W (z,0) PW (z,0)d0da <

0
1@ |2 +8M(P) || @ |I2 / 2040 <

1 e—2k7

e e ay

where |W| denotes Euclid mode of vector W.  For
V(t,W) > " | W(x,t) ||?, we have

{1+ﬁ>\M(P)

1— 672197' et
| Wt < /1+ B (P)——— @[ e (19)
O
Corollary 1. Let P = I in Theorem 1. If
R — Ao+ AS + B+ BT +2kI + 81 A <0
e eFTAT —BI

then system (2) is exponentially stabilized, and

1 — e—2k7 kt
Wt <1482 o et (@)

where P is positive, PT = P, and 8 > 0.

Theorem 2. For given Ag, A, B, and K, if there exist a
matrix K and a positive matrix P such that the following
LMTI holds:

AP+ PAy+2kP+3P+P KTBY FpPA
Ry = BK —p! 0 <0
e AT P 0 —BP
(21)
then, system (2) is exponentially stabilized, and
AM N AIM(I _ 672}“—)
| Wt ||< el (@)

where Aps and Ay, are the largest and the smallest eigen-
values of P, respectively.
Proof. Choose a Lyapunov function as

V(t,W(x,t)) :e%t/ W7 (z, t)PW (z,t)dzx +

Q
t
2k6 T
ﬁ/g/tﬂe w (w»@)PW(m,e)ded;(,; |
23

where P is positive, PT = P, and 8 > 0. Clearly, V (¢, W)
is positive, and

Vo= e / W (@, ) PW (z, 1) + W (2, £) PW (=, £) )z +

2ke*t / W7 (z, t)PW (z,t)dzx +
Q

Be2kt / W7 (x,t)PW (z,t)dz —
Q
Be?k =) / W (x,t — 7)PW (z,t — 7)dx =
Q
ekt / (DAW (z,t) + AW (z,t) +
Q
AW (z,t — 7) + Bu(z,t))" PW (z,t)dz +
ket / WTPWdz+e**! / W7 (x, t)P(DAW (z,t) +
Q Q
AW (z,t) + AW (z,t — 7) + Bu(z,t))dx +
Be2Ft / WT(x,t)PW (z, t)dz —
Q
Be?k =) / W (x,t —7)PW (,t — 7)dx =
Q
262K ) / W (2, 1) P(AW (3, 1)) dz +
Q
o2kt / W (2.t — ) AT PW (z, t)dz +
Q
et / W7 (x,t)PAW (z,t — 7)dx —
Q
Be2F =) / W (z,t — 7)PW (z,t — 7)dz +
Q
o2kt / W (@, 1) (AT P+ PAL +2kP+BPYW (z, 1)dz +
Q

et /Q(WT(:L'7 t)PBu(z,t) + u” (z,t) BT PW (z,t))dz
(24)
and
W7 (z,t)PBu(z,t) +u" (z,t)BT PW (x,t) <
— [P? Bu(z,t) — P*W(,1)]" x
(P2 Bu(z,t) — P2W (z,t)] +
u" (z,t)B" PBu(z,t) + W (z,t)PW (z,t)  (25)

/ W (z,t)PAW (z, t)dz =
Q

Gwi m
w;pij

al'k k=1

i zn:/ w;pi; 7 (81111)777, _
i=1 =179 Ok ) oy

n n 8w1 m

>3 [o(wrfe) a-
i=1j=1"% Tk / k=1

n n awl m

S5 [ (52)" tumae -
im1 j=1792 \OTk/ p=1
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ow holds:
— d 2
Z/ (3»’%) (f’fﬂk) * (26) .
AtAGHBE+KTB™+Y | ByPy eF ™1 Ay --- bz AL
q=1
where — = col dwy AN Jwn . Because P is positive, Ry= ek AT —biP 0 0 <0
Tk amk al'k
T : 0 i 0
we have <ﬂ) P <8W) > 0. By Lemma 2, we have ebm= AT 0 0 —B.P.
8$k 61’k (32)
then, system (31) is exponentially stabilized and
/[WT(:::,t—T)ATPW(a;t)—s—WT(a;t)PAW(a:,t—*r)]dxg
Q - 1 — e 2k7q _
1 ohrresT 1T | W(z,t)||< 1+Zﬁq)‘M(Pq)T [ @] e H
/ [Ee "W (z,t)PAP” A" PW (z,t) + a=1
“ (33)

e oW T (@, t — T)PW (2, t — 7—)} dz (27)

Combining (24) ~ (27) and condition (21), we get

- a3 [ (B) P (5 )as

Kt /QWT(L t) (AOTP + PA) +2kP +

8P + %e””PAP’IATP) W (2, t)de +
Kt /Q W7 (x,t)(K"B"PBK + P)W (z,t)dz <
kt /Q W7 (z, 1) (AOTP + PAJ 4 2kP + BP +

%e%TPAP_IATP + K"B"PBK + P |W (z,t)dx
(28)

From Schur supplement, V' < 0 is obvious. By a deriva-
tion similar to that of Theorem 1, we can also know system
(1) is exponentially stabilized. O

Corollary 2. For a given Ag, A, and B, if there exits a
matrix K such that the following LMI

Ao+ AT + 2k +8+1)I KTBT €74
Rz = BK —I 0 | <o
ek AT 0 —BI
(29)

holds, then system (2) is exponentially stabilized, and

1 —e—2k7

<4/1
| W,0) 1< \/1+

@] e (30)

Moreover, we consider the stabilization of distributed
control system with multi-time delays. Now, we study the
following system

W _ DAW (z,t) + AW (z,t)+

ot
XZ: AW (z,t — 7¢) + Bu(z,t) (31)

Theorem 3. If there exist a matrix K and a positive
matrix P, (¢ = 1,---,2) , such that the following LMI

where Ay (Py) (¢ = 1,---
value of P,.
Proof. Choose a positive function

,z) is the largest matrix eigen-

V(t,W(z,t)) = /Q W7 (x, t)W (z, t)dx +

QJt—7q

w7 (z,0)P,W (x,0)d0dz
(34)

where B, > 0(¢ = 1,2,--- ,n), matrix P, (¢ = 1,---,2) is
positive, and PqT = P,. Similar to Lemma 2, we can prove
it. |

Next, we consider the stabilization of distributed control
system with a varying delay:

%’ — DAW (@, 8)+ AW (2, 1)+ AW (=, t— 7 (1)) + Bu(s, 1)
(35)
where 7(t) is a non-negative, bounded differential function,
and 0 < 7(¢t) < 7.
Theorem 4. If 7(t) satisfies 7(¢) < n < 1, and there
exist a matrix K and a positive matrix P, such that the
following LMI holds:

Ao+ AL +2kI+5P+BK +K'BT ek A
Rs= kr AT . <0
e"TA —B8(—7(t))P
(36)
then system (35) is stabilized, and
1 e~ 2k ket
[Wi(z.t)[[<4/1 +ﬂ>\M(P)27 [@[e™ (37)

where Ajs is the largest matrix eigenvalue of P.
Proof. Choose a positive function as

V(t,W(z,t)) = / W' (x, t)W (z,t)dz +

/ / W™ (z,0) PW (z,0)d0dx
e (38)
where P is positive, PT = P, and 8 > 0. We have
V=2 /Q W (@, )W (@, ) + Wz, )W (z, 1))dz +
ekt /Q W (@, ) PW (z, t)dz —

B(1 = #(0)e? T
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/QWT(:I:, L= (1) PW (2,1 — 7(1))de =

27! /Q W7 (x,t) DAW (z, t)dx +

ekt /Q W (z,t)(Ao + 2kI + A )W (z, t)dz +

o2t /Q W (2, £) AW (z, ¢ — 7(8))dz +

o2kt /Q W (@, t — () AW (2, £)dz +

ekt /Q (W7 (z,t)Bu(z,t) +u" (x,t)B"W (z,t))dz +

B / W7 (z, t)PW (z, t)dz —
Q
5(1 _ ,i_(t))EQk(tf‘r(t)) %

W' (z,t — 7)PW (x,t — 7(t))dz
Q

(39)
also

/Q(WT(:I:, AW (z,t — 7) + W (2, t — 1) AW (z, t))dz <
/Q %(1 ) TOWT (@ ) AP ATW (2, £)dz +

B(1 — #(1))e 27 / W (@, t — (1)) PW (.t — 7(1))dz
’ (40)
By (39), (40), and condition (36), we have

V< / W7 (z,t) (Ao +2kI + A + BK + K*B" + gP+
Q
%e2k7(t)(1 - %(t))’lAP’lAT)W(a:, tyde <0 (41)

The rest is similar to the proof of Theorem 3, so is omit-
ted. a

Next, we consider stabilization of distributed parameter
control system with multi-varying delays, and the following
system is mainly studied.

887‘:, = DAW(JJ, t) + AOW(mv t) +

i AW (z,t — 74(t)) + Bu(z,t) (42)

where 74(t) is a non-negative bounded differential function
and 0 < 74(t) <7, ¢=1,--, 2.

Theorem 5. If 7,(t) satisfies 74(t) < ny < 1( q =
1,---,2) and there are a matrix K and some positive ma-
trices P; (¢ = 1,---, z) such that the following LMI (43)

holds, system (42) is exponentially stabilized, and in the
inequality below

672167'(1

IW@,t) 1< 1+ Badu(P) =S

) —kt
e

q=1
(44)
where Aar, A, are the largest and the smallest eigenvalues
of P, respectively.
The proof of Theorem 5 is similar to that of Theorem 4
and thus is omitted for brevity.

3 Calculation of parameter 8 and ex-
ponential convergence rate k

In the above theorem, we set a scalar 8 and k at first,
then obtain a feedback matrix K by Matlab. What is the
range of 3 that can keep our given system exponentially
stabilized for the obtained K? We just offer the way to
ensure the range of 3 for Theorem 1. The calculations of
the range of 8 in other theorems are similar to it, so we
omit them.

Based on Theorem 1, k is given in constraint condition
(10) when we solve the optimization problem to ensure the
system is stable. The supremum of 5 can be obtained by
solving the following optimization problem.

max 3

s.t. P > 0 and (10)

This is a quasi-convex optimization problem, and it can be
solved by the tool of LMI in Matlab. Suppose the optimal
solution is 3. Then, system (2) is exponentially stabilized
when 8 < G in (10).

Moreover, when 3 is ensured, we can obtain supremum of
the exponential convergence rate k by solving the following
optimization problem

max k

s.t. P >0 and (10)

Note that in the first optimization problem, k is given in
constraint condition (10), and at the same time, (3 is given
in constraint condition (10) when we solve it.

4 Example

In order to state the problem, we give a simple exam-

ple. In system (1), we set m = n = 2, where A9 =
-2 0.7 -1 -0.1 05 0
0.5 —0.5)’ A=13 —o3)adB =19 3)'

By Corollary 2, we can get a feedback matrix K =
-0.1 0
0 -1.7
bilized for Lo-norm. The trajectories of the example based
on Lo-norm is given in Fig. 1.

and know system (1) is exponentially sta-

Ao+ A5 + BK + K"BY + 2kl +_ B, P,
=1
eFm AT !

ekTZ A’ZI‘

ek‘rl Al ek‘rz Az

—Bi(1—=h@)P 0 0 <0 (43)

B.(1— ()P,
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3.0

2.5}

2.0F

0.5k N

0 1 2 3 4 5 6 7 8 9 10
Fig. 1 The trajectories of the example based on Ly-norm

5 Conclusion

Based on Lyapunov stability theory, the exponential sta-
bilization for some classes of distributed parameter control
systems with time delays is investigated by using inequality
analysis as the main mathematic tool. Sufficient conditions
are found for exponential stabilization for the distributed
parameter control systems with delays and some theorems
of the exponential stabilization for the distributed parame-
ter control systems are established. The biggest advantage
of this method is that by choosing Lyapunov function, we
come to the conclusion that the stabilization conditions of
the closed-loop system consist in an LMI. In addition, the
difficulty in analysis dealing with those distributed param-
eter systems can be reduced by taking off the partial part
through technical processing in the deviation of Lyapunov
function. Applying this new method, we get the above con-
clusion, by which the obtained linear matrix inequality can
be tested easily. This provides a solid theoretical basis for
the designers of distributed parameter control systems.

References

—

Orlov Y V, Utkin V 1. Sliding mode control in indefinite-
dimensional systems. Automatica, 1987, 23(6): 753—757

Henriquez H R. Stabilization of hereditary distribution pa-
rameter control system. Systems and Control Letters, 2001,
44(1): 35—43

3 Sira-Ramirez H. Distributed sliding mode control in systems
described by quasilinear partial differential equations. Sys-
tems and Control Letters, 1989, 13(2): 177—181

4 Hanczyc E M, Palazodlu A. Sliding mode control of nonlin-
ear distributed parameter chemical processes. Industrial and
Engineering Chemistry Research, 1995, 34(2): 557—566

5 Hanczyc E M, Palazodlu A. Use of symmetry groups in slid-
ing mode control of nonlinear distributed parameter systems.
International Journal of Control, 1996, 63(6): 1149—1166

6 Hu Yue-Ming, Zhou Qi-Jie. The Variable Structure Control
System of Distributed Parameter. Beijing: The Defense In-
dustrys Publisher, 1996 (in Chinese)

7 Liu Yong-Qing, Xie Sheng-Li. The Stability and Control
of Distributed Parameter System with Delay. Guangzhou:
South China University of Technology Publishers, 1998.
12—14 (in Chinese)

8 Cao W B, Huang J C. Variable structure control of nonlinear
systems: a new approach. IEEE Transactions on Industrial
Electronics, 1993, 40(1): 45—55

9 Xie Sheng-Li, Xie Zhen-Dong, Liu Yong-Qing, Wei Gang.
Variable structure control of parabolic type control system

with delay. Control and Decision, 1997, 12(3): 247—251 (in
Chinese)

[\

10 Xie Zhen-Dong, Xie Sheng-Li, Liu Yong-Qing. Design of de-
centralized variable structure controller of large-scale dis-
tributed parameter system with delay. Acta Automatica
Sinica, 1999, 25(6): 805—810 (in Chinese)

11 Cui Bao-Tong, Deng Fei-Qi, Wang Wei, Liu Yong-Qing. Ex-
ponential asymptotical stability for distributed parameter
systems with time delays. Systems Engineering and Elec-
tronics, 2003, 25(5): 579—583 (in Chinese)

12 Boubaker O, Jean-Pierre B. On SISO and MIMO variable
structure control of nonlinear distributed parameter systems:
application to fixed bed reactors. Journal of Process Control,
2003, 13(8): 729—-737

13 Luo Yi-Ping, Deng Fei-Qi, Li An-Ping. Global exponen-
tial stabilization for parabolic type systems with continu-
ously distributed delays. Acta Physica Sinica, 2007, 56(2):
637—642 (in Chinese)

14 Luo Yi-Ping, Deng Fei-Qi. LMI-based approach of robust
control for uncertain distributed parameter control systems
with time-delay. Control Theory and Applications, 2006,
23(2): 217—220 (in Chinese)

15 Balakrishnan V, Feron E, Ghaoui L. E. Linear Matrix In-
equalities in System and Control Theory. Philadephia: So-
ciety for Industrial Mathematics, 1994

16 Sanchez E N, Perez J P. Input-to-state stability analysis
for dynamic neural networks. IEEE Transactions on Circuits
and Systems I: Fundamental Theory and Applications, 1999,
46(11): 1395—1398

17 Liao Xiao-Xi. The Stability Theory and Application of Dy-

namic Systems. Beijing: The Defense Industrys Publisher,
2000 (in Chinese)

LUO Yi-Ping Professor at Hunan In-
stitute of Engineering. He received his
Ph. D. degree from South China University
of Technology in 2006. His research inter-
est, covers control of distributed parameter
system and intelligent control system. Cor-
responding author of this paper.

E-mail: 1lyp8688@sohu.com

XIA Wen-Hua  Lecturer at Hunan In-
stitute of Engineering. She received her
master degree from Xiangtan University in
2003. Her research interest covers control
of distributed parameter system and sta-
bility of neural networks.

E-mail: xwh1027@sohu.com

LIU Guo-Rong Professor at Hunan In-
stitute of Engineering. He received his
Ph.D. degree from Xi’an Jiaotong Univer-
sity in 2003. His research interest covers in-
telligent control system and control of dis-
tributed parameter system.

E-mail: 1gr@hnie.edu.cn

DENG Fei-Qi Professor at South
China University of Technology. He re-
ceived his Ph.D. degree from South China
University of Technology in 1999. His
research interest covers intelligent control
system and system engineering.

E-mail: aufqdeng@suct.edu.cn



