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Output-feedback Control for a Class of Uncertain

Nonlinear Systems with Linearly Unmeasured
States Dependent Growth
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Abstract

LIU Yun-Gang'

This paper is devoted to the problem of global stabilization by output-feedback for a class of nonlinear systems with

uncertain control coefficients, stable zero-dynamics, and linearly unmeasured states dependent growth. First, by introducing two
kinds of appropriate state transformations, the original system is converted into a new system with deterministic virtual control
coefficients and the separated zero-dynamics. Then, a suitable observer based on high-gain K-filters is constructed for the new
system, and the backstepping design approach is successfully proposed to the output-feedback controller. It is shown that the global
asymptotic stability of the closed-loop system can be guaranteed by the appropriate choice of the design parameters. A simulation
example is also provided to show the correctness of the theoretical results and the effectiveness of the proposed approach.
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Because the system states are incompletely measurable,
the problem of output-feedback control is more challenging
and difficult than that of the state-feedback controll* =%
Unlike linear systems, the separation principle is invalid for
most nonlinear systems, hence the observer and controller
should be designed and analyzed together. The objective
of the control design based on observer is to guarantee not
only the stability of the closed-loop system but also the
convergence of the estimation error. Because the theory of
observer develops slowly[679], the output-feedback control
based on observer is far from maturity, and there are still
many problems unsolved!? ', For example, a foundational
question is what the sufficient and necessary conditions are
to output-feedback stabilize nonlinear systems. It has been
pointed out in the remarkable paper [11] that if the power of
the nonlinearity growth with respect to unmeasured states
is greater than 2, there are counterexamples for which no
output-feedback controls exist.

Recently, the problem of output-feedback control design
has received considerable attention and been intensively in-
vestigated for a class of nonlinear systems with unmeasured
states dependent growth!® 12=18 In [14], adaptive output-
feedback tracking control was investigated in detail for a
class of nonlinear systems linearly depending on unmea-
sured states and in generalized output-feedback canonical
form. In [12], exponentially stable output-feedback control
was considered for a family of nonlinear systems that are
dominated by a triangular system satisfying linear growth
condition, and in [15,19], the more general case was con-
sidered where the linear growth rate was an unknown con-
stant. In [18], the results of [12] were generalized to the sys-
tems with unknown control coefficients by introducing the
novel observer based on high-gain K-filters. Furthermore,
in [3,13,16], the output-feedback control was investigated
for systems with output dependent growth rate, and by
constructing norm estimators, an extension was obtained
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to the systems with unmeasured states dependent growth
rate in [17].

This paper continues the investigation proposed in [18]
and considers the output-feedback stabilizing control design
for a more general class of nonlinear systems with uncer-
tain control coefficients, hidden zero-dynamics, and linearly
unmeasured states dependent growth, and generalizes the
relevant results distributed in [1,12, 15, 18]. Mainly thanks
to the presence of the unmeasured states dependent growth
and the uncertain control coefficients, the output-feedback
control problem of the systems under consideration is very
hard and hence a very meaningful question. In addition,
due to the existence of the hidden zero-dynamics, it is dif-
ficult to directly carry out the output-feedback control de-
sign. To achieve the control objective, two kinds of linear
state transformations are firstly introduced. One is to lump
the uncertain control coefficients together, and then a new
system with deterministic virtual control coefficients is ob-
tained. The other is to separate the zero-dynamics from
the system. Then, enlightened by [18], we propose the ap-
propriate high-gain K-filters based on which the state es-
timation is successfully constructed. Such kind of K-filters
indeed play a central role in the output-feedback control de-
sign which will be realized by the backstepping approach.
Moreover, by choosing the design parameters properly, the
global asymptotic stability of the closed-loop system can
be guaranteed.

The remainder of this paper is organized as follows. Sec-
tion 1 describes the system to be considered and formu-
lates the control problem to be solved. Section 2 provides
two kinds of linear state transformations through which the
original system can be converted into a new system that is
convenient for observer design and observer-based output-
feedback control design. Section 3 gives the main results of
this paper, that is, the high-gain K-filters based observer is
constructed and the output-feedback stabilizing control de-
sign is given using backstepping method. Section 4 presents
some concluding remarks.

Notations. Throughout this paper, I denotes iden-
tity matrix of appropriate dimension; for any x € R",
x; denotes its i-th element and x};; denotes [z1,- - )T
0 € R’ denotes the zero vector; e;;(i < j) denotes
[OV[Ii‘—l]v 170’[I‘j—i]]T € RJ? b/[i,()] denotes [b'lw b"i*la o 7b6]T €
R ¢; () denotes [ci1,- -+, ¢i;]T € R, and ®; | ) denotes
(@i, @i k)T € RFIFL We use |- 1, || - [l(e || - [|2),
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and || - [|r to denote 1-norm, Euclidean norm, and Frobe-
nius norm for vectors, respectively, and the correspond-
ing induced norm for matrices. Besides, for simplicity of
expression, we sometimes drop the arguments of function
when no confusion is caused.

1 System description and problem for-
mulation

Consider the following class of single-input-single-output
(SISO) nonlinear systems:
gi:gici+l+¢i(t7C7u)7 12177/)_1
gj:gj<j+1—|—bn7ju+¢j(t,€,U), Jj=p,---y,m—1 (1)
Cn zgnbou + ¢" (t, C7 u)
y=aQ

where ¢ = [¢1,--+,¢a]T € R™ is the system state with the
initial condition {(0) = {,; v € R and y € R are the con-
trol input and output, respectively; p is the relative degree
of the system satisfying p + m = n; both ¢; and b; are un-
known constants, called uncertain control coefficients, and
specially, g; # 0, bp # 0, and b,, # 0; functions ¢; :
R*xR"xR — R, ¢ =1,---,n are piece-wise contin-
uous in the first argument and locally Lipschitz in the rest
arguments. In what follows, we suppose that only the sys-
tem output is measurable and the relative degree p > 1.

Obviously, we can see that control u appears in the last
(m + 1) equations of system (1). This means that hidden
zero-dynamics exist in the system. When control coeffi-
cients are known, if 1 < p < n, then we can construct
K-filters and the output-feedback controller to stabilize sys-
tem (1) by consulting Chapter 8 of [1] and if p = n, system
(1) degenerates to a simpler case which has been extensively
investigated based on the Luenberger-like observer!*2=191,
Moreover, when control coefficients are unknown, various
theoretical results have been obtained under somewhat
strong assumption that the nonlinearities are dominated
by some known functions of measurable output y 1. When
the system nonlinearities inherently depend on unmeasured
states, the output-feedback control design will become very
hard. Recently, for the systems with unmeasured states de-
pendent growth and without zero-dynamics, [12,15—16, 18]
have considered the problem of output-feedback stabiliza-
tion for the cases of exactly known control coefficients and
uncertain control coefficients, respectively.

This paper is to investigate the problem of global output-
feedback stabilization for system (1) with uncertain control
coefficients, zero-dynamics, and unmeasured states depen-
dent growth under the following assumptions.

Assumption 1. For ¢ = 1,---,n and any t € RY,
¢ € R", and v € R, there exists a known constant ¢ > 0,
such that

¢:(t, ¢ u)| < e(|Gul + -+ [Ckl),

Assumption 2. The signs of g;,¢ = 1,--- ,p — 1 are
known, and there exist known positive constants 9, and g;

satisfying

k=min{s,p} (2)

Assumption 3. The sign of b, is known, and there
exist known constants by > 0 and b; > 0, ¢ =0,---,m
such that

Assumption 4. For the polynomial p(s) = b),s™ +
T +b/15+b/0, where m > 17 b{L = blnz;{ilg/wz = 17 e, My,
and by = boll}_, g, there exists a known positive constant
d such that the real part of each pole of the polynomial is
not larger than —(d/2).

For the aim of a better understanding, we would like
to give further interpretation for the above four assump-
tions. Assumption 1 means that system (1) has linearly
unmeasured states dependent growth. It seems to be strin-
gent, but it is crucial to carry out the output-feedback
control® 12719:18:20l * Op the other hand, maybe due to
the existence of hidden zero-dynamics and uncertainties in
control coefficients, it is hard to relax Assumption 1 to a
weaker one.

Assumptions 2 and 3 give some available information
about the uncertain coefficients ¢g; and b;. The known signs
of by, and g;,i = 1,--- , p—1 will play an important role in
control design. Otherwise, one cannot decide the direction
along which the control operates, and the closed-loop sys-
tem may be unstable. The boundary restrictions imposed
on g; and b; look somewhat severe but cannot be removed
as will be detailed later.

Assumption 4 means that the hidden zero-dynamics of
the system possess the input-to-state stable (ISS) property.
This assumption on the zero-dynamics is commonly im-
plicitly assumed in most of the work in robust/adaptive
output-feedback control of nonlinear systemsl® 1% 31,

According to Assumption 2, there exist known positive
constants gy = min{g17 9,9, H;ngj} and gu =
maxl{%?l?m -+, j-1g;} such that gn < [ITj_,g;| < g,
i=1,---,n.

Similarly, by Assumption 3, we know that by = max{bo,
b1, -+ ,bm} is a known positive constant such that |b;| <
bay, t=0,---,m—1and by < |bm| < by. Moreover, by
Assumptions 2 and 3, the sign of b}, = bmHZ;gk # 0 is
known.

The objective of the paper is to design a dynamic output-
feedback controller for system (1), so that the closed-loop
system is globally asymptotically stable. This will be car-
ried out based on the methods of appropriate state trans-
formation and observer-based backstepping, as will be de-
tailed in the next section.

2 Linear state transformations

In this section, it can be shown that through two kinds
of linear state transformations, the system can be success-
fully transformed into a system with deterministic virtual
control coefficients, and the hidden zero-dynamics can be
separated out, and then the output-feedback control design
becomes less difficult.

By carefully examining system (1), we find that the nega-
tive influence of uncertain control coefficient, g;, disappears
if the corresponding equation is multiplied by gig2 - - - gi—1
with the scaled state being defined as the new state. This
simple observation motivates us to introduce the following
linear state transformation to convert the original system
into a new system in which there are no uncertain virtual
control coefficients, and the original uncertain control co-
efficients are lumped into the actual control coefficients:

T = <17 x2 :glg27 tty Tn = g192 "'gn71<n (5)

The dynamics of & = [x1,--- , )" are then given by

(6)

z=Ax+bu+ f(t, z, u)
y=m
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where £ € R" is the state of the new system with the initial
condition depending on ¢, and (5), f = [fi, -, fa]* =

(61,9102, , 9192 gn—10n] ", and
0
A y— | Q-
n — I ) - /
0 0 0 [m.0]

It is worth pointing out that when p = n (or m = 0), the
above transformation is enough and output-feedback con-
trol design can be pursued since there are no zero-dynamics
in this particular case. For the sake of integrality in the
later development, system (6) with p = n is rewritten as

{ Ty 1 X = ApX +bmep,ut+ @,
Xlzel,pX:y

ot x, u)

(7)

where x =z, ®,,) = f.

However, when p < n, the foregoing linear transforma-
tion is still necessary but somewhat insufficient for the con-
trol design purpose. This is chiefly because certain closed-
loop observer should be constructed to develop an output-
feedback stabilizing controller. But due to the presence of
hidden zero-dynamics in (6), it is very difficult to determine
what kind of observer is appropriate as well as to analyze
the closed-loop observer error performance. Mainly enlight-
ened by the existing relevant works on the stabilization of
the similar systems with hidden zero—dynaumicsm_22]7 an ef-
fectual idea is to look for some kind of state transformation
to separate the zero-dynamics from the system. To achieve
this, let us introduce the second kind of linear state trans-
formation for system (6) with p < n, which will be defined
in a step-by-step manner, and simultaneously, the effect
and meaning for each step of the state transformation will
be shown accordingly.

The effect of the first transformation 77 (i.e., the lin-
ear transformation matrix) is to transform all the elements
of B into zero except the p-th element. Let ¢; = Tz,
where 77 and Tf are the same as I except their p-th

columns that are [0[p 1 —1/bs -5 =y /br,] T and
[0[1/;71 S, b, ,bo/bm] , respectively. Then, we
can get the dynamics of ¢; as

S1 = Clgl + Bu + Q1(157:1:5 U) (8)

where C1 is the same as A, except its p-th and (p + 1)-th
columns, which are [O[Tpfm, 1,cf[m+11]T and [O[Tpfl], 1,

1 .

—bTbﬂ—LoﬂT, respectively, and B = T1b = [Oﬁ_l],b’m,
O[m]] = b{mep,n, %, = Tlf(ta x, u)'

The rest p — 1 transformations are designed mainly for
matrix C1 such that we can eventually get C, which is the
same as matrix I except the first and (p + 1)-th columns.
Specifically, the second transformation is to transform the
p-th column of C into e,—1,n, i.e., [05,,2], 1,0[1;n+1]}T. Let
6o = Ta6y, where T and TQ_ are the same as I except
their (p— 1) th columns that are [0[p 9 1, c; [m_H]]T and
[O[Tp o 1,6 [m+1]] , respectively. By noting that B = T»B,
the dynamlcs of ¢y is

<2 = CQ§2 +Bu+(I>2(t,.’l:,u) (9)

where C> is the same as A, except its (p — 1)-th and
(p+1)-th columns which are [0?;_3], l,c;{[m_s_2 T and [0 (p—1]s

1
1, *b,*bﬁfl,o]]T» respectively, and ®2 = To®1 (¢, z,u).

Similarly, the i-th (i = 3, -+ , p—1) linear transformation
T; can be constructed to transform the (p—i+2)-th column
of Ci_l into €p—itl,n- Let S; = 1:S;—1, where T; and T;l
are the same as I except their (p—i+ 1) th columns, which
are [OF;fi]a 1, 7ciT71,[m+i71]}T and [0 —i]» 1701 1,[m+i— 1]]Ta
respectively. By noting that B = TTZ 1- TQB the dy-
namics of ¢; is

¢, = Cis; + Bu+®;(t,z,u) (10)

where C; is the same as A, except its (p—i+1)-th and (p+
) th columns which are [057*1’*1]’ l,cz[mﬂ]]T and [O[Tp,”7

b[m 1, 0] , respectively, and ®; = T;®,_1 (t,z,u).

Fmally7 the p-th linear transformation ¢, = T¢,—1 can
be constructed to transform the second column of C,_;
into ey, where T}, and T_1 are the same as [ except their

first columns that are [1, —cE 1[n— 1]] and [1 e, JIn— 1]]T7
respectively. By noting that B = TgB the dy-
namics of ¢, is

ép = pgp+Bu+¢P(t7m7u) (11)

where C, is the same as A, except its first and (p +1)-th
columns, which are ¢, [, and [Op 1 L —%bgn,l’o]]T
respectively, and ®, = T,®,-1 = [®,1,--- ,Ppn]T.

Till now, the two kinds of linear state transformations
are completely introduced. For the transformed system
(11), it is natural to design observer and observer-based
output-feedback control, as will be seen from the later de-
velopment.

First, we would like to give the 2-norm estimation of
the unknown vectors ¢, [, and ¢, [,11,,) Which can be de-
duced from the above state transformations though a bit
complicatedly. In fact, from its definition, one can see that
each element of ¢; [, 14 is in the form of a quotient whose
denominator is a power function of b, and numerator a
polynomial of the constants bg, b, --- ,bl,. From this ob-
servation and Assumptions 2 and 3, we can easily verify
the following proposition.

Proposition 1. For ¢, [,) introduced above, there exist

known positive constants do and df, such that

Hcp,[;ﬂ»l,n]H < d6 (12)

Before designing high-gain K-filters based observer and
output-feedback controller, we have to decompose system
(11) appropriately. Let x = [x1, -, Xo]T = Sp.1,p and
n=[n, - ,nm|" = Sp.[o+1,n)- Then, system (11) can be
divided into the following form:

I

Hcp,[p] H < do,

E"I : ’I] = D’I’) + Cp lp+1,n] X1 + pr[erl’n](t,m, u)
Yx X = Apx+bmep putey m +ep X1+ 1) (L, 2, u)

X1=el,x=y
(13)
/
where D = —%, 1, O[m_l]]T is Hurwitz ensured

by Assumption 4. So there is a positive definite matrix
R=Q" = / exp(D"'t) exp(Dt)dt (14)
0
which satisfies the Lyapunov equation DTQ + QD = —1I.

We have the following lemma for the 2-norm of ), whose
proof is omitted.
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Lemma 1. For any Hurwitz matrix D with Re(A(D)) <
—d/2 < 0, the matrix @ defined by (14) satisfies ||Q| <
n/d.

The following lemma is natural and can be easily proved
with Assumptions 1~ 3.

Lemma 2. For VY(t,z,u) € R* x R" x R and x =
[I O,xm]T,---Tiz € RP, there is a known positive con-
stant ¢ such that the unknown nonlinearities ®,,; : Rt x
R"XR — R, i=1,---,n of system (7) or system (13)
satisfy

|@p,i(t 2, u)| < ¢(Ixal + -+ [xkl), &k =min{i,p} (15)

3 Output-feedback stabilizing control
design

This section is the core of present paper. We will firstly
construct the appropriate high-gain K-filters based ob-
server, and then design the output-feedback controller by
the backstepping method.

This section turns to output-feedback control design for
system (7) (p = mn) or system (13) (p < m). Since they
are equivalent to system (1), the global asymptotic stabil-
ity of the transformed and original systems can be achieved
simultaneously. This section includes three parts: in Sub-
section 3.1, a novel approach for observer design will be
proposed based on high-gain K-filters for system (7) or the
subsystem X, of system (13); Subsection 3.2 is restricted
to the case of p < n, where a globally asymptotically stabi-
lizing output-feedback controller will be constructed by the
traditional backstepping method™, and the case of p = n
is simple which will be studied in the next section by an
example; in Subsection 3.3, the main result of the paper is
summarized, which shows that the global asymptotic sta-
bility of the closed-loop system can be guaranteed by the
appropriate choice of the design parameters.

3.1 High-gain K-filters and state estimation

For system (7) or the subsystem X, of system (13)1%),
we introduce the following high-gain K-filters:

E=A 6Ly
> e 1
{ A=A \+epu (16)

where € € (0,1) is a constant, I. = {l—l, 1—22, e b
e’ e eP
A, = A, + el ,.

The constant vector I = [I1,---,1,]T is chosen to ensure
that matrix 4; = A, + le{p is Hurwitz. Then, there is
a unique symmetric positive definite matrix P satisfying
AFP + PA; = —1. Define I. = diag{l,e,---,e’7'}. It
can be shown that e¢A4;_ = I7YAil.. So matrix B, =I1.RI
is symmetric positive definite, and satisfies

T
} , and

ALP_ + P A =<' (17)

This means that A;_ is also a Hurwitz matrix.

Define the state estimate of state x as x = € + by, A, and
the state estimation error as x = x — Xx-

In the following, we will consider the properties of the
state estimation error for the cases of p < n and p = n,
respectively.

Case 1.
satisfies

When p < n, the state estimation error x

X =ALX+€pom +Cp X1+ Py (18)

To prepare for the backstepping procedure in the next
subsection, we have to rewrite the equation of y. Since the
state x2 is not available, we need to replace x2 by x2 + &2+
b, A2. Then, we have

U =b,da+ o1y + X2+ &+ Dy (19)
Till now, the whole system for control design is obtained,
ie.,
X = A X +eppm +Cpo X1+ Py 1
E=A.€—ly
Y=bo Ao+ co1y+Xe+&+ Do
li

}\izgh-ﬁ-)\iﬂy 1=2,---

(20)
y P — 1

: l
Ap:j;)q—Fu

Obviously, the study of the globally asymptotic stabiliza-
tion of the above system is equivalent to that of system
(13), as well as the original system (1). So, it is appropri-
ate to consider system (20).

Let us next study the property of the subsystem 3,. The
following proposition shows that this subsystem is ISS and
can be regarded as the zero-dynamics of the whole system
(13). The proof of the proposition is provided in Appendix
A

Proposition 2. For the subsystem X, of system (13),

let V; = n7Qn. Then, there are known positive constants
do,1,do,2, and do,3, independent of €, such that

. 3 ~(2e-
Vo < =2 lnll® + dos (d +m?e?e @) 2 +
&P g || LRI + & 0P do | 1E])” +
P
8—(2p—2)d0’3252i—2)\12 (21)
=2

for any x,€,m,y, \i, i = 2,--- , p, where d, has been speci-
fied in Proposition 1.

The following two propositions play an important role
in control design in the sequent subsections. Specifically,
Propositions 3 and 4 characterize the ISS-like properties of
x and £ of system (20), respectively. Besides, for the sake
of compactness, the proof of Proposition 3 is provided in
Appendix B.

Proposition 3. For the subsystem x of system (20), let
Vi = X"Pi.X. Then, there are known positive constants
do,4 ~do,7 independent of ¢, such that

. 1 -
¥ < = (g2 —dow ) IR + dosl€IF +

P
262 H|PP|Inl® + doey® + dor Y 72N (22)
i=2
for any 5(767777317)\1'7 1= 27' Y
Proposition 4. For the subsystem & of system (20), let
Ve = {TPlsﬁ. Then, for any £, y, the following inequality
holds:

2 2
ARIPRE o)

. 1 2
Ve < ——||1:
e <o lI1£)° +

Proof. Noting that l. = (1/¢)I- 'l and Py, = I.BI., we
can show that the time derivative of Vg satisfies

. I.£|? LE? 2
Ve = _IzE" f” LR Ly = I f“ - ggTIEPlly
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This together with the method of completing square di- substituting (28) and (29) into (27) results in
rectly concludes (23). U . 5 . 5
Case 2. When p = n, the state estimation error x Vi < = hy(e)lInll” — hia(e) [ Lex]|” — hu2(e) || L€]7—
satisfies r
X=AXx+®,, (24) h13(e, L1)y” + da Z 272N + Bdae® 2 + bryzo

Similarly, we rewrite the equation of §y = x2 + ®,,1 as y =
bl Ao+ X2 + &+ ®,,1 and thus obtain the whole system for
control design:

QLC = A X+ ®p ()
5 = Alsé —1.
Y= b;n/\2 + X2+ &+ Do

li
— A1+ Aig1,
67,

(25)

\i = i=2-,p—1

: l
Ap=€%A1+u

3.2 Output-feedback control design

This subsection is devoted to the constructive design of
output-feedback control for system (20) with p < n by the
traditional backstepping method, which is presented in a
step-by-step manner.

Step 1. Define Vo = £* 72V, +Vz +V, where Vj, Vx, and
Ve have been defined, respectively, in Propositions 2~ 4.
Let Vi = Vo + (1/2)y? be the Lyapunov function candidate
for this step.

From Proposition 1 and by the method of completing
square, it is evident that

Cp,1y2 S d0y27 yX2 < 7”‘15XH + y
1 , 1
yéa < Zg\llsﬁll + gy . oy <y (26)

Then, from Propositions 2 ~ 4, (19) and (26), and letting
diy =do2+doas, dio =do2+dos, and dx = doz + do7,

we have
/ ~12 1 U
d1,1) HIeXH - (E —d1,2> X

IZ€11* + (df?do,ls{"”*2 +m?c?do, + dos + ¢ +

: 1
¥ < —ha(elinlP- (52 -

201812 112)1% + 2 .
do + 271120 + )y2+d)\262 2)2 ,
1=3

€
242 /
d)‘E AQ + bmy)\z (27)
where hy (<) = =%~ ((3/8) — 2| P1[]?).
Choose the virtual controller as
* 1 L
A== <%L +a1) :_My (28)
€ gnbN €
/
where a1 = w(d?dol +m 02d01+doo+c +do +
gnbN

2| B|I*12)1* + 2) is clearly a known constant, and Li > 1 is
a constant to be determined later.

Define z1 = y and 22 = A2 — A3. Observe that
dxe® 3 < 5dxe”z5 + pit (L)y® + pX | 1x|* + p§ €)1 (29)

where pi1(Ly) = 2dxo?(Ly) and g% = p§ = 0 for the
initial assignment of the forthcoming inductive step. Then,

i=3
(30)
Where hi,1(e) =

=L — dy3(L
d1 3(L1)

—di1, hia(e ) d127h13(5 L) =
) d11 = d11—|—u1, d12 = d12—|—u1, and
= pi*(L1). In what follows, hii(e,Lji—1) =
s — dia (Lo )’ hia(e,Li—y) = & — di2(Lji—1),
his(e, L)) = Ll - di,B(L[i])y hia(e, L) = Ll_sH_l -
di,a(Ly)), hz‘,j+2(5 L) =~ ig+2(Lp)), J =3, i—
1, hiiva(e, L) = —' —diit2 (L 1), all di ; ’s will be clearly
defined in later steps
Step 2. Let Vo = V1 +(1/2)e?z3. Then, the time deriva-
tive of V5 satisfies

Vo =Vi+e°2i (31)

By the definition of z2, we have
2 _ 2
f =Nt Do (L) O + 303 (L
j=1 =1

&+ (L1)e Py + 45 (L)e Hepay+
biade + X2 + ®p1) (32)

)E—(3—j)><

with specified 452 (L1) = 0,75*(L1) = 0, and 7¥(L1) = 0
for the initial assignment of the forthcoming inductive step.
Before deriving the virtual controller A3, we should elim-
inate the “undesired” effect of z2 in (31). For this purpose,
by the method of completing square, we have
1 1
bryze < barga|yllze| < gyz + 1 max{1,b3,g93 tezs (33)
and the following inequalities
1
ev2 (L1)epyze < 7d(rz (L1))*e*23 + ¢
1
ter (La)aza < 10+ (Busgu o ()
1
G AT EE D

75 (L1)Xaz2 < —||Iax|\ +2(75 (L1))%e23

1
€72 (L1)<I>,,,122 < ZCI (8 (L)% +4°

Substituting (32) ~ (34) into (31), we have

1 <2
— ) I _
&) I

2
o)1) - <h1,3<e,L1> -2 2) vt

2
N i 22‘—2)\12 4% ( Z

1=4

Vo < —hy () nll® — (hl,l(i) -

P i J))\ +

2
Z T+ (L) Py +

s—laQ(Ll)zz> + dae A3 + 22003 (35)
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where ai(L1) =5dx+1/4(dg+¢?) (48" (L1))*+bargnr |v3 (L) H-

2(75" (L) +1/4(b3, 93,03 (L1) (75" (L) + max{1, b3, 93/ })-
Thus, we can choose the virtual controller as

2
M= —la Z )em BTN —
2 ¢ )
> st (La)e Vg — (L) 2y (36)
j=1

where az(Ljg)) = L2 4+ a2(L1) and L2 > 1 is a constant to
be determined later.

Define z3 = A3 — A3. Similar to Step 1, we should es-
timate dxe*A\2 by an appropriate function of z1, 22, 23, €,
and x. Since A1 = 1/b,,(y — X1 — &1), we have A} <
3/ (b a3) (v + X5 + £1). By this and (29), we have

2
d)‘84)\§ < 7d>\54232, + Z[éj (L[g]) 2= 2Z]2 +
j=1
PE(LO XN + w5 (L)) 1€

21d
2oz (0 (L)) +7(%
NIN

Tdx(v3 (L1))?, (L[2]) = 7dxa3(Lig) + 35da (7
pY(L) = —-(n'(L

2(L1))*pi (La)+

2(L1))*,
0)? + T2 (L)) Yy (L) =

where p3' (L)) =

bR gx
21dy A1 Aa 2 £ &5 2 .
g 5~ (32" (L1))*+7 (722 (L1))* p§ +max{7da (75” (L1))%,j =
1 2}

By substituting this and (36) into (35), we have

Vo <—hy(e)llnll* = ko (e, L)X ||* = ha,2(e, L1) %

[ I€]|* — ha,s(e, Liz) 2t — hoa(e, Liz)e 25 +
p
dx E 272N 4+ Tdae 25 4 €% 2023 (37)
=4

with do,1(L1) = di1 + pX (L), d22(L1) = di2 + p5(L1),
das(Lp) = dia(Ly) + 2 + 3 (L), and daa(Ly) =
15 (L) )-

Inductive Step. Suppose at step k—1(k =3, ---,p),
there exists a smooth, positive definite, and proper function
Vi1, X, &, 21, -, zk—1) whose time derivative satisfies

Vi1 <—hy ()|l = hi—1,1(, Lip—) | Ix|* —

k-1

> hro1pa(e, Lip_y) X

Jj=1

hk—1,2(57L[k—2])HIE§H2 -

E?J 2 2 + d)‘ Z 627, 2)\2 (2k+1)dk€2k722£+
1=k+1

e iz (38)
where z1 = y,2z: = \i — A],i =2,--- ,k, and \] are a set of

virtual controllers in the following form:

i—1
A== o Loz — Y7ty (L—a)e TN -
j=1

1—1
S A Le)e g — At (L)e Yy (39)
j=1

From (39), we can find nonnegative functions y;’ ,(-),
N?—l(')v uﬁ_l(-), i=2,---,k,7=1,---,i—1, such that
dne? 22 < (20 +1)dpe? 2 2+ZM1 (L)) 222 4

[i—2])HI€X|| ""Niﬂ( [i-2] )I1:E|I* (40)
,k — 1) can be

X
B (

The dynamics of variable z; (i = 2,---
immediately computed from (39) as

G= A+ 3% (L) TN+

j=1
Z ¥ (Lo)e” g 4 4¥ (La)e ™y +
Yi (L[i—1])€ )(cp,ly + b A2 + X2 + Dp1)

In what follows, we will show that the above state-
ments still hold at step k. For this aim, choose Vi, =
Vi1 + (1/2)e?*7222, where 2z, = Ay — A} and the virtual
controller A}, are smooth functions. For notational conve-
nience and consistency, let A,+1 = u. Then, computing the
time derivative of Vi, we have

Vie = Vier + 7% 222, (41)
By the definition of zj, we have
LIS _
Zp = Aps1 + Z ’ij (L[k—l])fi(k+lij))\j +

=1
> Lpen)e” g 442 (La)e Ty +
=1

"D oy + bruda + X + o) (42)

A n
where 737 (Lie—1)), 7y’ (Le—1))s 2Y(L1), and 72 (Lie—1),
j=1,--- k are defined as

Ve (Le—1))e

k—1
A .
! (Lpg-1)) =1k +Z Lvili (Ljg—)) + o (L[k—l])%?il (Lix—=2))

j=1
A A P
Y (Lig—11) = ah—1(Lp—11)7. 21 Le—2)) + 7o' 1" (L),
G=2, k=1
A
¥ (L) = o7 (Lip—2)) + k-1 (L—1))

k—1

Z ]'yk 1 (Lig—g)) + e (L[kfl])%ﬁl—l(L[k*ﬂ)

Y2 (Lip—)) = ak—l(L[HJ )52 L)) 7Y (L) + 7 (L2

3 & i
W (Lge—11) = k-1 (Lp—11)7" 1 Lie—2)) + 7' 7 (Lpe—21)s
j=2, k-1

Ep_
Y (Le-1) = 7257 (Lpe—2))

Yo (L1) = ag—1(Lpp—1))vi_1 (L)

Z lﬂk 1(Lik—2))
A A
Yo (Lig—1]) = ar—1(Lg—11)Ve—1(Lr—2] ) + Vie-1(L1)

From the above equations, we can see that fy,?j (), yij (),

7Y(-), and v (1), j = 1,--- ,k are continuous functions
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which can be derived recursively from their initial assign-
ment in Step 2, and become constant once the value of
Ly;,_y) is specified.

Before deriving the virtual controller A;,;, we should
eliminate the “undesired” effect of z; in (41). For this
purpose, by the method of completing square, we have

— 2k—5 _2 1 2k—3 _2 2k—5 _2
e iz < 020 + & Ek <eT Tzt
1 2 2 2k—3 _2
Z max{l, b]\/[g]\/[}€ Zl (43)

and the following inequalities

R L )epapan < JBOE L) 2+

brne® 02 (L) hazh < §BRgRe O0F (B )22+
2+ 1 + 2Righiad (L)
(vie (Lpe— 1]))2 =3 2

e e (Lpp-1) X2z < 257 (ke (L)) ?e™ P 2i+

1 -
m“stHQ

e (Lpp—1) ®p1zk < ica(ng(L[kq]))Q&%_QZZ +y°
(44)
Choose the virtual controller as
k
)\Z+1 = —6_ QL L[k] Rk — Z L[k 1] (k+1_j)>\j —

TOHIDe _(Ly)eThy (45)

k
§v

Z Ve’ (Lpe—1))e

=1

where Oék(L[k ) = Ly + dk(L[k—l])7 O_ék(L[kfl]) =
(2k + D)dx + (1/4) max{1, b9} + 2" (% (L—1))* +
(1/4)(d5 + (v (Lpe-1))® (1/4)brrgRs (ai(L1) +
D(ve (Lig-1)))% and Ly > 1 is a constant to be deter-
mined later. Note that once the value of L is specified,
ar (L) is a known positive constant.

Define zrp11 = Ag41 — Ajpaq when k£ < p and 2,41 = 0.
Then, similarly, we have

dre® Aip1 <2k +3)dae™ 20 + (2k + 3)da (v (L) v+
(2k + 3)dxar (L) )™ 27 + (2k + 3)dx x

max{(7y (Lip—1))%, 4 = 1, , K} L€]*+
k
(2k+3)dx Y (1) (Lip—1))’e¥2A] (46)
J=1

Clearly, the last term on the right-hand side of the above
inequality is undesirable and has to be handled. By (40),
we have the following inequality

dx (7 (Lip-1)))?e¥ 7202 <
(v (L 1]))2(21' +1)dae® 222 4

27—2 2
Zﬂg 1(Ly—1))e 2i +

(7 (Lip—11))? Hj71( i—2) I x|” +
? (Lge—1) 21y (L) 1 1:E > (47)

(% (Lp=1)))

Substituting this into (46), we have for k < p

k
BNy <k 4 Ba? s+ 3 i (L)

j=1
L) LX) + pf (Lp—) I 1€ (48)

Specially, one can see that since dx > 7_ o1 27222 = 0,
it is unnecessary for Step p to take the computation sim-
ilar to (48). However, for the sake of the integrality of
the inductive steps, we let u,’ (Li,) = 0, j = 1,--,p,
Ng(L[p—l]) = 0, and Mf)(L[p—l]) =0.

Substituting (42) ~ (46) into (41), we obtain

Vi <—hy(e )IInHthm(s Ly u)lllafcl\thm(s Lig—)) x
1€ Zhh+2€L DX T2zl + da Z e

i=k+2

P (2k+3)d>‘s zii1 + e P sz ' (49)
with

(Lik-1)) = d—1,1(Lpp—
di2(Lig—1)) = dr—1,2(L1x
dr,3(Lig) = dr—1,3(Lig—1)) + 2+ p* (Liey)
di,a(Liw) = dr—1.a(Lpe—1y) + p13° (L)
diesiv2(Ligy) = di—1i2(Lp—1p) + i (Lwg),

i=3, k-1

2) + X (Lik-1))
—a)) + 45 (L))

dio+2(Liry) = i (Lixy)

From the above equations, we can see that di;(-),k =
3,---,p,t = 1,--+ |k 4+ 2 are continuous functions which
can be derived recursively from their initial assignment in
Step 2, and are undoubtedly constant once the value of Ly,
is specified. By more detailed analysis, we can see that they
are all positive except d,, p42(Lp,) = 0.

At the last step, the design of u is quite similar to that
of other steps, since all the terms containing the factors,
A, i=1,---,pin (49), have already been canceled at Step
p — 1. Using the inductive procedure and letting k = p in
(45), we can design the controller as

U= Xpt1 = A1 (50)

Accordingly, letting k = p in (49) and noting that
dx Zz p+1 e 72N =0, Zp+1 = 0, we have

Vy < = ha(@)mlI* = hp (e, Lip—1) | 11—

p
> hpitale, L) 227
=1

(51)

hp2(e, Lip—1)) || 1€]|* —

where V,(n,x,&, 21, - -
function defined by

,2p) 1s a positive definite and proper

1p 7,22
Vo=Vo+ Ez_: (52)

3.3 Main results

From (51), we can see that to realize stabilization of the
closed-loop system, the controller designed should ensure
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the negative definiteness of Vp. This can be guaranteed by
choosing positive constants € and L; such that

3 2
— —2|| A 0
8 120" >

1
goriz ~ dea(Lpp-1) >0
1
ZE — dﬂ,Q(L[p_l]) >0

(53)

L; — 1—1
# —dpiia(Liy) >0
L:i—1

JE —dpj+2(Lip)) >0
L,

e dp,p+2(L[p]) >0

fori=1,2and j=3,--- ,p— 1.

The following lemma shows the existence of positive con-
stants € and L; satisfying (53). Besides, the choice of such
constants is discussed in the proof of the lemma.

Lemma 3. There are always positive constants L; >
1,:=1,---,pand 0 < ¢ < 1 satisfying inequalities (53).

Proof. We prove this lemma by construction.

Firstly, for any specified constants L; > 0,5 =1,--- ,p—
1and L} > 1, choose

Li>Li+p+1—i, i=1,2

Ly > L5 +1, j=3,p—1 (54)

L, > L,

Secondly, choose ¢ such that
0<€<s**min{1 3 !
T16|1 P12 20t dp, 1 (Lgp-1y)
1 L i=1.--- p}
4dp2(Lip—1))’ dpiv2(Ly,))’ T

(55)

It is easy to verify that any L; and e determined by (54)
and (55) satisfy inequalities (53). O
The main result of the paper is summarized as follows.

Theorem 1. Consider the output-feedback control
problem of system (1) with p < n. Suppose the system sat-
isfies Assumptions 1 ~4. If I = [l1,---,1,]" is chosen such
that matrix A; = A + leT is Hurwitz, then the closed-loop
system is globally asymptotically stable under the dynamic
output-feedback control (50) with positive constants e and
L; satisfying (54) and (55).

Proof. First, by observing that ¢ and L; satisfy (54)
and (55), it is straightforward to deduce from (51) and
(52) that there is a positive constant § such that V, <
—fBV,, which implies that 7, 7%, €7, and %72z
are globally asymptotically stable for i = 1,--- , p, and so
are 1, X, &€, and z; since € is a positive constant. This
together with the fact y = z1 = x1 = =1 concludes the
global asymptotic stability of y, x1, and x1, and hence A1
since A1 = 1/b),,(y — x1 — &1). Then, from (28) and Ao =
22+ A3, it follows that A5 and Aq are globally asymptotically
stable. Continuing in the same fashion, (39) and A; = z; +
Aj for i = 3,---, p recursively establish that A is globally
asymptotically stable. By the global asymptotic stability
of £, A, and ¥, and x = £ +b], A, we know that x and hence
x (= x + Xx) are globally asymptotically stable as well.

Finally, from ¢, [1,,) = X,Sp,[p+1,n] = 7, and the equiva-
lent transformations defined above, we conclude that ¢, x,
and ¢ are all globally asymptotically stable. g

Remark 1. It is easily seen that the design procedure
given in the previous section cannot be unchangeably ap-
plied to the case p = n. In fact, there are minor technical
differences between the control design procedures of the
cases p = n and p < n, and hence the further investigation
on the former case is omitted due to the limitation of space.

4 Concluding remarks

In this paper, the output-feedback stabilization has been
investigated for a class of uncertain nonlinear systems.
After introducing two kinds of linear state transforma-
tions, the control design becomes much natural since the
converted system has known virtual control coefficients
and separated stable zero-dynamics. For the new trans-
formed system, an appropriate high-gain observer based
on K-filters is introduced, and then by the backstepping
approach, the output-feedback controller is successfully de-
signed. It is shown that the global asymptotic stability of
the closed-loop system can be guaranteed by the appropri-
ate choice of the design parameters.

Appendix

In this appendix, we give proofs of Propositions 2 and 3, re-
spectively.

Appendix A Proof of Proposition 2

Proof. Along the trajectories of the subsystem ¥,, the time
derivative of V;, satisfies

Vo < =llnll* + 20101 - llep.tp+1.m - Il - xa] +
2l - QI - 120, to+1,m1 11 (A1)

For the second term on the right-hand side of the above in-
equality, by Lemma 1 and Proposition 1, we have

1 ., 807 o,
20QI - lleo o+ 1,mll - lImll - [x1] < g\lﬂll t o doy (A2)

By the fact 0 < £ < 1, and Lemmas 1 and 2, we know that

20l - 1QIN - 18, (p+1,m 11 <
2me'n _
———e " Il (Ixal + lexa| 4 -+ &7 x0l)

From this and x1 = ¥, Xi = X + & + bl Ay i = 2,00, p, it
follows that

2[lnll - QI - 125, fo+1,mll <

1 8m?2c?n? _ ., 8m2c?n?p _ ., _
5“"’”2+Ts (e 2)y2+T€ (2p=2)
5 8 202,22
LRI + =L e g +
8m26/2n2 P .
BN e g S a9
i=2

Substituting (A2) and (A3) into (Al), we can get

. 3
Vn < *§||TI||2 + do (di +mPc?e” P2 )y? 4

e7 P dg o[ x| + 7P do of| LE|1* +
P
57(2"72)d0,3 Z £2i72)2 (A4)
i=2
8n? 8m?2c?n?p 8m?2c'?n?
where do)l = ?, 0,2 = P 3 d0,3 = a2 pb%/[gﬁ/f
This leads to (21). O
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Appendix B Proof of Proposition 3
Proof. The time derivative of Vi along (18) satisfies

. I.x||?
Ve <— [l 7ex|]
&€

+ 26”7 x| - 1B il + 211 71 x
120 - Nep o lllyl + 20Xl - 12l 1e@p, ]l (BL)

We will deal with the last three terms on the right-hand side of
the above inequality. Firstly, by Proposition 1, the second term
and the third term satisfy, respectively,

2" ML - 12| - il <

I7=xI1® -
e T TIAN NI

x| - NP Nlep ol - 1yl < IIexI® + dill Pl*y® - (B2)
<

For the last term, it is easy to show that [[I.®, .1

pc’ (Ixa1] + €lxze| + - -+ + €°7|x,|). Then, noting that x1 = y
and x; = X: +& + b, A, i =2,---,p, we have

2 xll - 1B 1@ i1l <
3 ~
(L4202 | PADILXIP + 3p% (| PP 1E]1* +

P
3p2c?||P|Py? 4 3p%c b3 g3 |1 P12 D €202 (B3)

=2

Substituting (B2) and (B3) into (B1), we have

. 1 _
Ve < = (5 — doa) IXIP + dosll €I +

P
26 IR Pl + dooy® +do7 ) €N (BA)

=2

where dos = 2 + 2/)%0/”131”7 dos = 3p3c?||B||?, dos =
(dZ + 3p2c?) || P)|?, do,7 = 3p3c?b3,9%, || P1||? are known positive
constants independent of €. O
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