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Acceleration Feedback Enhanced HHH∞ Disturbance
Attenuation Control for a Class of Nonlinear

Underactuated Vehicle Systems
HE Yu-Qing1, 2 HAN Jian-Da1

Abstract In this paper, a generalized acceleration feedback control (AFC) design method, named AFC enhanced H∞ controller,
is proposed for both fullactuated and underactuated nonlinear autonomous vehicle systems. The AFC is designed as a robust
enhancement to the normal control based on known dynamics. First, in order to reject the uncertainties and external disturbances,
a linear prefilter is used in the new AFC design method to replace the high gain in the normal AFC. Then, backstepping algorithm
is applied to the AFC design of underactuated systems. The analysis of both the disturbance attenuation in frequency domain and
input-output finite gain L2 stability shows the new controller design method is applicable. In the end, simulations are conducted
with respect to the tracking control of unmanned model helicopter. The results are compared with those obtained by the tracking
control without AFC to verify the feasibility of the new method.
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Unmanned vehicles are being anticipated to handle some
high-risk tasks that are dangerous or even impossible for
humans. The general goal of the autonomous control for
unmanned vehicles is to enable these systems to complete
tasks with minimal human interventions. Precise tracking
control is a key technology for unmanned systems which
are widely used in the areas such as satellite clusters, air
traffic control, and the U×Vs in battlefield (unmanned

ground/surface/air vehicles)[1]. However, there are at least
three difficulties or challenges in the tracking control of un-
manned vehicles.

1) The dynamics of most unmanned systems are highly
nonlinear, time-varying, and coupled, which might be too
complicated to be used for controller design. The controller
based on a linearized or simplified model might only guar-
antee a local performance or result in unexpected tracking
error because of the model differences.

2) The working environments of unmanned vehicles are
usually dynamic, complex, and unstructured, which bring
unpredictable disturbances to the control system, for ex-
ample, the aerodynamics of UAV and the wave/wind for
USV.

3) Many unmanned vehicles, such as UAV[2], USV[3−4],

and UUV[5] are underactuated, i.e., a system possessing
more degrees of freedom than independent control inputs,
which might bring more difficulties for its controller design.

Thus, how to overcome the above difficulties and achieve
high tracking performance has been one of the main tasks
of the autonomous control of unmanned vehicles.

Traditional robust and adaptive control methods for
uncertainty and external disturbances suffer from several
problems, including conservativeness because of the inac-
curacy in the preassumption of uncertainties, online diver-
gence because of unknown external disturbances, and the
complication for real-time implementation.

Many researches on the trajectory tracking of underac-
tuated vehicles have been proposed[6], among which back-
stepping technique sounds as a useful tool with encour-
aging achievements. In [2] and [7], backstepping method
was proposed for the control of a helicopter, where stable
controller and good simulation results were obtained. In [3]
and [4], Do et al. successfully designed a path following con-
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troller for an underactuated ship. In [8−10], backstepping
was used to design a stable tracking controller for UUV.
However, the technique itself cannot reject disturbances on
either model errors or external disturbances well. Most re-
cently, it was combined with some normal robust control
schemes[11−14]. Whereas the backstepping-type robust con-
trol still has the disadvantages of normal robust control as
mentioned above.

With the advantages of simple structure, high robust-
ness, and easy implementation, acceleration feedback con-
trol (AFC) has been successfully used for suppressing un-
certainties and external disturbances of “fullactuated” non-
linear mechatronic systems[15−19]. The AFC method is a
kind of robust enhancement to the normal control schemes,
such as PID. However, a great disadvantage is that it still
cannot be used in nonlinear and underactuated systems.
Besides, because the direct feeding of acceleration mea-
surement into the input force/torque of the system, the
normal AFC introduces an algebra loop which results in
that the high-gain AFC is difficult to be implemented for
real systems[19].

It should be noted that in most mechatronic systems, if
the acceleration signals are measurable, so do the distur-
bance signals. Thus, AFC design is in fact a disturbance
attenuation robust control problem with measurable dis-
turbance signals.

In this paper, the normal high-gain AFC is introduced in
Section 1. In Section 2, a “prefilter” is designed to obtain a
new AFC enhanced robust controller called AFC enhanced
H∞ controller. In Section 3, the new AFC method is used
for a class of underactuated systems. In Section 4, the
simulation results with respect to an unmanned helicopter
model are conducted to verify the feasibility of the new
method.

1 High gain AFC

Consider the following input affine nonlinear mecha-
tronic system

p̈pp = f(ppp, ṗpp) + g(ppp, ṗpp)uuu + ∆∆∆ (1)

where ppp ∈ Rn and uuu ∈ Rm are the generalized position
vector and input vector, respectively; f(·, ·) and g(·, ·) are
smooth nonlinear functions; and ∆∆∆ is the external distur-
bance.

If m = n, i.e., for a fullactuated system, the idea of high-
gain AFC is to design the following controller as in [17]

uuu = −Ka(p̈pp−K1ppp−K2ṗpp) (2)
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where Ka is the gain matrix, and K1 and K2 are constant
matrices such that [

0 I
−K1 −K2

]

is Hurwitz.
Combining (1) and (2), we have the following equation

p̈pp =[I + g(ppp, ṗpp)Ka]−1f(ppp, ṗpp) + [I + g(ppp, ṗpp)Ka]−1∆∆∆+

[I + g(ppp, ṗpp)Ka]−1g(ppp, ṗpp)Ka(K1ppp + K2ṗpp) (3)

If Ka could be designed to be big enough to satisfy

‖g(ppp, ṗpp)Ka‖ À max{‖f(ppp, ṗpp)‖, ‖∆∆∆‖, 1} (4)

Then, the closed loop of (3) can be approximated as

p̈pp = K1ppp + K2ṗpp (5)

This means the uncertain term ∆∆∆ can be suppressed by
the high gain of Ka. However, the high-gain AFC at least
has the following three disadvantages.

1) Sometimes, the functions f(·, ·) and g(·, ·) can be iden-
tified exactly (or partly), and therefore, it is much better
to design a controller based on them, and the AFC is only
to attenuate ∆∆∆. But the AFC of (2) rejects both known
nonlinearity and unknown uncertainty, which might result
in that the condition of (4) is not easy to be satisfied.

2) Controller (2) will introduce an algebraic loop, i.e., the
acceleration measurement is multiplied by the high-gain of
Ka and directly fed back into the system input uuu, which
might cause instability problem and deteriorate the closed
loop performance greatly.

3) Controller (2) can only be applied to “fullactuated”
plants, and there is no way to design Ka for underactuated
systems.

2 New AFC for fullactuated dynamics

In this section, we will present a new method for AFC
design to overcome the first two disadvantages mentioned
above. First, we rewrite (1) as

p̈pp = fn(ppp, ṗpp) + gn(ppp, ṗpp)uuu + ∆̄∆∆ (6)

where fn(ppp, ṗpp) and gn(ppp, ṗpp) are known functions with
gn(ppp, ṗpp) being reversible (this is reasonable because gn(ppp, ṗpp)
is often constant square matrix in reality), and

∆̄∆∆ = ∆∆∆ + [f(ppp, ṗpp)− fn(ppp, ṗpp)] + [g(ppp, ṗpp)− gn(ppp, ṗpp)]uuu (7)

is the uncertainty term.
Suppose

uuu = k(ppp, ṗpp) (8)

is a nominal stable controller of system (6). Then, we can
suppose a new variable vvv and design a new controller as

uuu = k(ppp, ṗpp) + g−1
n (ppp, ṗpp)vvv (9)

The closed loop system can be rewritten as

p̈pp = fn(ppp, ṗpp) + gn(ppp, ṗpp)k(ppp, ṗpp) + (∆̄∆∆ + vvv) (10)

From (6), it can be seen that the measurability of accel-
eration signals is equivalent to that of the uncertainties ∆̄∆∆.
Thus not selecting vvv = −∆̄∆∆, we can precisely eliminate the
influence of ∆̄∆∆ on the system. Unfortunately, it is unallow-
able to directly select vvv = −∆̄∆∆ because it is obtained based
on acceleration signals which introduces an algebraic loop.
However, we can define vvv as

v̇vv = −lvvv − b∆̄∆∆ (11)

Thus, the following frequency domain description of ∆̄∆∆
can be obtained.

∆̄∆∆(s) + vvv(s) =
s + (l − b)

s + l
∆̄∆∆(s) (12)

Assume that l ≥ b > 0. Thus, (12) is a high-pass filter.
Because the acceleration, not the disturbance itself, is the
measurable signal, ∆̄∆∆ can be denoted as

∆̄∆∆ = p̈pp− fn(ppp, ṗpp)− gn(ppp, ṗpp)uuu (13)

By substituting (9) and (13) into (11), the whole con-
troller can be denoted as

v̇vv = −(l − b)vvv − b{p̈pp− fn(ppp, ṗpp)− gn(ppp, ṗpp)k(ppp, ṗpp)}
uuu = k(ppp, ṗpp)− g−1

n (ppp, ṗpp)vvv (14)

From (14), by adding the acceleration signals into the
controller before a dynamic system (11), the algebraic loop
is eliminated. Controller (14) is composed of two parts,
wherein uuu = k(ppp, ṗpp) makes the closed loop system satisfy
some required performance index, and (11), called prefilter,
is used to attenuate disturbances.

In order to obtain better performance, we can design
uuu = k(ppp, ṗpp) as a nonlinear H∞ controller, which has
gained great development in recent years by using the
Hamilton-Jacobi-Issacs (HJI) inequality and passivity anal-

ysis method[20−22].
To introduce the idea of H∞ control, consider the fol-

lowing affine nonlinear closed loop system.

ẋxx = F (xxx) + G(xxx)ωωω

yyy = H(xxx) (15)

where xxx is state; ωωω is disturbance; yyy is output; F (·), G(·),
and H(·) are all smooth functions. The following inequality
is used as a design index for the nonlinear H∞ control.

∫ t

0

‖yyy(t)‖2dτ ≤ γ2

∫ t

0

‖ωωω(t)‖2dτ (16)

System (15) has an L2-gain less than or equal to γ, if
inequality (16) is satisfied for all t ≥ 0 and ωωω ∈ L2[0, t].
From [20], inequality (16) is satisfied if there is a smooth
solution V (xxx) ≥ 0 such that the following HJI inequality

∂V

∂xxx
F (xxx) +

1

4γ2

∂V

∂xxx
G(xxx)GT(xxx)(

∂V

∂xxx
)T + HT(xxx)H(xxx) ≤ 0

(17)
It is clear that if k(ppp, ṗpp) in (14) satisfies the following

inequality.

∂V0

∂ppp
ṗpp +

1

4γ2

∂V0

∂ṗpp
[f(ppp, ṗpp) + g(ppp, ṗpp)k(ppp, ṗpp)] +

1

4γ2

∂V0

∂ṗpp
×

(
∂V0

∂ṗpp
)T + q(ppp, ṗpp) ≤ 0 (18)

where V0(ppp, ṗpp) is a semipositive definition function and
q(ppp, ṗpp) is a positive definition function such that q(ppp, ṗpp) = 0
if and only if ppp = 000 and ṗpp = 000, then a controller with
the performance of both the finite gain L2 stable from dis-
turbances to outputs and the frequency domain filtering
through the linear prefilter can be obtained.

Remark 1. Up to now, the proposed AFC is redesigned
to dedicate to the rejection of ∆̄∆∆ instead of all of the nonlin-
ear terms like in (2)∼(3), while eliminating algebraic loop.
That means the disadvantages 1) and 2) of normal high gain
AFC have been overcome by the proposed control while the
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uncertainty rejection performance is maintanied. It should
be noted that the new AFC method is a robust enhance-
ment to a normal control, i.e., it can be combined with
other robust controllers (for example, the nonlinear H∞
control) to reduce their conservativeness.

3 AFC for underactuated dynamics

Many underactuated vehicles can be modeled as the fol-
lowing “strict-feedback” system by coordinate transforma-
tion or ignoring some coupling terms[2−3, 5, 7].

p̈pp1 =f1(ppp1, ṗpp1) + g1(ppp1, ṗpp1)ppp2 + h1(ppp1, ṗpp1)∆∆∆1

p̈pp2 =f2(ppp1, ṗpp1, ppp2, ṗpp2) + g2(ppp1, ṗpp1, ppp2, ṗpp2)ppp3+

h2(ppp1, ṗpp1, ppp2, ṗpp2)∆∆∆2 (19)

· · · · · ·
p̈ppr =fr(ppp1, ṗpp1, · · · , pppr, ṗppr) + gr(ppp1, ṗpp1, · · · , pppr, ṗppr)uuu+

hr(ppp1, ṗpp1, · · · , pppr, ṗppr)∆∆∆r

where ppp1, ppp2, · · · , pppr ∈ Rn are generalized position vectors
or position errors; ∆∆∆1,∆∆∆2, · · · ,∆∆∆r are disturbances and ig-
nored/unknown items; uuu ∈ Rm, m = n, is the control in-
put; fi(·), gi(·), and hi(·)(i = 1, 2, · · · , r) are known smooth
functions with hi(·) being reversible.

In this section, AFC enhanced H∞ controller will be
given by using the idea of “prefilter” in the preceding sec-
tion. By supposing r = 2 in (19), the following theorem
can be concluded.

Theorem 1. Consider the following nonlinear system
with external disturbances

p̈pp1 =f1(ppp1, ṗpp1) + g1(ppp1, ṗpp1)ppp2 + h1(ppp1, ṗpp1)∆∆∆1 (20)

p̈pp2 =f2(ppp1, ṗpp1, ppp2, ṗpp2) + g2(ppp1, ṗpp1, ppp2, ṗpp2)uuu+

h2(ppp1, ṗpp1, ppp2, ṗpp2)∆∆∆2 (21)

If there is a control law ppp2 = a1(ppp1, ṗpp1), the following
inequality is satisfied

∂V1

∂ppp1

ṗpp1 +
∂V1

∂ṗpp1

[f1(ppp1, ṗpp1) + g1(ppp1, ṗpp1)a1(ppp1, ṗpp1)]+

1

4γ2

∂V1

∂ṗpp1

h1(ppp1, ṗpp1)h
T
1 (ppp1, ṗpp1)(

∂V1

∂ṗpp1

)T + q1(ppp1, ṗpp1) ≤ 0 (22)

where q1(ppp1, ṗpp1) = lT(ppp1, ṗpp1)l(ppp1, ṗpp1)) and V1(ppp1, ṗpp1) are
nonnegative-definite functions, then there is a control law
a(ppp1, ṗpp1, ppp2, ṗpp2, vvv1, v̇vv1, v̈vv1, vvv2) such that the following system

p̈pp1 = f1(ppp1, ṗpp1) + g1(ppp1, ṗpp1)ppp2 + h1(ppp1, ṗpp1)(∆∆∆1 + vvv1)

p̈pp2 = f2(ppp1, ṗpp1, ppp2, ṗpp2) + g2(ppp1, ṗpp1, ppp2, ṗpp2)uuu+ (23)

h2(ppp1, ṗpp1, ppp2, ṗpp2)(∆∆∆2 + vvv2)

yyy = l(ppp1, ṗpp1)

has an L2 gain less than or equal to γ, taking (∆∆∆1 + vvv1)
and (∆∆∆2 + vvv2) as new disturbance signals.

Proof. Suppose zzz1 = ppp2 − a1(ppp1, ṗpp1) −
g−1
1 (ppp1, ṗpp1)h1(ppp1, ṗpp1)vvv1, then the following dynamics

can be obtained.

p̈pp1 =f1(ppp1, ṗpp1) + g1(ppp1, ṗpp1)[a1(ppp1, ṗpp1) + zzz1]+

h1(ppp1, ṗpp1)(∆∆∆1 + vvv1) (24)

żzz1 =f̄1(ppp1, ṗpp1, zzz1, vvv1, v̇vv1) + ṗpp2 + h̄1(ppp1, ṗpp1, vvv1)(∆∆∆1 + vvv1)

where (in the following sections, we will denote hi(·), gi(·),

and hi(·) as hi, gi, and hi, respectively.)

h̄1(ppp1, ṗpp1, vvv1) = −{ ∂

∂ppp1

(g−1
1 h1vvv1) +

∂a1

∂ṗpp1

}h1

f̄1(ppp1, ṗpp1, zzz1, vvv1, v̇vv1) =

− [
∂

∂ṗpp1

(g−1
1 h1vvv1) +

∂a1

∂ṗpp1

](f1 + g1ppp2)−

[
∂

∂ppp1

(g−1
1 h1vvv1) +

∂a1

∂ppp1

]ṗpp1 − g−1
1 h1v̇vv1 − h̄1vvv1

Introduce a new value function candidate for system
(24).

V2(ppp1, ṗpp1, zzz1) = V1(ppp1, ṗpp1) + 0.5zzzT
1 zzz1 (25)

Then, we have

∂V2

∂ppp1

ṗpp1 +
∂V2

∂ṗpp1

(f1 + g1ppp2 − h1vvv) +
∂V2

∂zzz1
(f̄1 + ṗpp2)+

zzzT
1 Q1zzz1 + q1 +

1

4γ2
[
∂V2

∂ṗpp1

∂V2

zzz1
]

[
h1

h1

]
[hT

1 h̄T
1 ]×

[
( ∂V2

∂ṗpp1
)T

( ∂V2
∂zzz1

)T

]
≤ zzzT

1 {f̄1 + ṗpp2 + Q1zzz1+ (26)

1

4γ2
[4γ2gT

1 (
∂V1

∂ṗpp1

)T + 2h̄1h̄
T
1 (

∂V1

∂ṗpp1

)T + h̄1h̄
T
1 zzz1]}

where Q1 is a positive definite matrix.
Consider

ṗpp2 =ā2(ppp1, ṗpp1, zzz1, vvv1, v̇vv1) =

− f̄1 −Q1zzz1− (27)

1

4γ2
[4γ2gT

1 (
∂V1

∂ṗpp1

)T + 2h̄1h
T
1 (

∂V1

∂ṗpp1

)T + h̄1h̄
T
1 zzz1]

then (26) can be made less than or equal to 0. Thus, we
have obtained a virtual controller such that system (24) has
an L2-gain less than or equal to γ, with l(ppp1, ṗpp1) as outputs
and (∆∆∆1 + vvv1) as external disturbances.

Next, suppose there is another new variable zzz2 = ṗpp2−ā2.
Then, the system dynamics (20)∼(21) can be expressed as
follows.

p̈pp1 =f1(ppp1, ṗpp1) + g1(ppp1, ṗpp1)a1(ppp1, ṗpp1) + g1(ppp1, ṗpp1)zzz1+

h1(ppp1, ṗpp1)(∆∆∆1 + vvv1)

żzz1 =f̄1(ppp1, ṗpp1, zzz1, vvv1, v̇vv1) + ā2(ppp1, ṗpp1, zzz1, vvv1, v̇vv1) + zzz2+

h̄1(ppp1, ṗpp1, vvv1)(∆∆∆1 + vvv1) (28)

żzz2 =f̄2(ppp1, ṗpp1, zzz1, zzz2, vvv1, v̇vv1, v̈vv1) + ḡ2(ppp1, ṗpp1, zzz1, zzz2)u+

h̄2(ppp1, ṗpp1, zzz1, vvv1, v̇vv1)(∆∆∆1 + vvv1)+

h̄3(ppp1, ṗpp1, zzz1, zzz2)(∆∆∆2 + vvv2)

where

h̄2(ppp1, ṗpp1, zzz1, vvv1, v̇vv1) = −∂a2

∂ṗpp1

h1

h̄3(ppp1, ṗpp1, zzz1, zzz2) = h2(ppp1, ṗpp1, ppp2, ṗpp2)

f̄2(ppp1, ṗpp1, zzz1, zzz2, vvv1, v̇vv1, v̈vv1) = f2 − ∂a2

∂ppp1

ṗpp1−
∂a2

∂ṗpp1

(f1 + g1ppp2)−
∂a2

∂ppp2

ṗpp2 −
∂a2

∂vvv1
v̇vv1 − ∂a2

∂v̇vv1
v̈vv1 − h̄2vvv1 − h̄3vvv2

ḡ2(ppp1, ṗpp1, zzz1, zzz2) = g2(ppp1, ṗpp1, ppp2, ṗpp2)
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Introduce a new value function candidate for system
(28), namely,

V2(ppp1, ṗpp1, zzz1) = V1(ppp1, ṗpp1) + 0.5zzzT
1 zzz1 + 0.5zzzT

2 zzz2 (29)

By the similar analysis process, we can conclude that if
we take

uuu =ā(ppp1, ṗpp1, zzz1, zzz2, vvv1, v̇vv1, v̈vv1, vvv2) =

− ḡ−1
2 {f̄2 + zzz1 + Q2zzz2 +

1

4γ2
[2h̄2h

T
1 (

∂V1

∂ṗpp1

)T+ (30)

h̄2h̄
T
1 zzz1 + (h̄2h̄

T
2 + h̄3h̄

T
3 )zzz2]}

then,

∂V3

∂ppp1

ṗpp1 +
∂V3

∂ṗpp1

[f1 + g1ppp2 − h1vvv1] +
∂V3

∂zzz1
[f̄1 + ā2 + zzz2]+

∂V3

∂zzz2
[f̄2 + ḡ2uuu] + q1 + zzzT

1 Q1zzz1 + zzzT
2 Q2zzz2+

1

4γ2

[
∂V3

∂ṗpp1

∂V3

∂zzz1

∂V3

∂zzz2

]
× (31)




h1 0
h̄1 0
h̄2 h̄3




[
hT

1 h̄T
1 h̄T

2

0 0 h̄T
3

]



∂V3

∂ṗpp1

T

∂V3

∂zzz1

T

∂V3

∂zzz2

T



≤

zzzT
2 {f̄2 + ḡ2uuu + zzz1 + Q2zzz2 +

1

4γ2
[2h̄2h

T
1 (

∂V1

∂ṗpp1

)T+

2h̄2h̄
T
1 z1 + (h̄2h̄

T
2 + h̄3h̄

T
3 )zzz2]}

is less than or equal to 0.
From (31), taking l(ppp1, ṗpp1) as outputs, and (∆∆∆1+vvv1) and

(∆∆∆2 + vvv2) as external disturbances, system (28) has an L2

gain less than or equal to γ, which means that system (23)
has the same L2-gain. ¤

Using Theorem 1, we can further design vvv1 and vvv2 just
like we have done in Section 2

vvv
(3)
1 = −k1vvv1 − k2v̇vv1 − k3v̈vv1 − b1∆∆∆1

yyy = vvv1 + ∆∆∆1

v̇vv2 = −k4vvv2 − b2∆∆∆2 (32)

yyy = vvv2 + ∆∆∆2

The parameters k1, k2, k3, k4, b1, and b2 can be designed
on the basis of the linear system theory to attenuate ∆∆∆1 and
∆∆∆2. Further, (32) can be rewritten as (33) by replacing ∆∆∆1

and ∆∆∆2 with p̈pp1 and p̈pp2.

vvv
(3)
1 =− k1vvv1 − k2v̇vv1 − k3v̈vv1 − b1h

−1
1 (p̈pp1 − f1 − g1ppp2)

v̇vv2 =− k4vvv2 − b2h
−1
2 {p̈pp2 − f2 + f̄2 + zzz1 + Q2zzz2+ (33)

1

4γ2
[2h̄2h

T
1 (

∂V1

∂ṗpp1

)T + 2h̄2h̄
T
1 zzz1+

(h̄2h̄
T
2 + h̄3h̄

T
3 )zzz2]}

For system (20), repeat the process when Theorem 1 and
(32) is being proved to obtain a similar controller as

uuu = a(ppp1, ṗpp1, · · · , pppr, ṗppr, vvv1, · · · , vvv2r−2
1 , · · · , vvvr)

and the following prefilter:

vvv2r−1
1 =− k1,1vvv1 − · · · − k1,2r−1vvv

2r−2
1 − b1∆∆∆1

vvv2r−3
2 =− k2,1vvv1 − · · · − k2,2r−1vvv

2r−4
1 − b2∆∆∆2 (34)

...

v̇vvr =− kr,1vvv1 − br∆∆∆r

4 Simulations of AFC for helicopter
trajectory tracking control

In this section, we apply the proposed AFC enhanced
H∞ controller design method to design the trajectory
tracking controller of an underactuated model helicopter.

4.1 Dynamics of model helicopter

The complete dynamics of a helicopter can be divided
into two parts: aerodynamics and body dynamics. Usu-
ally, the aerodynamics are too complicated to be used for
the purpose of control design[23−24]. So the helicopter dy-
namics are often considered as a rigid body incorporating
simplified aero- and actuator dynamics. The motion equa-
tion of a model helicopter can be written as




ṗpp
v̇vvp

Θ̇ΘΘ
ω̇ωωb


 =




vvvp

1
m

Rfffb

Ψωωωb

J−1(τττ b −ωωωb × J)ωωωb


 (35)

where ppp ∈ R3 and vvvp ∈ R3 are the position and veloc-
ity vectors in inertia frame; R satisfies RRT = I3, and
det(R) = 1 is the rotation matrix of the body frame rel-
ative to the inertia frame; and ωωωb is the angular velocity
vector. ΘΘΘ = [φ θ ψ]T is the Euler angle vector; m and J
are the mass and inertia of the helicopter, respectively; Ψ is
the transformation matrix from angular velocity to angular
position; and fffb and τττ b are force and moment presented in
body frame, including disturbance force and moment.

The aerodynamics can be considered as a lumped model
consisting of main rotor, tail rotor, horizontal stabilizer,
vertical stabilizer, and fuselage. For the purpose of sim-
plification, most researchers design the controllers by only
considering the aerodynamics of main rotor and tail rotor.

fffb =




XM

YM + YT

ZM


 + RT




0
0

mg


 + ∆∆∆1 (36)

τττ b =




LM

MM + MT

NM


 +




YMhM + ZMyM + YT hT

−XMhM + ZM lM
−YM lM − YT lT


 + ∆∆∆2

where X, Y , Z and L, M , N are the forces and torques
about the x, y, and z axes in body frame, respectively; the
subscripts M and T denote the main and tail rotors; hM ,
yM , hT , lM , and lT are some distance constants; and ∆∆∆1

and ∆∆∆2 denote the unmodeled aerodynamic uncertainties
including the ignored horizontal stabilizer, vertical stabi-
lizer, and fuselage, and exogenous disturbances such as the
force and torque induced by air mass and wind. In [7], the
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aerodynamics were calculated as

XM = −TM sin a1s, YM = TM sin b1s

ZM = −TM cos a1s cos b1s, XT = 0

YT = −TT , ZT = 0, RM = K1b1s −QM sin a1s (37)

MM = K2a1s + QM sin b1s, NM = −QM cos a1s cos b1s

RT = 0, MT = −QT , NT = 0, QM = CM1T
1.5
M + CM2

QT = CT1T
1.5
T + CT2

where a1s and b1s are the longitudinal and lateral tilts of
the tip path plane of the main rotor with respect to shaft,
respectively; TM and TT are forces of main and tail rotors,
respectively.

4.2 The AFC design

In our simulations, the AFC is designed according to (38)
which is obtained by (37). This is intended to enlarge the
difference between the reference model (to be used for AFC
design) and the high-fidelity model (to be controlled by the
AFC), which is often in the modeling of the helicopter. The
performance of AFC can be demonstrated under a worse
condition with enlarged model uncertainty.

X = XM = −TM sin a1s, Y = YM = TM sin b1s

Z = ZM = −TM cos a1s cos b1s

L = LM = SL1b1s + SL2QM

M = MM + MT = SM1a1s + SM2TM + SM3QT (38)

N = NM = SN1QM + SN2TT , TM = STM 1θM + STM 2

TT = STT θT + STT 2, QM = SQM 1θM + SQM 2

QT = SQT θT + SQT 2

After ignoring the couplings between rolling moments
and lateral acceleration[7], the dynamics equations (35) can
be denoted as

p̈pp =
1

m
R

[
0 0 Z

]T
+

[
0 0 g

]T
+ ∆∆∆1

Θ̇ΘΘ = Ψωωωb (39)

ω̇ωωb = J−1(τττ b −ωωωb × Jωωωb + ∆∆∆2)

where Z and τττ b are inputs.
(39) can be rewritten as

p̈pp1 = ppp2 + ∆∆∆1

p̈pp2 = f2(ppp1, ṗpp1, ppp2, ṗpp2) + g2(ppp1, ṗpp1, ppp2, ṗpp2)uuu + h2∆∆∆2 (40)

ψ̈ = f3(ppp2, ṗpp2,ΘΘΘ,ωωω) + g3(ppp2, ṗpp2,ΘΘΘ,ωωω)uuu + h3∆∆∆2 (41)

where

ppp1 = ppp

ppp2 =
1

m
R

[
0 0 Z

]T
+

[
0 0 g

]T

f2(ppp1, ṗpp1, ppp2, ṗpp2) =
2

m
ŻR(ωωωb ×




0
0
1


 +

1

m
ZR[ωωωb×

(ωωωb ×



0
0
1


)]− 1

m
ZR{[J−1(ωωωb × Jωωωb)]×




0
0
1


})

g2(ppp1, ṗpp1, ppp2, ṗpp2) =
1

m


 ZRJ R




0
0
0





 , h2 =

1

m
ZRJ

f3(ppp2, ṗpp2,ΘΘΘ,ωωω) =

−
[

0
sin φ

cos θ

cos φ

cos θ

]
J−1(ωωωb × Jωωωb)+

qφ̇ cos φ

cos θ
+

qθ̇ sin θ sin φ

cos2 θ
− rφ̇ sin φ

cos θ
+

rθ̇ sin θ cos φ

cos2 θ

g3(ppp2, ṗpp2,ΘΘΘ,ωωω) =

[
0

sin φ

cos θ

cos φ

cos θ

]
J−1

uuu =
[
(τττ b)T Z̈

]T

And J satisfies

J̄∆∆∆2 = J(∆∆∆2 ×



0
0
1


)

(40)∼(41) have the form of (20), thus, the AFC enhanced
HHH∞ controller of them can be designed. The trajectory
tracking controller of the helicopter can be divided into the
following 4 steps.

Step 1. Design a nonlinear AFC enhanced H∞ con-
troller with measurable disturbances of (40) as (30) in Sec-
tion 3, i.e.,

g2(ppp1, ṗpp1, ppp2, ṗpp2)uuu = uuu1 = a(ppp1, ṗpp1, ppp2, ṗpp2, vvv1, v̇vv1, v̈vv1, v2)
(42)

Step 2. Design a nonlinear AFC enhanced H∞ con-
troller with measurable disturbances of (41) as (14) in Sec-
tion 2, i.e.,

g3(ppp2, ṗpp2,ΘΘΘ,ωωω)uuu = u2 = k(ppp1, ṗpp1) + h(ppp1, ṗpp1)vvv2 (43)

Step 3. Design linear prefilters as (32), i.e.,

vvv
(3)
1 = −k1vvv1 − k2v̇vv1 − k3v̈vv1 − b1∆∆∆1

v̇vv2 = −k4vvv2 − b2∆∆∆2 (44)

Step 4. Obtain the final controller

uuu =

[
g2(ppp1, ṗpp1, ppp2, ṗpp2)
g3(ppp2, ṗpp2,ΘΘΘ,ωωω)

]−1 [
uuu1

u2

]
(45)

4.3 Simulation results

In order to verify the performance of the proposed AFC
design method, we use the high fidelity model presented in
[25] as the controlled system. The controller is designed
according to the simplified model denoted by (35), (36),
and (38) with the parameters

SL1 = −65.0398, SL2 = −0.062, SM1 = 65.0398

SM2 = −0.01, SM3 = −1, SN1 = −1, SN2 = 0.898

STM 1 = 1777, STM 2 = 39.8, STT 1 = 106.2, STT 2 = 6.9

SQM 1 = 95.6, SQM 2 = −1.8, SQT 1 = −3.9, SQT 2 = −0.03

hM = 0.234, yM = 0, hT = 0.062

lM = 0.01, lT = 0.898, M = 9.502 (46)

The parameters in (42)∼(44) are respectively selected as

γ = 50, Q1 = 5I, Q2 = 50I, k(ppp1, ṗpp1) = −4ppp1 − 2.8ṗpp1,

q(ppp1, ṗpp1) = −5pppT
1 ppp1 − 6ṗppT

1 ṗpp1 (47)

V (ppp1, ṗpp1) = 3.3125pppT
1 ppp1 + 1.25pppT

1 ṗpp1 + 0.3905ṗppT
1 ṗpp1
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γ = 50, k(ppp1, ṗpp1) = −4ppp1 − 2.8ṗpp1,

q(ppp1, ṗpp1) = −5pppT
1 ppp1 − 6ṗppT

1 ṗpp1 (48)

V (ppp1, ṗpp1) = 3.3125pppT
1 ppp1 + 1.25pppT

1 ṗpp1 + 0.3905ṗppT
1 ṗpp1

k1 = −125, k2 = −75, k3 = −15 (49)

k4 = −125, k5 = −10, k6 = −10

The helicopter is controlled to maneuver a step change
from the initial states of x0 = y0 = z0 = 1.0m, φ0 = θ0 =
ψ0 = 0.1 rad to x = y = z = 0.0m, and ψ = 0.0 rad.

In order to demonstrate the good performance of the
new controller, we compare the simulation results with
the linearized controller in [7] whose designed poles are
−1.4± 1.4283j, −5, −5, −5, and the direct H∞ controller,
i.e., controller (42)∼(45) without v1 and v2. Fig. 1 shows
the situation while there is only the uncertainty because
of model simplification. From Fig. 1, we can see that un-
der the control of linearized controller and the direct H∞
controller, the model uncertainty causes a stable tracking
error, which has been attenuated successfully by the control
with AFC.

Fig. 2 shows the case that external force disturbances of
50N are abruptly occurring to the first (39) at every 20 s,
i.e.,

p̈pp1 = ppp2 + geee3 + ∆∆∆1m + ∆∆∆1d (50)

where ∆∆∆1m is the uncertainty because of model simplifica-
tion and ∆∆∆1d is the external disturbance as

∆∆∆1d =





[0, 0, 0]T t < 20 s

[50, 0, 0]T 20 s ≤ t < 40 s

[50, 50, 0]T 40 s ≤ t < 60 s

[50, 50, 50]T t ≥ 60 s

(51)

In Fig. 2, we can see that neither the linearized controller
nor the direct H∞ controller can overcome the disturbance
forces, and there are stable position errors. In contrast,
the solid lines indicate that the errors are rejected by the
proposed AFC enhanced H∞ controller. It should be noted
that the offsets of φ and θ in Fig. 2 after the disturbance
are necessary for the helicopter to resist them.

Fig. 1 AFC for model uncertainty rejection where the solid
line is under the control with AFC enhanced H∞ controller

(the dotted line is the H∞ controller, and the dashed line is the
one with linearized controller)

Fig. 2 AFC for both model uncertainty and external
step-changed disturbance rejection

Fig. 3 Linearized controller for both model uncertainty and
external sine-changed disturbance rejection

Fig. 4 AFC controller for both model uncertainty and
external sine-changed disturbance rejection

Besides the step disturbance like (51), sine-changed
torque disturbance is also tested, i.e.,

∆∆∆2 =

{
[0, 0, 0]T t < 20 s

[A sin ωt, A sin ωt, A sin ωt]T t ≥ 20 s
(52)

where A = 5, and ω = 0.5. The results are shown in Figs. 3
and 4, from which we can clearly see the improvement by
the proposed AFC enhanced H∞ controller.
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5 Conclusion

In this paper, we have presented a new AFC enhanced
H∞ controller design approach for the uncertainties and
external disturbances rejection of both fullactuated and un-
deractuated dynamics. The AFC is designed as a robust
enhancement to the normal control on the known dynamics
by dedicating it to the rejection of unmodeled uncertainty.
By using the concept of prefilter and backsteeping mecha-
nism, the proposed AFC successfully overcomes the three
disadvantages inherently seen in normal high-gain AFC.
The simulation results with respect to the underactuated
model helicopter show the improvements of the proposed
method.
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