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Control Decoherence by Quantum Generalized

Measurement
ZHANG Ming1 OU Bao-Quan2 DAI Hong-Yi2 HU De-Wen1

Abstract This paper explores the potential of combating the decoherence by associating quantum generalized measurement

with decoherence-free subspaces (DFS). It is demonstrated that associating quantum generalized subspace projector measurement

(QGSPM) and quantum generalized case-projector measurement (QGCPM) with the operator conditions for DFS will enhance the

capability of suppressing the decoherence for both Markovian and non-Markovian open quantum systems. It is emphasized that

quantum measurement can be regarded as a means to manipulate quantum states. This method is advantageous because the coherent

control Hamilton can be constructively designed.
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Quantum information and quantum computation[1] have

become extremely active research areas. For the use of

quantum information to progress beyond mere theoretical

constructs into the realm of testable and useful implemen-

tations and experiments, it is essential to develop active and

passive techniques for preserving quantum coherence and

overcoming decoherence[2−4]. The theory of decoherence-

free subspaces and subsystems[5−9] is an important passive

approach of controlling decoherence. Recently, it has been

suggested[10] that quantum generalized measurement[11−14]

should be used to overcome the decoherence. It is gradu-

ally realized that the ability to control decoherence will be

enhanced if more resources can be put into use. However,

the potential of combating the decoherence by associating

quantum generalized measurement with DFS has not been

fully explored yet.

Recently, the concept of the quantum generalized sub-

space projector measurement (QGSPM)[15] has been pro-

posed. The distinguished properties of QGSPM has been

revealed: no matter what the state of the system is be-

fore the measurement and what the measured result occurs,

the state after the measurement can be collapsed onto the

specified subspace. This paper furthermore suggests that

QGSPM and its special case, quantum generalized case-

projector measurement (QGCPM)[15] should be used to

control the decoherence. It is emphasized in this paper

that quantum measurements can be regarded as a means

to manipulate quantum states not just as a means to get

the information encoded in quantum states.

This paper is organized as follows. In Section 1, we re-

view the basic concept of DFS and give the operator con-

ditions for the existence of DFS. The concepts of QGSPM

and QGCPM are reviewed, and their distinguished proper-

ties are discussed in Section 2. In Section 3,the main results
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of the paper are presented for both Markovian and non-

Markovian open quantum systems. Some extensions and

discussions are given for time-local nonMarkovian master

equations in Section 4. The paper concludeswith Section 5.

1 Decoherence-free subspaces

In this section, we will discuss the concept of

decoherence-free subspace (DFS) in the narrow sense of a

quantum dynamical semigroup master equation and give

the operator conditions for the existence of decoherence-

free subspaces.

For a quantum open dynamic system, a subspace of

the system Hilbert space is called the decoherence-free

subspace[5−6] if the evolution confined on this subspace is

unitary. Here, we just present the concept of decoherence-

free subspace in the narrow sense of a quantum dynamical

semigroup master equation[16−17].

In many practical situations, a quantum dynamical semi-

group master equation is an appropriate way to describe

the evolution of the quantum open system. By assuming

that 1) the evolution of system density matrix is an one-

parameter semigroup; 2) the system density matrix retains

the properties of a density matrix including complete posi-

tivity; 3) the system and bath density matrices are initially

decoupled, Lindblad[16] has shown that the most general

evolution of the system density matrix can be governed by

the master equation.

Let us consider a quantum open system subject to

Markovian decoherence and controlled via a control Hamil-

tonian H. The system dynamics is governed by a master

equation of the following form

∂ρ

∂t
= − i

~
[H, ρ] + L(ρ) (1)

where Lindbladian is

L(ρ) =
1

2

∑
i

γi

([
Gi, ρG+

i ] + [Giρ, G+
i

])
(2)

and γi ≥ 0.

Now, the concept of decoherence-free subspaces can be

given in the sense of a quantum dynamical semigroup mas-
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ter equation.

Definition 1. For the quantum open system described

by (1) and (2), a subspace S of the system Hilbert space Hs

is called a decoherence-free subspace, and if for any density

operator ρ confined on subspace S, (2) satisfies L(ρ) = 0.

Remark 1. Select a collection {|f〉}f=1,2,··· ,m0 of

orthonormal basis in S and extend it to a collection

{|f〉}f=1,2,··· ,n of orthonormal basis in Hilbert Space Hs.

The density operator ρ confined on subspace S can be writ-

ten as ρ =
∑m0

j,k=1 ρjk|j〉〈k|. It is also easy to conclude that

S is a decoherence-free subspace if all Gi in (2) can be ex-

pressed as

Gi = ci

m0∑
j=1

|j〉〈j|+
n∑

j,k=m0+1

gi
jk|j〉〈k| (3)

We call (3) the operator condition for the existence of

decoherence-free subspaces.

2 Quantum generalized measurement

2.1 The postulate of quantum measurement

Let us consider the finite-dimensional quantum system

Q with its Hilbert space Hs. Quantum measurement is de-

scribed by a collection {Mm}m∈{1,2,··· ,l} of measurement

operators. These are operators acting on the state space of

the quantum system Q. The index m refers to the measure-

ment outcomes that may occur in the experiment. If the

state of the quantum system is ρ prior to the measurement,

then the probability that result m occurs is given by

p(m) = tr(M+
mMmρ) = tr(MmρM+

m) (4)

and the state of system after measurement is

MmρM+
m

tr(MmρM+
m)

(5)

The measurement operators satisfy the completeness equa-

tion
l∑

m=1

M+
mMm = I (6)

where I is the identity operator.

2.2 The concepts of QGSPM and QGCPM

Definition 2 (QGSPM). Suppose that {|ϕi〉}i∈J is an

orthonormal basis for Hs with J = {1, 2, · · · , n}, the index

set for Hs, and {|ψj〉}j∈{1,2,··· ,n0}, a set of pure states in a

subspace B of Hs. Then, QGSPM is defined as follows: Let

{m}m∈Jout={1,2,··· ,l} refer to the outcomes of measurement.

When the measurement result m occurs, the corresponding

generalized operator can be formed as

Γ(m) =

n∑
i=1

n0∑
j=1

Γ(m, i, j)|ψj〉〈ϕi| (7)

where Γ(m, i, j) ∈ C, the set of complex number. If the

quantum generalized operators given by (7) satisfy the the

completeness equation, i. e., the following equations hold

l∑
m=1

n0∑
j1=1

n0∑
j2=1

Γ∗(m, i1, j1)Γ(m, i2, j2)〈ψj1 |ψj2〉 = δi1i2 (8)

where i1, i2 ∈ {1, 2, · · · , n}, the corresponding measure-

ment is called the quantum generalized subspace-projector

measurement (QGSPM).

Definition 3 (QGCPM). Let {m}m∈Jout refer to

the outcomes of measurement that may occur in the ex-

periment, where Jout = {1, 2, · · · , l} is the index set

for measurement outcomes and Jout =
⊎n0

i=1 J i
out with

J i
out

⋂
Jj

out = ∅ if i 6= j. When the measurement result

m occurs, where m ∈ J i
out, the corresponding generalized

operator can be expressed as

Γ(m) =

n∑
j=1

Γ(m, j)|ψi〉〈ϕj | (9)

where Γ(m, j) ∈ C, m ∈ J i
out, i = 1, 2, · · · , n0, j ∈

{1, 2, · · · , n}. If the quantum generalized operators given

by (8) satisfy the the completeness equation, the following

equations hold

l∑
m=1

Γ∗(m, j1)Γ(m, j2) = δj1j2 (10)

with j1, j2 ∈ {1, 2, · · · , n}, and the corresponding measure-

ment is called quantum generalized case-projector measure-

ment (QGCPM).

Obviously, QGCPM is a special case of QGSPM and

both of them are special quantum generalized measure-

ments. As for the physical realization of the quantum gen-

eralized measurement, the detailed discussions can be found

in many references, for example [1, 18]. It is quite well-

known that the quantum generalized measurement is real-

izable in principle if ancillary systems can be introduced[1].

2.3 Properties of QGSPM and QGCPM

Lemma 1 (Property of QGSPM). Consider a finite-

dimensional quantum system S with its Hilbert space Hs.

Suppose that the quantum generalized measurement oper-

ators for QGSPM is given by (7) with (8). Let ρ0 be an

arbitrary initial density operator. If the state of quantum

system S is ρ0 before the measurement and no matter what

measurement result m occurs, the state of the quantum sys-

tem S after the above mentioned measurement must be the

density operator ρs confined on the subspace B.

Lemma 2 (Property of QGCPM)[15]. For the finite-

dimensional quantum system S with its Hilbert space

Hs, the quantum generalized measurement operators for

QGCPM are given by (9) with (10). Suppose ρ0 is an ar-

bitrary initial density operator. If the state of quantum

system S is ρ0 before the measurement, and the measure-

ment result m occurs where m ∈ J i
out, then the state after

the measurement must be the pure state ρs = |ψi〉〈ψi|, i.e.,

|ψi〉 in Hs. That is, no matter what measurement result

occurs, the state of system can be reduced to one of the

pure states {|ψi〉}i=1,2,··· ,n0 .
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3 Control decoherence by QGM

In this section, we can demonstrate that the ability to

perform QGCPM or QGSPM on a quantum open system,

combined with the ability of coherence control and opera-

tor conditions for DFS, permits one to suppress quantum

decoherence.

3.1 Control decoherence by QGSPM

Denote a set of orthonormal basis in S as

{|f〉}f=1,2,··· ,m0 . We can extend it to a set of orthonormal

basis in Hilbert space Hs, {|f〉}f=1,2,··· ,n.

Theorem 1. Consider an n-dimension quantum con-

trolled open system with its n-dimensional Hilbert space

Hs; the system dynamics is governed by the following mas-

ter equation

∂ρ

∂t
= − i

~
[H+Hc, ρ]+

1

2

∑
i

γi([Gi, ρG+
i ]+[Giρ, G+

i ]) (11)

where Gi satisfies condition (3). Then, the ability to per-

form QGSPM on quantum open system, combined with the

ability of coherence control Hc, permits one to produce a

density operator ρs confined on the subspace S and store

it in the open system stably.

Proof. The constructive demonstration will be given as

follows.

For quantum controlled open system given by (11), we

will introduce the coherent control as follows

Hc =

n∑

f1,f2=m0+1

hf1f2 |f1〉〈f2| −H (12)

with hf1f2 = h∗f2f1 .

Now, the dynamical equation of quantum controlled

open system can be written as

∂ρ

∂t
= − i

~




n∑

f1,f2=m0+1

hf1f2 |f1〉〈f2|, ρ

 +

1

2

∑
i

γi

([
Gi, ρG+

i ] + [Giρ, G+
i

])
(13)

Set the subspace B as the decoherence-free subspace S

and choose QGSPM operators as (7) with (8). By Lemma

1, the state of system after the generalized measurement

must be a density operator ρs confined on the subspace S.

In the following, we will demonstrate that ρs is the station-

ary solution for controlled open quantum system (13).

Without losing generality, we suppose that ρs =∑m0
j,k=1 ρs

jk|j〉〈k|. Now, for j, k = 1, 2, · · · , m0, we have

[
∑n

f1,f2=m0+1 hf1f2 |f1〉〈f2|, |j〉〈k|] = 0, and




n∑

f1,f2=m0+1

hf1f2 |f1〉〈f2|,
m0∑

j,k=1

ρs
jk|j〉〈k|


 = 0 (14)

By (2), we can conclude that for j, k = 1, 2, · · · , m0

L(|j〉〈k|) =
1

2

∑
i

γi([Gi, |j〉〈k|G+
i ] + [Gi|j〉〈k|, G+

i ]) = 0

(15)

and thus

L(

m0∑

j,k=1

ρs
jk|j〉〈k|) = 0 (16)

Therefore, ρs =
∑m0

j,k=1 ρjk|j〉〈k| can make both sides

of (13) equal to zero simultaneously and is the stationary

solution of (13). ¤
Remark 2. For the quantum open system given by (1)

with (2) and (3), the ability to perform QGSPM on the

quantum open system, associated with the ability of coher-

ence control Hc, allows one to generate a density operator

ρs confined on the subspace S and store it in the open sys-

tem stably. Moreover, the method proposed in Theorem 1

is advantageous to the open-loop coherent control Hamilton

such that it can be concretely constructed.

3.2 Control decoherence by QGCPM

Theorem 2. Consider an n-dimension quantum con-

trolled open system with its n-dimensional Hilbert space

Hs, whose dynamics is governed by the master (11), where

Gi satisfies condition (3); then for a set of pure states

{|ψi〉 ∈ S}i=1,2,··· ,n0 , the ability to perform QGCPM on

quantum open system, combined with the ability of coher-

ence control Hc, permits one to produce one of pure states

{|ψi〉 ∈ S}i=1,2,··· ,n0 and store it in the open system stably.

Remark 3. When QGCPM is reduced to a special type

of quantum generalized measurement recently constructed

in [10] and hf1f2 = δf1f2hf1 with f1, f2 = n0 +1, · · · , n, we

can get Theorem 4 in [10]. Therefore, Theorem 2 extends

the related result about decoherent control in [10].

Furthermore, we can extend the above theorems to a

more general case and have the following theorem:

Theorem 3. Consider controlled open quantum system

∂ρ

∂t
= − i

~
[Hint +Hc, ρ]+

1

2

∑
i

γi(t)([Gi, ρG+
i ]+[Giρ, G+

i ])

(17)

where Hint is the internal Hamiltonian, Hc is the coherent

control Hamiltonian, and γi(t) is complex function.

1) If Gi satisfies condition (3), then the ability to per-

form QGSPM on quantum open system, combined with the

ability of coherence control Hc, permits one to produce a

density operator ρs confined on the subspace S and store

it in the open system stably.

2) If Gi satisfies condition (3), then for a set of pure

states {|ψi〉 ∈ S}i=1,2,··· ,n0 , the ability to perform QGCPM

on quantum open system, combined with the ability of co-

herence control Hc, permits one to produce one of pure

states {|ψi〉 ∈ S}i=1,2,··· ,n0 and store it in the open system

stably.

Remark 4. Now, if γi(t) in (17) is negative, (17) can be

used to describe the controlled open nonMarkovian quan-

tum dynamical systems.
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4 Extensions and discussions

In fact, the operator conditions (3) for DFS can be also

written as the following matrix form

Gi =

(
ci(t)In0 0

0 G22
i (t)

)
(18)

By means of this kind of representation, we can get

the DFS conditions for time-local non-Markovian master

equations[19−20] and have the following result.

Result. Let us consider the following controlled master

equations for the density matrix ρ(t) of an open system

which have the following general form:

∂ρ

∂t
= − i

~
[H + Hc, ρ]+

∑
α

[Cα(t)ρ(t)D+
α (t) + Dα(t)ρ(t)C+

α (t)]+

1

2

∑
α

{D+
α (t)Cα(t) + C+

α (t)Dα(t), ρ(t)} (19)

where the Hamiltonian H, Cα(t), and Dα(t) are given,

and Hc is the coherent control Hamiltonian to be designed.

Suppose that Cα(t) and Dα(t) are given by the following

equations

Cα(t) =

(
cα(t)In0 0

0 C22
α (t)

)
(20)

and

Dα(t) =

(
dα(t)In0 0

0 D22
α (t)

)
(21)

where cα(t) and dα(t) are complex functions of time t.

Then, we have the following results:

1) The ability to perform QGSPM on quantum open

system, combined with the ability of coherence control Hc,

permits one to produce a density operator ρs confined on

the subspace S and store it in the open system stably.

2) For a set of pure states {|ψi〉 ∈ S}i=1,2,··· ,n0 , the abil-

ity to perform QGCPM on quantum open system, com-

bined with the ability of coherence control Hc, permits one

to produce one of pure states {|ψi〉 ∈ S}i=1,2,··· ,n0 and store

it in the open system stably.

Remark 5. 1) (20) and (21) can be considered as the

operator conditions for DFS of time-local nonMarkovian

master (19). 2) In the above case, we just need to con-

struct such a coherent control Hamiltonian Hc that H0+Hc

satisfies the following equation

H0 + Hc =

(
H11(t) 0

0 H22(t)

)
(22)

with H11(t), an n0-dimensional Hermitian operator, and

H22(t), an (n− n0)-dimensional operator.

5 Conclusion

In conclusion, the ability to perform QGSPM or

QGCPM on open quantum systems, combined with the

ability of coherent control and the operator conditions

for the existence of decoherence-free subspaces, allows one

to suppress decoherence and store quantum states stably.

This research further establishes the link between quantum

generalized measurements and decoherence control. The

method proposed in this paper is advantageous in that the

open-loop coherent control Hamilton can be constructively

designed. It is emphasized in this paper that quantum

measurement can be regarded as a means to manipulate

quantum states and suppress decoherence. In fact, we have

developed this idea in a recent research[21]. It should be

mentioned here that we have explained why decoherence-

free subspaces/subsystems can be used for quantum com-

putation from the view point of control theory[22−23]. In

our opinions, making full use of structure features of quan-

tum systems is also important for manipulating quantum

states and combating decoherence.
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