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Abstract This paper designs an improved output-feedback controller from the viewpoint of reducing the control effort at the
premise of maintaining the desired control performance for a concrete example. The output-feedback controller guarantees the globally
asymptotical stability of the closed-loop system by introducing a new rescaling transformation, adopting an effective reduced-order
observer, and choosing ingenious Lyapunov function and appropriate design parameters. Simultaneously, from both the theoretical
analysis and a concrete example, smaller critical values for gain parameter and rescaling transformation parameter are obtained to
effectively reduce the control effort and the rate of change of controller than the design of the related papers.
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Consider the following high-order nonlinear systems

{ = Fo(¢,m,v)

o=l +07f.(¢m,v),
i = v"" + 07 f,(¢,n,v)
Yy =1m 1)

wherev e R,y e Ry,p=(m, - ,mn) ER",(€R", and 6
are the control input, output, system state, unmodelled dy-
namics, and unknown parameter vector, respectively. Fo(-)
and f,(-) are nonlinear vector functions with the corre-
sponding dimensions. p;, i = 1,---,n, are positive odd
numbers. When p; = 1, by using backstepping method and
combining backstepping method with the other methods,
such as small-gain theorem, the dynamic signal, and chang-
ing supply function, etc, the design of stabilizing controller
has achieved remarkable development in recent years[lf?’].

When p; > 1, Lin first gave a new feedback design tool
called adding a power integrator and studied systematically
a series of control problems for system (1) in [4]. Com-
pared with global stabilization by state-feedback, output-
feedback stabilization is much more challenging. When
n =2, pp, =1, and ¢ = 0, for a class of system (1) whose
Jacobian linearization is neither controllable nor observ-
able, the output-feedback controller was studied in [5—6]
by introducing a one-dimensional nonlinear observer. For
the more general system (1) with ( = f; =0,i=1,--- ,n,
p1 =+ =pPn_1, and p, = 1, Yang and Lin not only over-
came the obstacle caused by unobservability of the Jaco-
bian linearization of high-order system, but also provided
an iterative design way to choose the gain parameter for
general high-gain observerll. Furthermore, by introducing
a rescaling transformation ingeniously, the designed gain
parameter in [8] guaranteed the globally asymptotical sta-
bility of the closed-loop systems.

However, as one studies the above high-order nonlinear
systems, the high order p;, the high nonlinearities in them-
selves, the repeated use of some inequalities in the design of
output-feedback controller, and the interaction between the
observer gain parameters and the rescaling transformation
parameters will unavoidably lead to a large control effort

i=1,--,n—1
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High-order nonlinear systems, control effort reduction, rescaling transformation, output-feedback control

and a large rate of change of the controller. Naturally, one
may ask the following interesting question:

How to reduce the control effort at the premise of main-
taining the desired control performance, e.g., asymptotical
stability?

To our knowledge, there are few results on the study for
this question. In this paper, we will take a concrete system
as an example to answer the question. In Section 1, the
design of controller is given by exactly following the same
method as that in [8]. In Section 2, by introducing a new
rescaling transformation and choosing Lyapunov function
ingeniously, an improved output-feedback controller is de-
signed to guarantee the globally asymptotical stability of
the closed-loop system. Furthermore, we give a compari-
son of two control schemes in terms of both the theoretical
analysis and a concrete example. Comparing with the de-
sign in [8], by choosing the design parameter flexibly, we
obtain the smaller critical values for gain parameter and
rescaling transformation parameter, which provides more
tradeoff (or degree of freedom) between the control effort
and the control performance, and thus, reduces the control
effort and the rate of change of controller more effectively.

Notations.  The following notations will be used
throughout the paper. R4 denotes the set of all non-
negative real numbers. For the variables x1,x2, - ,Zn,
2, 2 (z1,-- ,24),5=2,---,n. ||z|| denotes the Euclidean

norm for vector . C* denotes the set of all functions with
continuous i-th partial derivatives.

1 A motivating example

Without loss of generality, we firstly give the design
of output-feedback controller by following exactly the de-
sign procedure in [8] for the following interconnected
systems:

¢ = Fo(¢,m,v)

m = n + fi(¢,m)

N2 = v+ fa(¢,m)

Yy =1m (2)

where ¢ € R”, (m1,m2)" € R?, v € R, and y € R are
the system unmodeled dynamics, state, control input and
output, respectively. Fo(-) : R" X R xR — R" and f; :
R" xR — R (i = 1,2) are C° functions, p > 1 is any odd
number. We need the following assumptions in this paper.

Assumption 1. There is a C? Lyapunov function
Uo(¢), which is positive definite and proper, such that for
any (¢,m,v) ER" x R xR,



No. 10

DUAN Na et al.: An Improved Control Algorithm of High-order Nonlinear Systems

1263

o,
¢

Assumption 2. There exists a real constant ¢ > 0, such
that the continuous functions f;({,n1), ¢ = 1,2; fi({,m),
i =1, 2 satisfy

1£:(C,m)| < (IS + [m ")

Example 1. To compare the following two control
schemes, for (2), one chooses

Fo(¢,m,v) < —[KIIP* + aolm [P, a0 >0

Fo = —C+ fo(¢,;m,v), fo= %771 cos((v),

fi=fa GHnl), p=3, r=1 (3)

1
= 100"
Clearly,

il = 1f2l < eICP + ),

satisfies Assumption 2. Choosing Up(¢) = ¢* and ap-
plying Lemma Al in Appendix, it is easy to prove that
oU, 1 _
TCOFO =4¢° (—C + 3 cos(Cv)) < =43¢ +37M) <
—C4 —|—amﬁ, thus, Assumption 1 is satisfied with ag = 0.02.

We first introduce the rescaling transformation (3.3) in
[8]:

c=0.01 (4)

v
T1 =M, T2 2 u (5)

=M T AR

where M > 1 is design parameter. By (2), (3) and (5) are
changed into

¢ = —C+go(¢,1,u)

i1 = Mas + g1(¢, x1)
iz = Mu+ g2(¢, 21)
Yy =1 (6)
_ _ _f .
where go = fo,91 = f1, and g2 = YR Choosing the

first Lyapunov function Up(¢) = kMU, one has Uy <
M (—coo¢* + c1071), where k > coo, c10 > kao.

The design of output-feedback controller is divided into
two steps. In Step 1, one supposes that the unmeasured
states are available for measurement, and a partial state-
feedback controller is designed by combining a power inte-
grator with backstepping technique. Then, by constructing
a reduced-order observer with the gain parameter being de-
termined later, using the certainty equivalence principle in
[9], an output-feedback controller is designed.

Step 1. Setting & = x1 — z7, 2] = 0, constructing Lya-

- 1
punov function Ui (¢, &1) = Up + 55%, choosing

wl—

a1 = (c11+cio+m +¢ (7)

and using (4) ~ (6) and Lemma Al in Appendix, one gets

.’E; = 70‘1517

Ur < M(—cooC* + croz] + &1(25 — 25°) + &123°) +
€191 < M(—cooC* + 106l + &1 (xh — x3%) +
&izs’ + el + a1l + mél) =
M(—cor¢* — enéi + & (a3 — 5%)) (8)

where v = 4. 3351_304, €1 >0, co1 =coo —e1 > 0, and
c11 > 0 are design parameters.

Then, setting & = 2 — x5 = x2 + a1&1, by (4) and (6),
one obtains &, = M (u+a123)+(a1g1+9g2), and |a1g1+ge| <

(c+ca1)(|¢[P+€1]*). By choosing Ua(C, &1, &) = U + 563,
from (8), it follows

Uy < M(—001C4 — &l + & (u—x3) +

&owy + & (25 — 25°) +
€2](c + car)(IC° + [€11°) + ar&2a3) 9)

By (7) and Lemmas Al and A2 in Appendix, there exist
positive real numbers €2;(i = 1,2, 3,4) satisfying
G(zs—25) =& (&2 — &)’ — (—am&)?) <
E16) + 301676 < enél + &
(c+ car)|¢P’|&] < e22C" + 72282
(c+ car)|&n’|&] < €281 + Y2382
arbaxh < a1léal|fe — ara|® <

dar|€a|(|€2]® + afl&r]*) <

2487 + Y2465 (10)

where
_a —1 37 _
Y21 = 3-47 3653 + 4*4521310215
3 4 -3

Yoi = 4—4(c+ca1) €y 1=2,3

you = 4ar + 27a;%es) (11)
€21 = €210 + €211, €210 and €211 are positive numbers.

Choosing the partial state-feedback controller
x5 = —(a262)® = —(briz1 + box2)?, b1 = ara2
1
b2 = a2 = (co2 + Y21 + Y22 + Y23 + Y24) 3 (12)

and substituting (10) into (9) leads to
Uz < M(—co2C* — c1267 — c2265 + €2 (u — 3))  (13)
where co2 = co1 — €22 > 0,c12 = €11 — €21 — €23 — €24 > 0,
and c22 > 0 are design parameters.
Step 2. However, since 72 and x2 are unknown, a
reduced-order observer is given below. Introducing an un-

measured variable zo = x2 — Lx1, where the gain constant
L > 1 is to be determined later, by (6), one obtains

39 = Mu— MLz + g — Lg1 (14)
from which, we construct the reduced-order observer
29 = Mu — ML#3 (15)
where &2 is the estimate of x2 with
T2 =22+ Lxy (16)

By (12), (16), and the certainty equivalence principle, we
obtain the realizable output-feedback controller

u = —(b1£13'1 + bzifz)s (17)
Defining ez = w2 — &2 = 22 — 22, by (14) and (15), one gets

€2 = fML(mg — i’g) + 92— Lo (18)
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According with (12), (17), ez = z2 — &2, and Lemma Al in
Appendix, (13) is changed into
Us < M(_C02<4 — c12€] — canby + Ea((brzr + 52562)3 —
(brz1 + b2§72)3) =
M(—co2(" — 1261 — 223 + a362(& — (&2 — €2)*)) <
M(—coa(* = c1€i — 2265 + 3ad&len + a3ael) <
M(—CO2C4 — 1281 — ca2by + (31 + 832)53 +

(81 + 732)e€3) (19)
where
3" _ _a 1
Y= geara’, v =3-475e50a (20)
and e3;(i = 1,2) are positive real numbers. Choosing
1
W(es) = 5@3, by ez = z2 — Z2 and (18), one has

W = —MLez(xg - @3) +ea(g2 — Lg1) =

M (—Leg((eg + i) — &3) + W) (21)

Using (4), (6), and Lemmas Al and A3 in Appendix, there
are positive real numbers €4, (¢ = 1,2, 3,4), such that

—Lea((e2 + #2)° — 43) =
. . . . L
L(—((e2 + &2) — @2)((e2 + &2)° — #3)) < —163
‘ lLeags| < TLeleal(C + faif?) <
4 4 L4 4
€a1¢ + €42€1 + W(’m + va2)es
\—em < dleal(IC[* +1&1]%) <
4 4 4
€43C" + 4487 + (a3 + yaa)er (22)

Substitutes (22) into (21) leads to

W§M<(*L62((62+i72) —13)) ‘ML€291 ‘*6292 > <
M<(541 + E43)C4 + (ea2 + 544)51l -
L L4(’Y41 +742)\ 4

(Z — Y43 — Y44 — — mr €2 (23)

where v4; = 47 - 3%, ¢,

numbers. Lastly, considering

V(¢ &1,62,€2)

i = 1,2,3,4 are positive real

=Ua((,61,82) + Wi(e2) =
EMUp+ 288+ S8+ 34 (24)

and choosing the parameters

M > M{ = max{1, L(ya1 +7a2) ¥ }

L> L7 =4(ys1 +7v32 + Va3 + Yaa + 1 + c3) (25)
coo > €1 + €22 + €41 + €43, Kk > coo,
c11 > €210 + €211 + €23 + €24 + €42 + €44

c3 >0 (26)

cio > kao

C22 > €31 1 €32,

and using the definitions of co1 and c11 in (8), €21 in (11),
oz, c12, and ca2 in (13), (19), (23), and (24), one gets

V < M< — co2C* — c128] — 2085 + (ea1 + E43)C4 +

(42 + 844)531 + (es1 + E32)f§1 -

(% — Y31 — Y32 — Y43 — Y44 — L4(ry41]\4#42)) e;‘) <

M (—coC* — 161 — 265 — c3e3) (27)
and

Co = Coo — €1 — €22 — €41 — €43 > 0

€1 = C11 — €210 — €211 — €23 — €24 — €42 — €44 >0

Cc2 = c22 — €31 —€32 >0
e3> 0 (28)
Thus, the output-feedback controller consisting of (5), and

(15) ~ (17) guarantees the globally asymptotical stability
of the closed-loop system (2), (3), (5), and (15) ~ (17).

Remark 1. In this example, it is easy to obtain the
following relationship
. 11 12
ar in (7) &2 921 (a}), y22(at), 72 (a}), v2a(al®) L2

az, b1, b2 &9 vs1(as?), va2(a3) @5) L7, M7 and L, M

(15) . (16) . by,ba,(5) and (17)
— Zo — X2 — 13

(29)

Generally speaking, because of the high-order p = 3 of
(2), the nonlinearities in fi1 and f2, and the repeated use
of Lemmas A1~A3 in Appendix in the design procedure
of output-feedback controller, from (29) it is easy to find
that when a1 > 1 and a2 > 1, v2:(3 = 1,2,3,4),731, V32
will lead to the large critical values L] and M{ of the gain
parameter Lo and rescaling transformation parameter M,
which further lead to the large control effort and the rate
of change of the controller. In the next section we will give
an improved method to reduce L7 and M.

2 Design and analysis of an improved
output-feedback controller!

Example 2. For the same system as in Example 1,
one firstly introduces a new rescaling transformation
— _ " — v
Ty ="m, T2= M3’ - ko M*/3 (30)

where M > 1 is the design parameter. By (30), (2) and (3)
are changed into

(= —C+g0(Cz1,u)
i1 = Mas+ g1(¢,71)
To9 = Mkou+gz(C,x1)
y =z (31)

where g;(i = 0,1,2) are the same as those in Example 1.

For Uo(g) = kMU, it is easy to get Uo < M(—c00§4
+010$‘11), where k > coo,c10 > kap. Similar to Example
1, we also have two steps to design the output-feedback
controller.

! For the sake of simplicity and the consistency of comparison, in
this section, we use the same signals as those in Example 1, although

their concrete expressions may be different.
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Step 1. First, suppose that 72 and z2 are available to
measurement. Setting & = z1 — z7,27 = 0, choosing

1
Ui(¢,&1,k1) = Up + gkléf and

x5 = —a1(k1)é1, a1 (k1) = ((Cuzlc—fjm) ' (32)

by (4), (30), (31), and Lemma A1 in Appendix, one arrives
at

U, <M (—COOC4 + c10€t + k1&r (ﬂﬁg - 41853) + k1€11’;3) +
ki6igr < M (—corC* — ciiét + ki&a (23 — 23%)  (33)
where parameters co1 = coo —e1 > 0, 71 =4~ 3351_304/@11,
€1 > 0, and c11 > 0 will be determined later.
Then, setting {s = z2 — x5 = x2 + a1&1, by (4) and (31),
one gets &2 = M (kouta123) +(a191+92), and |a1g1 +g2| <

, S 1
(c+car)([C]* +1&[*). Choosing Us (¢, €, k2) = Ur + 5 ka3,
by (33), one obtains

UQ < M(—C()1C4 — Cugf + k’zkofg(u — .T;) +
kokooxs + klfl(wg — 3633) +
ka|&a|(c+ car)(IC] + 61]%) + arka&oms)  (34)

Similar to (10), there exist positive real numbers e2;(i =
1,2,3,4) satisfying

kiéa(zh — 25°) < enél + 721 (k)&
(c + can)ka|C[*|€a] < e22C* + Y22 (kn, ko )3
(c+ can)kalér|*|éa| < eas€l +vyas(kn, k2)E3
arkobaxh < e24€1 +v2a(k1, k2)€s  (35)
where

Yau(k1) =3 4_%5;1%k1% + %5513&?511

y2i(ka) = i;(c + ca1)452_1-3k§, i=2,3

Yau(k2) = daiks + 27a1%e5, k3 (36)

€21 = €210 + €211, €210 and €211 are positive real numbers.
Choose

w3 = —(az(ko, k2)62)® = — (b1 (ko, k2)a1 + ba(ko, ka)x2)°
b1 = aiaz,

az(ko,kz) = (ca2 + Y21 + Y22 + Y23 + 724)1/3 (37)
Substituting (35) and (37) into (34) yields

bg = az

Us <M (—002C4 — 61251l — 02253 + &a(u — $§)) (38)

where co2 = co1 — €22 > 0,c12 = c11 — €21 — €23 — €24 > 0,
kako = 1, and c22 > 0 are some parameters to be deter-
mined.

Remark 2. There are two points to be emphasized.

1) There do exist such constants ko, k1, k2 and a1, a2 such
that (38) holds. For example, that kg = k1 = k2 = 1 is ex-
actly the design procedure of Example 1.

2) The purpose of introducing ko, k1, and k2 is to con-
trol the values of y1 and 72;(i = 1,2, 3,4) effectively, such
that a2, b1, and bz in (37) are as small as possible, and
thus, the critical values of gain parameters and rescaling
transformation parameters can be reduced effectively.

Step 2. Since 72 and z2 are unmeasurable, one has to
design a reduced-order observer. Introducing the unmea-
surable variables zo = x2 — Lx1, one has

%9 = Mkou — MLx5 + g» — Lgw (39)

where the gain L > 1 is the parameter to be determined.
Choose the following observer

39 = Mkou — ML#3 (40)
where
To = 22 + Lay (41)

Defining ez = x2 — &2 = 22 — 22, by (39) and (40), one
arrives at

é2 = —ML(z5 — #3) + go — Lga (42)

1
Choosing W (e2, k3) = §kge§, one obtains
W = Mks (—Lez (e2 +2)® — a8 4 (202 Leagn) ;WLezgl))
(43)
Similar to (22), by Lemmas Al and A3 in Appendix, there
exist positive real numbers £4;(i = 1,2, 3,4) satisfying

—ksLes ((62 + i’z)s — i";)

< 22 Leleal (161 + [&1]?) <

1
‘ ngLeggl

4

L
et 4 ea2l + (va1 (k3) + a2 (k3))es

M4
S Ck3|€2|(‘d3 + ‘§1|3) S

1
‘Mk362g2
e43C* + eaall + (as(ks) + vaa(ks))es (44)
where v (k3) = 4% - 3% 2c*k5(i = 1,2,3,4) are positive
real numbers. Substituting (44) into (43) results in

W < M((E41 +€43)C* + (€42 + aa)€1 —

ksL L (ya1 4 7a2) \ 4
(T — Y43 — Y44 — — Mr €2 (45)

Similar to (17), the output-feedback controller is con-
structed as

u = —(bl(km]}z)xj + bo (k’o, Eg){fgf (46)
Similar to (19), (38) is changed into
Us < ]\4(*002€4 — c12€] — c2283 + (e31 + 632)53 +
(y31 + Y32)e3) (47)

where

_ 37 _ 4 _1
v31(ko, k2) = 47531?’@%2,732(’90,’92) =3-473¢5,7 a5 (48)

and e3;(¢ = 1,2) are positive real numbers. Considering
V(C:£27 €2, kovk?)) = U2(<7527 kO: EQ) + W(627 k3) =
1 1 1
EMUo + 5ki€l + Shats + Shaes  (49)
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and choosing the parameters

M > M5 = max {1, Ly +702) ¥ |

4(y31 + va2 + Va3 + yaa + 1 + ca)

L>L;= ;
3

(50)

and ¢;;(i = 0,1,2), c10 and c3 in (26), by (45), (47), and
(49), one has

V < M(—coC* — c1€] — c2és — cser) (51)

and co, ¢1 and ¢z are the same as those in (28), cs > 0
is parameter to be determined. From (49) and (51), we
immediately obtain the main result in this paper.
Theorem 1. Consider system (2) and (3). By appro-
priately choosing the design parameters ¢;;(i = 0, 1,2), cs,
kij(7=0,1,2,3), M3 and L3, when M > M5, L > L5, the
output-feedback controller (30), (40), (41), and (46) guar-
antees that the closed-loop system consisting of (2), (3),
(30), (40), (41), and (46) is globally asymptotically stable.
Remark 3. Similar to (29) in Example 1, one can
obtain the following relationship

ar(kr) in (32) ©% o1 (af, kr), 22 (ad, k2), vas(ad, k2),
724(11%6,’52) &1 az(ko, k2), b1 (ko, k2), b2 (ko, k2)
20 g (a3?),yaalad) OB L3 M3 and LM 2

. (4D

b1,b2,(30) and (46)
z2 —— X2 — v

(52)

From the above relationship, it is easy to see that the criti-
cal values L3 and M3 will be reduced recursively by choos-
ing kz(z = O7 17 2, 3) ﬂexibly, ’yzi(i = 1, 27 3, 4), ag(k}o, kz),
b1 (ko, Ez), bz(ko, Ez); Y31 (G%Q) and Y32 (a%); This implies

0 T
-0.02
v 0041
&
=
© _0.06}
-0.08
—J)y=m,
-0.1 ! ! !
0 50 100 150 200
Time /s
—_— g’ _
_____ TIZ ]
§ 4
s
£
2 J
2
wn
o , . ,
0 50 100 150 200

Time /s

that the larger ranges of L and M (see (50)) can be pro-
vided, thus, more tradeoff (or degree of freedom) between
control effort and control performance can be achieved.

3 Simulation and comparison

We compare the control effort of the above two control
schemes.

In Example 1, choosing the design parameters cio = 0.1,
Coo = 5, Ci11 = 15, C22 = 5.2, c3 = 1, k = 5, €1 = 0.1,
€210 = 3, €211 = 8.987 €20 = 2.6, €23 = 0.01, €24 = 2.87
€31 =5, €32 = 0.1, e41 = €43 = 1, and e42 = €44 = 0.1, (26)
holds. By (28), one gets ¢o = 0.3, ¢1 = 0.01, ¢ = 0.1, and
cs = 1. By (7), (11), (12), and (20), one has a1 = 2.4722,
az = 133.7936, by = 330.7680, b2 = a2 = 133.7936,
o1 = 16.7897, 422 = 87224 x 107°, 423 = 0.1533,
24 = 2.3950 x 106, 431 = 2.2487 x 10**, and 73 =
3.2617 x 10%. Using (25), one obtains L} = 8.9946 x 10%*
and M7 = 2.8832 x 10%.

In Example 2, choosing the same parameters as those in
Example 1, and ko = 1000, k1 = 0.1, k2 = 0.001, and k3 =
100, by (28), one gets co = 0.3,¢1 = 0.01,¢2 = 0.1, and ¢z =
1. Applying (32), (36), (37) and (48), one has a; = 5.3252,
az = 1.8676, by =9.9452, by = az = 1.8676, v21 = 0.7781,
722 = 9.6050 x 10720, 453 = 1.6882 x 10712, 724 = 0.5356,
31 = 123.0326, and 32 = 12.382 7. Furthermore, by (50),
it is easy to obtain Li = 9.7596 < 8.9946 x 10** = Lj,
and Mj = 31.2839 « 2.8832 x 10%® = M7.

In Example 2, for the initial values ¢(0) = 5, n:(0) =
—0.1, 72(0) = 1.5, 2,(0) = 1.53, and L = 9.76, and
M = 31.29, Fig.1 gives the responses of the closed-loop
system (2), (3), (30), (40), (41) and (46). In Example 1,
one chooses the same initial value as those in Example 2,
and L = 8.9946 x 10%*, M = 2.8832 x 10%3. Fig.2 gives the
comparison of the control efforts between Example 1 and
Example 2.

10
=
o
=
E
k=
o
@]
—
20 40 60 80 100
Time /s
2
4
1.5 1
2
g ot :
o)
Z
2 05 1
5 0
0 .
0 50 100 150 200
Time /s

Fig.1 The responses of the closed-loop system (2), (3), (30), (40), (41), and (46)
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Fig.2 The comparison of the control efforts between
Examples 1 and 2

Fig.1 verifies the effectiveness of the improved control
scheme. Fig.2 demonstrates that the control effort and the
rate of change of the controller in Example 1 are too large!

4 Conclusion

Comparing with the design in [8], the improved con-
troller provides more tradeoff between the control effort and
the control performance, such as Example 2, Ly > L5 =
9.7596, L5 < L7, M > M5 = 31.2839, and My < M7,
and thus, reduces the control effort and the rate of the
change of the controller more effectively.

An important problem under investigation is that, on
the premise of |v| < a, for some special nonlinear functions
fi(¢,m,v),i =1, -+, n, how to find the maximum variation
neighborhood on the design parameters in a unified way for
system (1), where a > 0 is a constant.

Appendix

Lemma Al. Let z and y be real variables. Then for any
positive integers m, n and positive real number a, there is a
positive real number d, such that

n m n 7%
axmyn S d‘l‘|m+"+ + ( + )
m n m

a(mTﬂl)d’% |y|m+n

Lemma A2. For any positive real numbers zy,- -+ ,z, and
p, one has

(@ + -+ 20)” < max{n?™h 1@ + - + o)

Lemma A3. For all z and y € R and any odd positive
integer p, the following inequality holds:

—(z—y)(@" —y?) < - (x —y)r

2p-1
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