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Asymptotically Stabilization for General Nonlinear Systems Based on

Multiple Lyapunov Functions

YANG Ke-Xin' LI Yong-Qiang' HOU Zhong-Sheng® FENG Yu'

Abstract In this paper, a controller design method based on multiple Lyapunov functions is proposed for discrete-
time nonlinear systems. The proposed method can not only ensure the stabilization of the closed-loop system, but
also enlarge the closed-loop domain of attraction (DOA). Firstly, the sufficient conditions for the asymptotically sta-
bilization of the system based on multiple Lyapunov functions are given. It is shown that the union of negative-def-
inite-invariant sets of multiple Lyapunov functions is a stable control set, and its projection from the control space
to the state space is an estimate of the closed-loop DOA. Then, the interval analysis algorithm is used to solve the
inner approximate estimation of the set. Based on this algorithm, the negative-definite-invariant sets of multiple
Lyapunov functions can be approximated and the closed-loop DOA can be estimated, the design method of the cor-
responding controller is also given. Finally, the simulation example is given to verify the effectiveness of the pro-
posed method.

Key words Nonlinear systems, multiple Lyapunov functions, stabilization, domain of attraction (DOA), interval
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R™ ) 2 LU R IE R

W = {w € R"|c(w) € Y} = ¢ (Y)

H Em¥c: R - R £ Y CR™.

STVIA 53 3 B2 ply X (8] ) 8 R0 6L 55 bR 20
BT T A X e N 2, B R4 T DL T
Sk [21]. —ANXIEAE [w] 2 R™ P&, 2 XA
[w] = [w)] X [wey] X - X [wey], FHH jAXIE
[w(j)] = [w(j), E(j)], 7=12,--- nl = R —1
WXTHE, w,) M w0 HHRKE [w,) 0FLR
*ﬂiiﬂﬁ, AseuE T w5 IR 10 5 Wy HIZ RN
o] BB, [w] € IR™ HAR A1, Jorb IR %
INFTA nl FERERIIEE S, BREREL ¢ IR™ — IR,
WHRNF A w IR, #H c(w]) C [d(w]),
AR X 1a] B 8 [¢] - IR™ — IR™ KT ¢ (B H
B B TF [w] € R™, % d(fw]) — 0 B, 4
lim(gugy o d((e] ([w])) = 0, d(fw]) = max; <j<n (@)
— ), DL R[] MR, B B iR
PERT DALRIUE SIVIA BERE. Xf T — ANk, H
WS B R O EME— ) Bl L TE L BRTE
X B

3.1

(19)
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STVIA BiE A LA 2156 F W I W, C
Wi € R™ Hb W, 4G E MV RE. W
H5 1 PR, SIVIA SEIE 5 45 5 1 X 8] 1) &gk
AFIBARIR R, FTRE B LA T DU R o

1) WERIRRAE: IR [(w]) BEBEEY F,
HH [w] FEATEW s, LK WA 0 DX IR 46 44 i
EFES W, T, WL 1 T) ~ 8) s,

2) AhERIAREE: WH [(w]) BY H—4NEX
% I H [w] AJET W, K W A8 X 18] 56 i
EFES Wou T, WFEIEL 1 HIEE 9) ~ 10) FTR.

3) Al A R (w]) 5Y A —"1E
PR, BEAEETEY PN, HFH (o] B8 WK
A5, M [w] A E R, W [w] B98N T
TSeta 2 IS e > 0, WHHAA RN, Bas W
LG DX T AR YR B Wi, 1, WNEVE 11
%5 11) ~ 12) .

4) A R 8 R [w) R E K, HH
WK T T ta & S H e, WK [w] 53 P4y,
A AN BT X AR AR, RETETEEE S Wa, P, HiUAE
B IX (A F A 75 B — PR R, X B ER R E
IHSEH, HEIES W, N2, 5L 15 13) ~
16) Ho.

VE 1. 1) 4 T RS HAT AR AR A Rk
&, BEY MW, MZaBETES Y W,
BT IR AR R . IR 22 0 1 — et ERRAT AT
FARHR] LA AR AR 1) I SR REAT AR RO AL 2) AEAEAR
RIEAAEE B, G Y, Wiy, Wi, 25 — R
W TR K fa e R S PR, (1
BB R J5 02 4 3L DA = SO T A (5 2 A
YT AT LS53R (19, 23)).

DA A B R[] RS, BEE S8 e faia T
0, WIEES W, WL THEA W. XERE SIVIA
HE DET RSB EILUES W, &R
S 2 IR im g g0 d([€] ([w])) = 0, T [w] HY 5
FE d([w]) BRI T Z %0 e. L, S8 e ik
T 00, d([w]) a0, NI d([c]([w])) BT
F 0. B [c]([w]) FITESE d([c]([w])) BN, [c]([w)])
S SRR AL — /M 2 M. BIFE SIVIA Bk 13
F AT ES W, BWRSTEEGW (EVE
(A ZEFTAIE B A2 R PA 22 SR [19] A 21 3.1
AISCHR [24) R EH 1).

Bk 1. SIVIA B3%

BN X BRH c, SRIBHEE Y, WG X W,
P e

. W,

1) procedure SIVIA(c, Y, Winit, €)

2) I Wiy = 0, Wy = 0, Wi, = 0;
3) Wao = Winis;

4) while W, £ () do

5) M W, AEIK A [u];

6) ¥ [w] A Wy, Bt

7) if [¢]([w]) C Y then

8) ¥4 [w] TIMEES W,

9) else if [¢]([w]) N'Y = () then

10) ¥ [w] BINEIES Wous;

11) else if d([w]) < € then

12) Kt [w] BINEIES Whou;

13) else

14) i w] — RN

15) HAE AU AN DX ] [ BRI BV S Wy,
16) end if

17) end while

18) return W,,,.

19) end procedure

3.2 B SIVIA EXEITRERTE

TEART ) FEF SIVIA Hik, X4 w EE
BREEE £ AT B AR O, r AT L.
HE—NEERE L, T &% (1), X (4) HE
M ESE O s SIVIA Skl it &R
L A 22 AL(W) : RVT™ — R A LA E U
AL(w) = L(f(w)) — L(z), HH w=(z;u) e R"™.
RYE AL, FTRAK N (4) 205 1%
01 = {w e R"|AL(w) € (—o0, 0)} (20)

7E SIVIA Bk, AL(w) = 0 Z2EX L ST
W Wi 1. G545 (19) F1RK (20), FESE O 1
WILE XA [wini]) BIPIELEE S O AT LA T 23k
5 (W 2 15 4) ~ 5))

O = SIVIA(AL, {(—o0, 0)}, [wini], €)  (21)

R (13), MEAEELE 0L, BAEE oL 1)
— AT B (13) MK (20), UG E ARAR
% 6, , LB F AR
01, ={we OL|ALW) € (—o0, 0), L(z) <~}
(22)
Horr y AW Ak AR (WS 2 BIER T) ~ 9))

max vy s.t. )A(L,7 CXL
>0

N T AESERRN ] AT IRVE I 3, A SCRAP
JIA (SOS) 2 Tz R SCHAN IE 5E PR AL



204 =l 3

51 %

¥ i

{L € R, 24|L(x) = 2} (x)PT Pzy4(x), x € R"} (23)

Hf Ry 00 BAREA 0 NMEREBRBUNTEET
2d W Z AMES, L € R, 20 7T LAHA LR R 2L
L 7& SOS &, P e R™*" Nil#ME[E, PTP & X}
FREFEH N IEE A, M L2 L: R" > R,
L(0) =0. {fEIXH

za(®) = (2@); - 3 T 2@ T2y 5 20,) €RT

Ho, o, RILEHA R, Btk TF5E B HE (10)
LA S
L= {Li SR” R|Z;IF(CC)P1_TPizd($), 1=1,2, -, p}

Hh, BeR™, i=1,2, -, p ZBENLA BHH
FRHRE.

HE—NMEEREE L, Kb Efo,=

P O, MTEATE O, r=U_, O, -, MESE

A LA G2 p AN IE 58 BRI 78 SR R0 67 e AN AR
LI, L 2 RN T —MER, BIEH—
e — AN IEE R L € £ el 9 g T
BAFEAZLE, 2 HIC AN 6, 1 6, FERIRIEH A,
¥ 61 F1 O, 23 5l 5 1E 2 R 3UEE £ BRI E SR O,
AU EAAESE O, r BUFEFE R N, IEE
BREUEE £ HIEALGUE NAREE O 1 A% 23 18] FAR
BB Xe r = proj(O,, 1) &M DOA K]
. BRSSP RSERIL 2.
 B&2. EZ% Lyapunov B HEANEE
Ocr

MIN. RAL f, SRR £, WA X 1A AR W, K
P e

#it. O, O, 1, Xz 1
) WAL ©p — 0, Op 1 — 0, 61 — 0, Oy — -

—_

2) fori=1:pdo

3)  ALi(w) = Li(f(w)) — Li(x);

4) O, = SIVIA(AL;, {(—00, 0)}, [winit), €);

5  ©,=0,U6,;

6) Xy, = proj(©,);

7) g}i}o{ vi s.t. XLi.,w - XLi

8) O = {w € O1|AL;(w) € (—00, 0), Li(z) < v};
9) @g,r=@2U©£,F§

10)  6,=0, 6, =0;

11) end for

)
)

12) Xz r = proj(©c, r);
)

13) return @57 (:)5, T X[,, r-

IR

FEIEE BREUIE £, BN VL, € £, Li(f(0, 0)) —
Li(0)=0, JEm0e R AT HEAELE O, r 1]
WS I, 7€ O, r MNIEBIX ) 6., ¢ HAFELE
JEri0e R B E X &, BTEL O, r fEIRA
) R X, r AEE TR 0 € R™ (AT Xo. 45
B Xo MR THIE 2 S8 e. BERS (1)
(R LR TE S A2 AT ), A — AR AE — N1k
2%, 4 X, AU/NORHE, TR RRE X T
FTARAS. 2, FI%E DOA HIfit R %2 H X, rU
Xo HEJ R

T AR NIEUIX ] Oz 1 C Of, 1 &
ARG TE B H A R & X TR AL Vo e
Xz, v, (zp(x)) € O, r MR, 456 5 I
LNEFE A%, HREE 15 3R RGUAE IR R A Wi
FasE . AR, FESEE Y, T HhAT 4 I i i 2
K] 0 300 B8 s ) R TR 1. BT DR S5 M AROIR 25
s Il 2 LN

3.3

Kz, xzeXp
{ﬂ(ﬂﬁ)a zeXer
Hrp, K e R™W™ BRI RS (1) R A& MEE
B, X2 2 PEfs il s Bt ke . AT
R AR 2t Pl 4%, T LR 2073, anddi{E k.
e AR [l 5 AR AR SCRIE i, R R A AR R
THERIE 4. 5%, WG —NIGEFELE (o) uh), H
Hi (el ph) € O, r. RJFIBFEAE MR 7% (W
6 B H AV ARG (A VR A ) IR vh i) # s
MOBEAT AL B, 15 3] — AN B2 4 4(0) =
0 FRIIFLR 2 il 88 o, F2 88 o AT MR Ve € X g, 1,
(z; /1) € éﬁ, r-

4 HEMR

HRE—Mr ARt R YL (9), HAVIRE x(k) € R, 1%
HlFIAN u(k) € R. BBEL f: R — RIHL (0, 0) = 0.
TERE 2 W IR X [wing] = [-2, 2] x [-2, 2] C
R?, 28 e EFH N e = 0.01.

B4 Lyapunov R EEMAESRTE

BEMLAE B — A 2 Bl Bk FE P e R*, §i45
PPT=[0.8594, 0.6274;0.6274, 0.6352]. %/ T L(z) =
(z;22)TPTP(2;2%), x € R, 153 IE & K3 L(z) =
0.859 422 + 1.254 823 + 0.635 2% .

Bl 3(a) H, W EORE Y X IR IR A —F2 1) 2% ] £
SR O MIERLfUEE O, W B LBRRIRE 20
(RGBS proj(Or) = X = [—2, —0.0234] U [0.023 4,

() = (24)

4.1
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0.156 25] U [0.3594, 2]. & 3(b) 1, # (AR FEIX 8RR
WE-FEH A EASLE O, , MWEUES, .,
W5 2k BRSNS proj(Or, ) = X, =
[—0.2031, —0.0234] U [0.0234, 0.156 3]. BEAk, Srfask
B2 R T s Bl (40380 X, = [-0.0234, 0.0234].
Rt PR DOA [l tHE R proj(Or, ) UXo, , =
[—0.2031, 0.156 3].

4.2 RFEERT KA S

MR STk [15], HE5 G AR 2, M 8 &
S R B SR F R AR Lyapunov iR %k, DA
R4 (1) FIAEF DOA RATgEk. BT, & LR
Bom R = Ry N m(P) =m(Xy, ), F Lz) =
23 (2)PT Pzg(x) H Xy, -, T LB 5% 2 395, [Hk,
T KM DOA maxper,, (X p ) T LS

2.0
1.5F
1.0F

0.5

3 0

—0.5

-1.0}

-1.5}

=20 -15 -1.0 =05 0 05 1.0 1.5 20
T
(a) IERIFUESE ©,

(a) The approximate negative-definite set 6,

MR IR A maxper,., m(P), B FHERE AL P 515
3 DOA It HE X, K.

EEot Bl Ak ), EFE P e RP? Hiifk,
WA R R 4EFE N 4, BT A 8 2 A7 B 170 R 2 7
(-1, 1], AR TN 10, HRSHIREF
BRAOME. R REREL R 261 kA B B LA R
Py, = [0.5035, 0.2252;0.7775, 0.760 7], %F M. [ AL
Lyapunov BRHECN Ly, (z) = 0.304 322 + 1.125 823 +
1.183 22, FAI3F DOA it IX 8]0 [—2, 1.5268]. fEAL
FHREEIRARAL R F, JEHFTE T 261 x 10 = 2610
A~ Lyapunov B HIR DOA, & 35k18 T Al
1) DOA, BRI FEFER A 12314.34 5.

4(a) FBIR T R PRV G R K3 DOA
X 1] AR R . e rp YA bR R IR B B AR R P 2R
DOA ) L5 TR Z MM ZAE. v O3 & K

2.0

151 \ o,,

1.0}

05 ;

I 7
0.5
-1.0} ]
DOA = X, ,UX, = [-0.203 1, 0.156 3] |
-2.0 Ly '/ _
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x
(b) IEfMAE AL O,
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-1.5¢

3 A Lyapunov B BRI AL E S AN 9UE AN AR 4R

Fig.3 The approximate negative-define set and negative-define-invariant set for a given Lyapunov function
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w250 1 0.5 P
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0 50 1019% &5{2 %2[00 250 300 AP D QR O PP AP AD QP VPP
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o g . . (b) f Lyapunoy B (c) fAf Lyapunov A[X[ﬁlﬁ‘]
(a) REFRARAC LR B A LGS O, ELLER R 6,

(a) Trajectory optimization of
particle swarm optimization algorithm

(b) The approximate negative-
definite set ©, of the optimal
Lyapunov function

(¢) The approximate negative-
definite-invariant set ©,  of
the optimal Lyapunov function

4 CRIFRERAL L T A Lyapunov B%L

Fig.4 Particle swarm optimization algorithm for finding the optimal Lyapunov function
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Z{HN 3.526 8, MIMFF 2 XA DN [-2, 1.5268]. XEEE 5(a) ~ B 5(d) RIS DOA, ATLLE
&l 4(b) BV 5 Y X IR e R Lyapunov % I 5(b)s B 5(c)s I 5(d) 19 FIFF DOA ffiliit i
Lo WHERIFUESE O, , WAL BEFR R FuE R AT, $470 [—2, 1.5234], M 5(a) M3 DOA B
AR X, . B 4(c) MW R X o i BE/N. B 5(b) 5K 5(c) HAWHEX A, HE 5(d)
 Lyapunov B3 L., MIERLGCEARAEL 6L, .., 5K 5(b) Kl 5(c) AL, E 5(d) Bl X5 K.
Wk N O, . fERESHMREXL ., SR, A SCEZRTEA I DOA WIBEAL, A 2%
SRR B RN I e JE L (R A3 X, , FIER DOA 1) il XA RN R, ZRE 8, AR SRR 150 A
X[AN Xy, ., UXg,, = [-2, 1.5268]. Lyapunov %{EH% Lyapunov p& &0 L5
7% e o s 4.3.2 % Lyapunov RN EEMAESILZE
18 % Lyapmov MAMNERNNETER AL AL 150 1 2 BFRERRE P — (P, € R2X2,
4.3.1 Lyapunov R¥HEEREF i=1,2, -, 150}. W Li(z) = 2)(2)PIPza(w),
ANF] Lyapunov B #0652 (1) DOA ANF]. i=1,2, -, 150 15 B 150 /N IEE B EH I 2
AT X EEAE R Lyapunov BRI 67 E A4 K I PREEE L.
TR DOA W52 m. B4 3 BEHLAE & 50 4. 6(a) 1, W EFETE X IR R € RS £ 1)
150 >, 500 ANFT 2000 AN PY 2H 205 AN [F (¥ 2 B s FUELE O, MIEMIF e O, « fh BT (R Bk
FRAEMESP={P,cR¥? i=1,2 .., p}, H IR proj(Or) = [-2, —0.0234] U [0.0156, 2]. & 6(b)
Hp 4 BIEUE Y 50+ 150+ 500+ 2000. RHE Li(z) = I X IR R IE R OBE £ R AR
X 2)PEPzq(z), i =1, 2, -+, p AFBIDYLAFHIIE %0, r WIEPALE O, ¢, « i LIVIE(ALE R
ERBEE L0, L1s0, L5005 L2000- 7N proj(©r. 1) = [-2, —0.023 4] U [0.0156, 1.523 4],
2.0 T T 2.0 T T
15} \ S, 15} \ 5
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M &3 0, B B 3 7 5t 8] Bl ) 2 8k X = [—0.023 4,
0.0156]. R, 3K DOA fIfliiHE Xz, r U X = [-2,
1.5234]. FEIBHIMZE, £ Lyapunov BRECK fiE 1]
I DOA ik F2 2 38 % BEAL AR BT 150 AN 1E & B
R — KR DOA, ¥ 25 RS, 152
% Lyapunov ERE R A DOA. B L FEILFERS
355.0414 s.

Kl 6(b) H, R A E & N (24)
EVEIEHI2E uw=1.9957z. N T HREBIK (24) F Y
JELE M 88 o, SRR E R SR AT A 1
6(b) HH 2 il 2 A R 0 xR TR I EE
p(z), B 6(c) 8T 2000 ZVIEIRE o YA /AR
15 [-2, 1.5234] BB, 7] UG BB A OIRES
LRI 6 E

NTUEMREET O, r MFTA 2 4 AL L
RepiiiasE, B 6(d) B7n 17 2000 2 IR
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R|(z;u) € Of, r} ARG ML IEHIZRES. B 6(c)
FE 6(d) FHPRSPEIER T O, r U {(2;u)|u =
1.995 7z, = € Xo} & RAMENTE.
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multiple Lyapunov functions and convergence trajectories
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B DOA 435N [—2, 1.5268] Al [—-2, 1.5234]. AT LA
WL F | 2R A3 DOA B, #flt Lyapunov &%
% Lyapunov BE R LRI 45 REFEA K. A
1M, AEAFE RN, 8RR SR AR AL Lya-
punov PREH], JEIL X 2610 MANE Lyapunov %L
IR DOA KA, ¥ERF 12314.34 s A4 13 B AL
I DOA. #HZ T, SR % Lyapunov eRE 72,
TEXF 150 4~ Lyapunov B £ I3 DOA 45 51 =K fif
S F4E, 1532 Lyapunov ERE3 DOA )i
T2, ANFERT 355.0414 s. £ Lyapunov B 5k E
KRAEAIA DOA Hit#2H, AR f# Lyapunov B&
A DOA IRECE /D i Bt SR R s, 250k
. BeAh, @it 4(c) 5K 6(b) KB, HAL
Lyapunov B f5E AL IX /N T £ Lyapun-
ov BRI FUEABEX I, NIEHIBAEKRE, £
Lyapunov PR 7€ AR HA BRI RS
) 28 AL A Y .

ZRERTIR, BRI R 4, @i R
> Lyapunov R 5 R HE A 7% F L Lyapun-
ov BRI J71%, %2 Lyapunov BREUTIEREW A P
KA G H A E &R /N, 4, £ Lyapunov
BRETTEIE R KAES b isflEs R & a A
35 ) % PR B TH B A B K %) R G5 PR AT AT 471

5 i

B — ARt R4, BT 4 e feoe M DA IR,
PRI LG 75 25X P 3R DOA BEAT FEAIAIE 5T, A SCE X S
BN R E R Gt 1R T — M £ Lyapunov %L
i3 DOA B 77v%, Bl@Eid B £ ™ Lyapunov
BR G 1) B AN BRI AR R K ER DOA. 10k,
UERH T /£ % Lyapunov PR T RGUHTIT A E K785
A, X R RIMELEZ A Lyapunov BRI 7€ A
BERFFES, RGN ReRFRRR RS, Hk, FIH
X (8] 70 AT H Y STVIA SE R n] GeRs i bR 352 &
FIIEME, 5T SIVIA 535453 3] 7 3 DOA 1Y
flhTHE. &, B F—JE et R gt AT L bR g
#5347, XTEE T A Lyapunov BRI, i1 #EH 1
FHHEAM Lyapunov % LI K& £ Lyapunov BRECK
PR DOA [ =FJ71k, #E— BB 7 ARk
A .

References
1 Khalil H K. Nonlinear Systems Third Edition. Upper Saddle
River: Prentice Hall, 2002. 126-133

2 Monfared M N, Yazdanpanah M J. Optimal dynamic Lyapunov
function and the largest estimation of domain of attraction.
IFAC-PapersOnLine, 2017, 50: 2645—2650

3 Tibken B. Estimation of the domain of attraction for polynomi-
al systems via LMIs. In: Proceedings of the 39th IEEE Confer-

10

11

12

13

14

15

16

17

18

19

20

ence on Decision and Control (Cat.No.0OCH37187). Sydney,
Australia: IEEE, 2000. 3860—3864

Ali M M A, Jamali A, Asgharnia A, Ansari R, Mallipeddi R.
Multi-objective Lyapunov-based controller design for nonlinear
systems via genetic programming. Neural Computing and Ap-
plications, 2022, 34: 1345—1357

Dabbaghi B, Hamidi F, Jerbi H, Aoun M. Estimating and enlar-
ging the domain of attraction for a nonlinear system with input
saturation. In: Proceedings of the IEEE International Workshop
on Mechatronic Systems Supervision (IW_MSS). Hammamet,
Tunisia: IEEE, 2023. 1-5

Binu K U, Mija S J, Cheriyan E P. Nonlinear analysis and es-
timation of the domain of attraction for a droop controlled mi-
crogrid system. Electric Power Systems Research, 2022, 204:
Article No. 107712

Saleme A, Tibken B, Warthenpfuhl S, Selbach C. Estimation of
the domain of attraction for non-polynomial systems: A novel
method. IFAC Proceedings, 2011, 44: 10976-10981

Wang S J, Lu J J, She Z K. Estimating the minimal domains of
attraction of uncertain discrete-time switched systems under
state-dependent switching. Nonlinear Analysis: Hybrid Systems,
2024, 54: Article No. 101527

Majumdar A, Vasudevan R, Tobenkin M M, Tedrake R. Con-
vex optimization of nonlinear feedback controllers via occupa-
tion measures. The International Journal of Robotics Research,
2014, 33(9): 1209-1230

Najafi E, Lopes G A D, Babuska R. Balancing a legged robot
using state-dependent Riccati equation control. IFAC Proceed-
ings, 2014, 47: 2177-2182

Bedoui S, Bacha A B B, Elloumi S, Braiek N B. Enlarging non-
linear discrete system’s domain of attraction via linear control
law. In: Proceedings of the 5th International Conference on Ad-
vanced Systems and Emergent Technologies (IC_ASET).
Hammamet, Tunisia: IEEE, 2022. 489—493

Yadipour M, Hashemzadeh F, Baradarannia M. Controller
design to enlarge the domain of attraction for a class of nonlin-
ear systems. In: Proceedings of the International Conference on
Research and Education in Mechatronics (REM). Wolfenbuettel,
Germany: IEEE, 2017. 1-5

Meng F W, Wang D N, Yang P H, Xie G Z, Guo F. Applica-
tion of sum-of-squares method in estimation of region of attrac-
tion for nonlinear polynomial systems. IEEE Access, 2020, 8:
14234-14243

Davé M A, Prieur C, Fiacchini M, Nesi¢ D. Enlarging the basin
of attraction by a uniting output feedback controller. Automat-
ica, 2018, 90: 73—80

LiY Q, Hou Z S. Data-driven asymptotic stabilization for dis-
crete-time nonlinear systems. Systems & Control Letters, 2014,
64: 79-85

Rossa M D, Jungers R M. Multiple Lyapunov functions and
memory: A symbolic dynamics approach to systems and control.
arXiv: 2307.13543, 2024.

Chen S Z, Ning C Y. Improved multiple Lyapunov functions of
input-to-output stability and input-to-state stability for
switched systems. Journal of Advanced Transportation, 2022,
606: 4762

Yang D, Zong G D, Liu Y J, Ahn C K. Adaptive neural net-
work output tracking control of uncertain switched nonlinear
systems: An improved multiple Lyapunov function method. In-
formation Sciences, 2022, 606: 380—396

Jaulin L, Kieffer M, Didrit O, Walter E. Applied Interval Ana-
lysis: With Examples in Parameter and State Estimation, Ro-
bust Control and Robotics. Berlin: Springer-Verlag, 2001.

Chen Hui, Deng Dong-Ming, Han Chong-Zhao. Sensor control
based on interval box-particle multi-Bernoulli filter. Acta Auto-
matica Sinica, 2021, 47(6): 1428-1443

(FRAE, FBZR B, ShE<HE. BT DX 1A AR T 241 35 M DB I A5 A AR I 2%


https://doi.org/10.1016/j.ifacol.2017.08.469
https://doi.org/10.1016/j.ifacol.2017.08.469
https://doi.org/10.1016/j.ifacol.2017.08.469
https://doi.org/10.1007/s00521-021-06453-1
https://doi.org/10.1007/s00521-021-06453-1
https://doi.org/10.1007/s00521-021-06453-1
https://doi.org/10.1016/j.epsr.2021.107712
https://doi.org/10.3182/20110828-6-IT-1002.01450
https://doi.org/10.1177/0278364914528059
https://doi.org/10.3182/20140824-6-ZA-1003.01724
https://doi.org/10.3182/20140824-6-ZA-1003.01724
https://doi.org/10.3182/20140824-6-ZA-1003.01724
https://doi.org/10.1109/ACCESS.2020.2966566
https://doi.org/10.1016/j.automatica.2017.12.044
https://doi.org/10.1016/j.automatica.2017.12.044
https://doi.org/10.1016/j.ins.2022.05.071
https://doi.org/10.1016/j.ins.2022.05.071

134 Wyl B AE: T 2 A VR B B — SRR R M R G e 209

FEHIRNG. E 3R, 2021, 47(6): 1428-1443)
21 LiYQ,LuCL,Li YN, HouZS, Feng Y, Feng Y J. Stabiliza-

tion with closed-loop DOA enlargement: An interval analysis ap-
proach. arXiv: 1912.11775, 2021.

22 Haddad W M, Chellaboina V. Nonlinear Dynamical Systems
and Control: A Lyapunov-based Approach. Princeton: Prin-
ceton University Press, 2008.

23 Kieffer M, Braems I, Walter E, Jaulin L. Guaranteed Set Com-
putation With Subpavings. Boston: Springer, 2001. 167-178

24 Jaulin L, Walter E. Set inversion via interval analysis for non-
linear bounded-error estimation. Automatica, 1993, 29: 1053—
1064

25 Topcu U, Packard A, Seiler P, Balas G. Help on SOS [Ask the
experts]. IEEE Control Systems Magazine, 2010, 30(4): 18—23

26  Powers V, Wormann T. An algorithm for sums of squares of real
polynomials. Journal of Pure and Applied Algebra, 1998, 127:
99-104

I S AN N U - =
LR 1T SO e L WA I DA E S
.

E-mail: 211122030042@Qzjut.edu.cn
(YANG Ke-Xin Master student at
)\W the College of Information Engin-

| eering, Zhejiang University of Tech-

nology. Her main research interest is nonlinear con-
trol.)

kiR WL TR A5 B TR
BIZER. 2014 FF3RFAL U R 4%
HI B S TR T 2 A, &
B TT A AR B, Sz,
BLES N3z Fafl 2% 2. AR SCRAEAE
#. E-mail: yqli@zjut.edu.cn

(LT Yong-Qiang Associate profess-
or at the College of Information Engineering, Zhejiang

University of Technology. He received his Ph.D. de-
gree in control theory and control engineering from
Beijing Jiaotong University in 2014. His research in-
terest covers nonlinear control, optimal control, robot-
ic control, and reinforcement learning. Corresponding
author of this paper.)

ZREE FERZAHDGEEH
. 1994 F A RALK A2
B30I P et RicY = B Vel
Holls IR, o >4 | AR RE AT
Z4;. E-mail: zshou@Qqdu.edu.cn

(HOU Zhong-Sheng Chair profess-
or at the College of Automation,

Qingdao University. He received his Ph.D. degree from
Northeastern University in 1994. His research interest
covers model-free adaptive control, data-driven control,
learning control, and intelligent traffic systems.)

BF LR E TR AR
A% 2011 3R B R 2 Bt
|28 o 2 ANE S-S0 W L DA A
ARG, DHE RGN G 512

i, EZRIR LA A S 7E TR SR )
M I8 . E-mail: yfeng@zjut.edu.cn
(FENG Yu Professor at the Col-

lege of Information Engineering, Zhejiang University of
Technology. He received his Ph.D. degree from Ecole
nationale supérieure des mines de Nantes in 2011. His
research interest covers networked control systems, ro-
bust analysis and control for uncertainty systems, and
applications of game theory and machine learning in
decision-making.)


https://doi.org/10.1016/0005-1098(93)90106-4
https://doi.org/10.1109/MCS.2010.937045
https://doi.org/10.1016/S0022-4049(97)83827-3
mailto:211122030042@zjut.edu.cn
mailto:yqli@zjut.edu.cn
mailto:zshou@qdu.edu.cn
mailto:yfeng@zjut.edu.cn

	1 问题描述和背景材料
	1.1 问题描述
	1.2 负定集非线性系统镇定

	2 多Lyapunov函数下系统渐近稳定的充分条件
	2.1 多Lyapunov函数下状态−控制空间中的负定集
	2.2 多Lyapunov函数下状态−控制空间中的负定不变集
	2.3 多Lyapunov函数下系统渐近稳定的充分条件

	3 多Lyapunov函数下基于区间分析的渐近镇定控制
	3.1 区间分析: SIVIA
	3.2 通过SIVIA算法估计负定不变集
	3.3 控制器的设计

	4 仿真研究
	4.1 单个Lyapunov函数的负定集和负定不变集
	4.2 粒子群算法扩大闭环吸引域
	4.3 多Lyapunov函数的负定集和负定不变集
	4.3.1 Lyapunov函数数量选择
	4.3.2 多Lyapunov函数的负定集和负定不变集

	4.4 仿真结果对比

	5 结论
	参考文献

