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A Novel Nonlinear Variational Bayesian Filtering Algorithm Using Natural Gradient

HU Yu-Mei' PAN Quan®?® DENG Bao' GUO Zhen* CHEN Li-Feng*

Abstract In statistical manifold space, the essence of nonlinear state posterior distribution approximation from the
perspective of information geometry is minimizing Kullback-Leibler divergence between posterior distribution and
the corresponding approximated distribution; Meanwhile, it is equivalent to maximizing evidence low bound. Aim-
ing at the problem of improving the estimation accuracy of nonlinear system state, the natural gradient of evidence
lower bound is derived under Gaussian system assumption by combining with Fisher information matrix and vari-
ational Bayesian inference, which produces a faster movement direction to the posterior distribution, and realizing a
close approximation between variational distribution and the posterior. On this basis, a variational Bayesian Kal-
man filtering algorithm using natural gradient is proposed for updating the variational hyperparameters of state es-
timation and the associated error covariance. Simulations in low earth orbit target tracking system with space-based
optical sensors and bearing-only target tracking system are presented verifying that the proposed algorithm has
higher accuracy than the comparison algorithms.

Key words Nonlinear filtering, information geometry, variational Bayesian inference, natural gradient, Fisher in-
formation matrix
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JUMRTIR 7515 34K B b B BUTE eI 8 25 1) Hh 1) f ik
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Hr, Jy, AEE NAKXTZH ¢ 1 Fisher /5 2
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KL HU% 158 X, 7R B R KL BUERR N

Dxu. [ (®k|vr) g (xxle))] =

/q (xx|r) log g (xk|tor)dxy, —
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e, KRR BB FE S _E 5 0 Tog g (wk 1hp)
0y — i AR MEAL, FLFIE RN
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1

O(Ayy”) (31)
o, Vo, [logp (zi]tpn)] FoR logp (wk|yr) £ 9y =
o KeBIBRIE, O(Aw®) R Ay IR L 55 /1.
i, 20 (30) I KL BUE R RN
Dxw(q (@k|n) [lg (@e|r)] =
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PR, KL B D [g (xlvn) g (@x]e)] HI2E
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BHWE R RZ, 24 Fisher 15 540 FEHKHT
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2) fE5IHL 1 S Id R, 7ETERR /NI AR A
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1, K (28) dHE— B AL A
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(40)

1
S AL Ty, dapy | (42)

VL ER KT o 000D, FE4 HONE, TI3RMHE
55 U Sp 5 AR ELBO % T apy 10 E1ARBEFE 97,
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¥ 2. ELBO [ KAG BN 7E Ge 11 AU 25 A v
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(46). ST F 27 J it BULR B HOw
Ellog p(zk|r)] B, 3K (46) HAH B B9 EE N 7R N

3 (47) KT apy, 11 Fisher 15 S AEFE.

(44)
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(45)
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(46)
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0Py, 1 Oy 1
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Ok, m 0y 1
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0y 1 Vi, m
= Jy, (47)

Olog p(zx|vx) Olog p(zk|1y)
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B 6 . Gt AS I A O R P 2 A (R 48 5
Bk BN N ERFAERTN
F(pi) = F(y) + (Ap) ' VF () (49)

Bl 6 = OWEYIaET;m S PABIIINREE
Fig.6 Point O moves in the tangential
direction towards P

IR, ot B S5 AR & 0 F1 ol 2 18]
e
Vi =g + Ay (50)

g5 30 (45) ~ 30 (50), ZHCEAH o B E

Ay = (AYR) ' VF () = ca (51)
SCHR [22] 7E3 (46) IOLITHR R 454 Rk B H 7
AR o LR,
1

a= JIVF@R)  (52)
VY F @) IV F ()

[, 2 H0ms A poR S T i M 0 5 o TR R

TN

Wl =0 + : T, IVF Q)
VVF @)V F (1)

(53)

Ho, P U N Ellog p(z k)] B, VF(9Q) =

VEllogp(ziltn)] s & & = /VF ()T, VF (),
i (53) AT H
i =P + I, VE[logp(zklr)]  (54)

TP F &M T, BT gt ig s h
I (MR AR) F(yr) 5SECE R AR & Wy, —
— Xt #EAR 4y ELBO fe KALEHE R, F(yy) 18
T H AR L T [ B B3R AR «by BOE LARR 20 (1) )5 56
SY A TR AT, AT SE IR 4, (R 254G T Geitii
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K7 RS REhEE TR RERRER
Fig.7 The natural gradient of ELBO in variationlal
Bayesian iteration
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— AN AR AR Sy A S JE M AR T R B <R
3L AR T RBRE T TR0 p(ok|2e) =
N(mk“mlﬂkv Pk|k) Hﬂﬂ(?§13ﬂ'15 Lk|k &ﬁ;{ﬁﬁ‘ﬁé
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R T S FAR =7 22 0 5 %, T 4 lekl A
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HT Eq [zk — by (zx)] = 0, JRFEBEIEAE X (65)
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Tk
Hrb, e IR — BN IESEE, HAEE B R/ NAT L
R 52 B B FH 37 55 B RS B2 75 SR & B BE . X (70)
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2) WA /R SUEN R, K (71) P (H) ' x
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IR A, RIMGTHRZ T 2 P, BA Bk
ShPE.

BOE LT AR (AR 2R PR AR 43 DL H gk
P8 (VBKF-NQ)

1) WIEACRES M T 2y« fETHRZED T2 Py s 8K

JERVKEL Tter FIHILENT A 04
2)  THEHR A TN AAL B T2 U 7 7%
@1 = Fr (®r_1jk-1)

Pyj—1 = Fiu P11 Fy + Q1

He, R = Bf#(km)|m:mk—l\k—l;
) PIIEACIEARIKEL Lo, RESAT T xp = mgp1 K
TR Z T % Pl =Py

4) FOR i=1:la He<e

5) R (57) F1 (62) 43 HlitH KT iy, MPL
(1] Fisher {5 B0 RE;

6)  MRIE (63) F (67) 2 Al ST EULSA BB T
m,;lf,j Bl P,jr;l ) — B i

7) RHE (70) A1 (71) 2 AR TEHCIRES A TF ka,j

w

BICRZEWNTT 2 Pth
8)  MHER (72) HEHEMIHRE e
9) ENDFOR

10) 41 R A o, = xg; B R 2 Ty 2
WIS Py — PIEL

3 hEEH

31 REAFHEBFEVNFHTEMNEDE
R ER
NIAIE P R FAERITERE, SR R IO 2% SR

FI A T I B TR 2 BUER R 1 37 BEn) 592
BEATYERE T, 76 T 2000.0 HUCEEARFR R R, K
SN RIS AL R ST B bR AT Bl shl 2R R
PSS L5 BR .
3.1.1 BfrzahiEd
IEHENIE (Low earth orbit, LEO) T 2 #iE &
JE Y — % AE 500 ~ 2 000 km 2 [A], A% FEAR LI
eI, AR 308 B 3 22 Hh Bk 4 Bk 45 B
aC (t) FUERSBE 88 aP () BT TH IR = e, 2

YL AE B LA . 76 ¢ 2 LEO TR it
[FI R AT B ey

©(t) = Ax(t) + B (a(t) + w(t)) (73)
a(t) = a®(t) + a” (1) (74

Hodr, @(t) = [a(t) y(t) =(t) @(t) §(t) 20)T Fo®
5 ¢ B 2B B AR EALAR R R LR, 2o (r) =
() y(t) =T F1 @ (0) = [#(t) §(t) ()] S5

£ VB ERRARAS 0 B 4 R R S, IR

o
IS HE AR A — YM3h”L@%%ﬂﬁ@B=

03x3 O3x3

[OSW’] , Forb, I3 %R 3 x 3 BIHALPE, 0545 RN

I3.3
3 x 3MIFREFE, w(t) B RMNEBME =0 KRR

M7, HUERAFERIRS) o (1) KRN

Hop r(t) = Vo2 +y()? + 2(6)? RARHIE HAx
FHLOIFE B, 1= 3.986 005 x 10* km®/s* R
BRG &, C. = (3/2)J2R2, R. = 6 378.137 km %
IRHIERIRIE 248, T, = 1.082 63 x 1071 KRB IFHE
R bR B i e R A KAPE 14830 P (¢) 3R
W

a®(0) = 50 2l O1F () ()
Hor, Jl&v (0] = /(1) + (5(1)? + (3(1))? ®on H
FRIEFE KN, po = 1.29 x 10710 km /m® FoRHLiE
HERHTESE @ R, £ =0.02 m?/kg &
INERE R, Cp =22 ®R KA A% it
(73) (75) F1 (76) BT LA HHUE H AR 1%L 2 A
R [ 56 I B A s A L M A, WORFE RN
T, FRL K B 20 B 5k ) B A 80

T2
Tpp1 = xp +g(zR)T +1 (%)9(%)7 + Twy (77)

Fr(xr)

Bt fi(ar) = i + g(@)T +1 () glan) L Row
H AR B SR AR I, 36 H
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ot li=k ) ) Ty — T
() 0 I hi (@, 2f) = ( B )
_ Og(xr) 3x3 3x3 arcsin , A
l(zy) = ozy = [ngs(wk) szs(iﬂk)‘| (79) \/(Ik —xy )2+ (yr — Y. )2

C (rk —3rf xk + Ce(ré + 35:0%2,% -
5ri(ai + 21)))/Th
35062',3 + 50&“,%))/7“2
—35C. 2% 4+ 15C.13)) /7

C;? = p(zpyr(3ry —
C,i3 = (ackzk(?)rk
c =c}?

C? = —p(r}) = 3riyi + Ce(ry, + 35y 24 —

(80)
51(Yi + 20)) /i
C?* = pulyrzr(3ry, — 35Ce2; + 15Cer)) /1y
c —
P — o
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35z — 30r27))/ry
Dyeala) = —2Cp 2 poll |
2 m
R S
sy lBIP+oR gk
12k Yk 2k &) + 27
(81)
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t, Horh, ry = a2 gf + 22 FORTEB BN 2 k B
3 FBREE 0 O BE B9, 45 Doy () Fm R (81),
Hoir, ||ayl| = a7+ 9 + 2 TR EH 20k B
KR (K /N, W PR IRE AR R A

T2/2

= ® Isxs (82)

HAR IR AE IRl vF S HaR ZE W 7 22 53 N
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0.0076m/s 0.0020m/s]" x 105A1 Py}, =diag{780 0 m?
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RIEN AR IR R I E . = MR
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WIRNT =1 s. =LA SN0 7 J7 Z2 41 R N
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TEAZIRAS 2 AR 3 BT BRI & m &=
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Table 2 The orbital elements of target
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Table 3  Comparison of the mean estimation
error of the algorithm
Hik EKF UKF IEKF VBKF-NG
x i B 6.8731 6.8493 6.8290 6.6025
x HhiE A —0.0382 0.0418 —0.0368 —0.0241
v i E 2.8793 2.8770 2.8688 2.7563
y A —-0.0257 -0.0243 -0.0222 —-0.0103
7 PP E 4.7665 4.6759 4.5546 4.3286
7 IR 0.1272 0.1097 0.1076 0.1062
K4 FIEPYEITHIE (1071 s) FI5TEG

Table 4 The comparison of the average run
time (x10~%s) of algorithms

Bk EKF UKF IEKF VBKF-NG
i [] 0.2580 0.9542 1.0989 1.1205
IEKF #H i1 S FERT 0% K.
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Table 5 Comparison of average RMSE
between algorithms

vk R (km) 3% (k/min)
EKF 1.5052 0.0813
UKF 1.1833 0.0670
VBKF-COD 0.9181 0.0432
VBKF-NG 0.2990 0.0161
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