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Distributed Fusion Estimation for Multi-sensor Systems With

Time-correlated Multiplicative Noises

MA Jing' YANG Xiao-Mei' SUN Shu-Li*

Abstract This paper is concerned with the distributed fusion estimation problem for multi-sensor systems with
time-correlated multiplicative noises, where the time-correlated multiplicative noises satisfy first-order Gaussian-
Markov processes. By introducing the friction states and friction process noises, the recursive equation of the fric-
tion state is established. Local one-step predictors for system state and friction states are designed based on an in-
novation analysis approach. Then, the local linear filter, multi-step predictor and smoother for the state are de-
signed based on one-step predictor. The cross-covariance matrices between any two local state estimation errors are
derived. Further, the corresponding distributed fusion state estimators are given based on the fusion algorithms
weighted by matrices, diagonal matrices and scalars in the linear minimum variance sense. At last, the stability of
the proposed algorithms is analyzed. The simulation research verifies the effectiveness of the proposed algorithms.
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m;= jfk‘i

my)" (@7

J

YICT +

Q;w(t+k“ t+]€j 7mj) X

(C;A™ I, Ky < Ky (42)
Horp
QY (t+ kit +ky —my) =
ki
Z CiA™ T Lyt + ki — my) +
Ci®™ LY (t + Kk —my)] x
QY+ ki —my, t+kj —my) +
ki
S CLA™ ITQ S iy, +
mizl

R7,T6k7“ kj—mj (43)

E 8. I REE L @i(t) = [27(¢) (27 (1)"]"
ATLVE W, &) BE T EREVRES 27 (), RIULrEsg
Tk, SR ARGUIRT x(t) FIUESE 25 . TR 2% A1
B & (t|t + N), #BF KRB EPRT 27 () FIAH AL E
(it + N). AR 5 (B 1~ 6) A Esk
fift RS PUIRZS 10— 25 Tl 2% @7 (¢ + 1)) R HoH
AR EFILJER AR Z 0 TR 2 0PI 48,
LK AR N FR 5 22 50 AN EL B 7 ZE R BT LA, IR
R R7 A B R R A MR R N L0 N VA s = ST £
TR DR, JERE R B A A

KRN AFEEX TR B RARA T

BT R E S (et + N) « R iR =Ty
ZEHERE PE(tt + N ATE A RS TR 2 2 T8 1
H W J5 ZHERE PE (¢t + N) FIRIER /N7 228 ST
=AU A SR 2 o AT SR A B AR

24

L
To(tlt + N) =D AN (&Lt + N)

(44)
ﬁqju AN(t) = [A{V(t), ) Ag(t)]a Aiv(t) j'\j%’ﬁli

A AE, T LN AR BEBCER L X A AN E R b
&
2 AN (t) NHREA

{AN(t) = (F'"P'(t|t+ N)F)"'FTP~!(t|t + N)
P,(t|t+ N) = (FTP'(t|t + N)F)~!
(45)
ib:':]’ F = [Im T I H;an? (t|t+N) [ (t‘t"’_
Nlnzxnr, 4,j=1,---, L, HA Py(t|t+N) <
PE(t|t+ N).
2 AN (t) AR AR A E
AN(t) = (FT"P Y (t|t + N)F)"'FTP~(t|t + N)
P,(tlt + N) = (FTP ' (t|t+ N)F)™' x
F'P7l(t|t + N)P(t|t + N)P~'(t|t + N)F
(FTPI(tjt + N)F)~!
(46)

A, P(t|t + N) = [PE(tt + N)|nrxnr HA Po(t]t +
N) < Pr(tlt+ N), H Py(t|t + N) FIPE(t]t + N)
53 BN Py(tlt + N) B PE (¢t + N) [T 0 5 1)
FRI% AR R

4 AN (t) bR ERCER
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“L(tlt+ N)e
AN(t) =
)= P4t + Ve
P,(t|t + N) = Z ANt PE(t[t+ N)
7,7=1
(47)
X, e=[1, -, 11, P(t[t+N) = [trPE(tt+

N)xr, BA trP,(t|t + N) < trP(t|t + N).
25 REMSRESMR

5530 (14) ~ (19) 745, ) 1D Tihkds 2 (¢ +
1t) = [&T(t + 1]t) (&7 (¢ + 1]t) "] A
Zi(t+ 1)t) = (®; — Li(t)Ci) i (t|t — 1) + L (t)ys(t)
(48)
(C4) TH, W

g5 (14) Fp R0 (B1) ~
) (@t + 1) A

TR 2i(t+ 1) = [&] (¢ + 1]t) (
it +1t) = (®; — Li(t)Ci)x; (t|t — 1) +
Tw;(t) — L;(t)vs(t) (49)
A, Li(t) = [LF(8) (L7 (1)"]". 3 (49) A7
2 P
Py(t +1]t) = (®; — L;i(t)Cy) Py(t|t — 1) x

(®; — Li(t)C:)" + TQ:(1)T" —
TS,LT(t)— L,(t)SIT" +

(OQYLT (1) (50)

EET WHRp(A) < 1M <1, i=1,--, L,
W AEAT AT IR 5 #amzoﬂQ%>>oF*tu®
A (11) BIfE E() F QT (¢) K e Sk 2k — ) 2 1
FERE = A1 QT Hoi 2

= AEAT 1 TQ"T" (51)
Qi = hiQ; + Q7 (52)

Bl 2 = limy o0 E(), QF = limy_0e Q7(2). H
M (15), A
Q: = lim Qi(t) = diag{Q", Qf}
Qf = lim Q{(1) = KQITQ"T" +  (53)
Q?AEAT + Q'rQ T’

EIE 8. WMHEp(A) <1 Mh|<1,i=1,---, L,
H(i)iif‘sl(Q;}) 1C’1) f‘Qa) E_J%%‘Xj‘z /\EP QaQT =
Q; — S;(QV)~'SF, MAEAEEWIUMH %KAM P(0] — 1) >
0 i, HFE (50) IR Py(t + 1)) BURE B an R 5 F2:

P, = (®, — L,C;,)P,(®, — L,C))" +

rQ,r' —TS,LT — L,SIT" + L,Q°LT (54)

1,---, L.
HREsRas— Sk
Zi(t + 1t) = (®; — L;Ci)Z;(t|t — 1) + Liyi(t) (55)
e WL Fa S 1.

MERA. DL % H.

SE 9. M & (t+ 1) =[&T (£ + 1)t) (@7 (¢t + 1)) )T
3 & (t+1t)=[I, 0)z;(t+1[t), X;=limy oo P*(t+
1|t) = [I, O|P[I, 0" FMI L, = I, 0]L;. FWIALH
H RS ,ﬁﬁ%mﬁﬁﬁ%m H e A
BB TR A P e e M v A, R Aa s £ 0 Tl
TR YEI BT R R W AR E . TR [24]
AT, G0 SR BT 10 SR e A il L 28 A2 Wk R e 1
AT AME KL F RG22 AR RS B T 258
M H AR S B W 7 2 0 MR nl ATk e B 2k AR5
NI 5F 2.4 75 0 A QA Al o h S mT 5, oA =X
R T A i L 9 R T AR 1.

S 10 £ R 2L A BRI FIAR L3 RAS
Hyet) =yl () -yl eRES ™ 2t +1) =
@T(t+1) (xf(t+1)" - (@t +1)"]" € RPEH
FHSL (0 I 7 FE N ye(t) = Ho®(t) +vo(t), Forh H,
%ﬁ%%ﬁ@,mmﬁﬁﬁMMwmw I
WE, m <nBln(L+1)> Zi:lml' A, 455X
AA FIE TR RSN O (n®(L + 1)3). MR (44)
AR (45), H o A 2 BE IR Rl & L 5 &
N 0g(nPL3), W BLAERL & H 0 F 04(nPL?) <
O.(n*(L +1)3). fERESM TR, S A0 A5
3G 25 R0 5 2250 PR T B 215, TRk KR Al
5. G, s Uah A e Lt iy
O.(n?(L + 1)?), Mifazs o4 Xk & TR THH 1 4H
N Og(n?L?), PRI A] B B8Nl A O 2R 5
B, TS .

3 HEHEH

7 20T SR (11, 14] O 15 8RR 5 55 0
JSCR [24] (7197 5 5, 26T Matlab 0710
Pk, B E AL B 04 R AR AT R 5 5L
A SR AT BT 5.

9 1. 5 =P BRER0 R BRI R 0

1T 0 0 0 O
01 1 0 0 O
00 pp 00 0
x(t+1) = 00 0 1T o x(t) + w(t)
0O 0 0 0 1 1
00 0 0 0 po

yi(t) = (Ci + Cirs (1)) ®(t) + vi(t), i=1,2,3 (57)
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ri(t+1) = hiri(t) +ps(t), i=1,2,3 (58) 5 g X10°
R, @(t) = [s(t) $(t) Ur(t) 0(t) 6(t) Ux(t)]" o H sol [— 7o
FREPIRAS I, s(t) Rax HbRIIALE, $(t) R B — — SR A
FIERE, Uy (6) B Us () Fom LA RIS TR MRS 6(¢) 2Ly
FoR BRI ALA, 0(t) Rom AL, T RoR ;_E L6
KA . TSRS w (t) = [0 0wy (t) 0 0 wo(t)] T FIUL =
TREFS v;(t), i =1, 2, 3, R KR v(t) = diw(t) + g lar
ni(t), di RoARREL, pit) M, (t) 2 FHETT 12}
ZER QY M Q] WML AW fi A, B
04 05 T—1s. C 100000 10 20 10 60 80 100
Pre="s 2 =R B S = 000100 s
) , Cr [100000] K1 A s R AL R 4 D Bt ) 7 B8 R B P
Q1 =1(0.05)°(1—e"%), Co = 000000 Fig.1  The position tracking performance of distributed
- - fusion filter weighted by matrices
Qb =(0.05)2(1—e= %), C3 = 000000
2 * 271000100
e =~ [100000]
P =(0.04)2(1—e" %), C; =
Q3 =(0.04)*(1—e" ), C1 000100 5t
. 100000 s
" = diag{(1000)2, (0.01)?}, Cy = ”
Q7 = diag{(1000)*, (0.01)*}, C> [000000] g
7 = diag{(900)?, (0.02)?}, C3 = [0 0010 0} oH | —e— SCiik [11) PEMEE
o ) 0 g _ B s
Qi = diag{(800)%, (0.01)"}, d1 =0 1| ——scsmmempm e s
g 0001000 g — 000000.1 ol , , , ,
710000001 "® [0001000 0 20040 ¢ 35 60 80 100
hlzzhgzze%i h3 220.96%
Kl 2 RMSEs tbig K

1032
Qw:diag{o, 0, (3) ,0,0, 1.1 x 10—8}

2(0) = [100 400 0 1 1.07 x 102 0]T
H RO E s (¢) AT 2RI Rt S IR 8, (¢[E).
N EH 3 (N =0), "JAALE s(t) BRI ER
2 5(t)t). MIEEH 6 (N =0), \TEEREHAFRHS
TEP R 22 Z B IR BV T 258 RE P (t)t). eda, N
FEREINBUSEE, WIAS R R IR fil & 45 DE A% 5 (¢¢).
B 1 gt 7 A U R TS R 5 Ji8 ke 2% 0 7 B R
2. 1B 2 AR SCJR A i Bk STk [11) SRS
2 (58 1 ME RS T R GUId AR R 5 00 M s ST
dy = 0) FUASCEE R INAL il 5 505 IRASIG T J7 V5 HE
T 1000 RS RFR IS LG RS A TT iR 1% % (Root
mean squared error, RMSE) Ft#5 #h£E:

1000

Y (st(t) — 8(tft))”
=1
1000
P, RN LIRSS, I 2 WA, 3 MR A

RMSE'(t) =

Fig.2
HATMR RS T RE R, IR AR A i 5 5
I RS L.
B 2. BREUF 1 kVA ]l B 5 R G20

Comparisons of RMSEs

[ 0.9226 —0.6330 0
x(t+1) = 1 0 0 | =(t) +
0 10
[ 0.5
0 | w(t)
| 0.2

M52 RF R (57), Hf, € =Cy = C5 = [23.738
20.287 0], Q¥ =5, C;=1[8 12 3], Cy, =[10 8 5],
Cs=1[8 6 10], hy =0.6, hy = —0.7, h3 = 0.8, Q" =
2, Q5=3, Q4= 05, di=-05, dy=04, d3=
-1, Q] =5, Q3 =15 Q1=10, Py=0.11;.

3 NJEEIE (Local filtering, LF). HiFE N
M (Matrix weighted, MF) % f 55 FE AL (Diag-
onal matrix weighting, DF). #r & NI (Scalar
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W A 7N A A OGS P e 75 22 AL B 3 R 48 iR 20 A R A A 1
Lo 3.0 T
L4t 25| o
i |----+LF1 ---- DF /
12t | LF 2 MF 2.0} -
ﬁﬁ N [ LF3 —.— CF mg [ [CE
] 1. - - — — SF 1 -: 777':@?
i 10 | " L5 1] ﬁ id
B | et kN | — PIFE
! 1.0
L, T T T T T T T T T T T T T T T T T T
0.5 -:/F
0 20 40 60 80 100 00 20 40 60 80 100
) t /)
(a) BB—REr = (a) 28—
(a) The first state component (a) The first state component
1.4 2.0 P s s —— ———————————————
12} ommmmooommmmss e
i |----LF1 ---- DF 15}
ol | LF 2 MF P LESiE
e N LF3 —-— (CF e :' e
ox e InIIIIIIIIIIIIIIIIIIIIIIIIIIILLN N AT
0.6 1/ |
it 05F . _____f
04 b s e 1/
vy !
iy )
0.2 == . . L L 0 L ! L L
0 20 40 60 80 100 0 20 40 60 80 100
t /¥ t/%
(b) RIS (b) 4 RASS it
(b) The second state component (b) The second state component
15 1.0
_," —emee LF 1 - - DF 0.9F T
N IR LF 2 , ! r
i ME o8F | (i
e LF3 —. — CF h
ol [eo-sF i Dol -k
10} ! 0.7F L ST
g L] B ! — W
oK i o K e ___]
S 06F 1,7
H f
;,‘:’t AT TrTa yp ey ey Sy Py STy Py Oy Py Py Py NP PP 05 o :II
[y i
fs[ ffffffffffffffffff _ !
0.5 12 1 1 1 L 0.4 1 1 1 1 1
0 20 40 60 80 100 0 20 40 60 80 100
t/p t/%
(c) B=ARA () BB=ART o4t
(¢) The third state component (c) The third state component
|8 LESE DI MI CF 357 B4 SR A TR AR, VRN I B
Fig.3 Variances of LFs, SF, DF, MF, and CF R =
Variances of fusion predictor, filter and smoother

weighted, SF) (3CHR [27] BIfLA FE) FI4E =t
Er T (Centralized filtering, CF) % 2% 7 22 I HL AL
K. & 3(a) ~ Bl 3(c) RonMHMHPRE 7> &. 7T LUE
H, RS R G U RARAE R, A THAS FE e B
#N: CF\ MF. DF. SF. LF. [& 4 Jy% B Ik fn
T BEPAIHE IR 22 07 22 e, I 4 v UUE
e, PP T B ZE T ZE B, AT RS B AR e AP

Fig.4
weighted by matrices

TR AR ZE TT 22 K, Al RS R A

4 ZEFRIE
R STt LA I R TR 8 75 () 2 S it
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Eitd 49 %

A

M2 ALK R G, B 5, it 51 N RSk L
REFEME RS, R T READCIRAS BT 2 1 R FUCIRAS T 72
TE 2 M B /N T 28 T SR BerE 1R R R R R A AR 2
ALAEIE UL S TR AT 2. S 7AW R
flith iR 22 2 8] () B W7 Z R BRI TH R A 2K, BETT 2
HH T ek b /N T 22 5 SCR B A OB R
%, gath VAN A RS B RS BJa, T T
HEHIRSEN, G VRS IENSAER — 7R
FAE. A U TAR T, KA SCER [30] $RHEAY
BRI S AR TTIE, MARREA KRB SR,
JUH A2 T 7 ZHOR RIS () B A IE Ak T 7] L.
Mg A 513 1 BYIERR
WEH. B (7) Ay 2 AT AR
E[&i(t)] = hiTE[r; (t)|E[w(t)] +

E[pi(t)]E[z(t + 1)] (A1)

E[&i(t)w" (k)] = hiTE[ri () E[w()w" (k)] +
AE[p; ()]E[=()w" (k)] +

TE[p; (t)|E[w()w" (k)] (A2)

E[¢i(t)v] (k)] = hiTE[ri()|E[w(t)v] (k)] +
AE[p; ()]E[=(t)v; (k)] +

TE[p; (t)|E[w(t)v] (k)] (A3)

FIH Efri(t)] = 0 F1 E[p; ()] = 0, T (8) BRAL.
¥ 20 (7) RN EE €T (k) FERIMRE 1, ri(t) Lw(k)
Hl ps (8) Lao(k), ATFS:
E&i(1)€] (k)] = hiTE[ri(t)rs (k)] E[w(t)w" (k)T +
AE[p; (t)pi (k)| E[=()z" (k)] A" +
TE[p; (t)p; (k)| E[w(t)w" (k)T +
{hiTE[rs (w(t)z" (k)pi(k)] AT +
hCE[ri (Hw(t)w" (k)p: (k)T +
AE[p; (z(t)w" (k)pi (k)T } + {x}"
W, ()T KRG {} FRIBE NEEE. FIH )L
pi(k) Ma(t) Lw(k), k> t, A5
Elri(w(t)w" (k)pi (k)] =
Elry (t)pi(k)|E[w(t)w" (k)] = 0
Elpi(t)@(t)w” (k)pi(k)] =
Elpi(t)pi (k)| E[z(t)w" (k)] = 0
Elri(w(t)a" (k)p;i(k)] =
Elrs()pi (k)] E[w(t)z" (k)] = 0

(A4)

(A5)

AU, 205 I, FIH ri(6)Lr; () Fpi(t) Lp;(t), AT
3 El&i(0)€] (k)] = 0; FFH (A5) A (A4), ATFF3K (9).
R (1), o453 2(t) 1 HERE N

E(t+1)=Elz@t+ DT (t+1)] =
AEM) AT + AE[z(t)w  @)TT +
TE[w(t)z" (t)]AT + QLT
FIH 2 (t) Lw(t), ATF20 (10). 2580t t13C (3) Al ry(e) L
pit), AT (11). =

Misx B 5|32 2 RYIERH

UEB. HSF s EIR AR, BERE N € () = vi () —

G (]t — 1), XPUITTRER (6) S5 5 PRLIRI FEZME S 0H] L(y: (1),

sy () EBUEES R v () LL(w: (1), -+ -, mi(t—1)), AT 15

§i(tlt — 1) = Cia(tt — 1) + Cil (¢t — 1). X (16) FHIE. ¥
3 (6) RN (16), H R e(t) TES )y

€i(t) = Ci@;(t|t — 1) + Ci@L (#[t — 1) + vy (t)

(A6)

(B1)

#30 (B1) 1N Qs (t) = Eles (t)ef (1)), VR B[z (¢t — 1)-
@] (¢t — 1))T] = Po" (¢t — 1)« @a(tlt — 1) Loy (6) F1 &7 (¢t —
1)L (), AT (17). O

MR C  EIE 1 HYIERA

R, HisHER A, F:
Ti(t+ 1[t) = (¢ + 1|t — 1) + L;(t)e;(t)

Ko, WURIG 2 Li(t) = Elz(t + Del ()](QS 1) ~L. 3K (4)
S WILLE Ly (1), -, wi(t— 1) B, EEHw)L
L(yi(1), -+, wi(t — 1)), H @it + 1t —1) = Ad;(t]t — 1), $F
HAANZ (C1), AR (18). F KM E4ERE L(1).

HRE TR (4), 715

Elz(t + 1)€f ()] = AE[=(t)e] (1)] +

(€1)

TE[w(t)e; ()] (C2)

A, Elz(t)e] ()= Eld; (t]t — 1e] (t)} Elw(t)e] (1)) =E[w(t) x
yI ()] =E[w(t)v] ()] = R;. FIHESFHFIHT 2(t) = & (¢t —
1)+ @(tt — 1) « @:(¢)t — 1) Les(t) M w(t) L (¢le— 1). HI
(B1) 1=K (C2), W EIZEMG R (20). KU EHHE S LR,
IR R & (1) Lei(t), M (19) A (21) FIFHIE.

A (4) Wt (18), A (5) Wl (19), B —SHHRIR
ZETTREN:

Zi(t+1]t) = Az (|t — 1) + Tw(t) — L;(t)e; (L) (C3)

&y (t+ 1|t) = @] (]t — 1) + & (t) — L (t)ei(t)

it
T (t+ 1]t) + Li(t)e; (t) = Az, (¢t — 1) + Tw(t) (C5)

(C4)

Z7 (t+ 1|t) + L (t)ei(t) = @25 (¢t — 1) + &i(t)

K3 (C5) 55 PIAHUT 2, FIH &i(t+ 1)) Les (1),
HA1E R (22). U, FIF &7 (6 4 1)) Lei(t) & ()L, (t]t —
1)~ &(t)Lar(t]t — 1) Flg; (1) Lw(t), 2 (23) A1 (24) .

O

(C6)
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MisR D ZEIE 2 BYIERA Vej ()] M PE<(t) = E[&] (|t — V) (1)], 1T EHEZA K (32).

! 3% 7215 .

WA A (1) AL, ﬁ:Nil i Si;jifc ((z;g FIA (B1) A& 1, AT B850 (33)D
z(t)= AN lpt+ N+1)+ k; A~ N=F-lrw(t—k) (D1) WS G 218 6 HUIERR

X (D1) S5 WL RN FELR 1 2] Ly (1), vi(2), -,
yi(t+ N)) EBUNEE, HE 1 w(t — k) LL(yi(1), 9:(2), -,
yit+N)), k=1,---, —N —1, 1330 (25) 3z, Bk (D1)
Wt (25), AT

Zi(tt+N)=AN"1g,(t+ N+1t+N) +
—N-1
> AN ITw(t - k) (D2)
k=1

#3 (D2) RN N B TRIR 2 5 Z /B PP (tt+N) =
E[&; (¢t + N)&) (t|t + N)] o, FIFERE L A w(t — k) Leq(t +
N+1jt+N), k=1,---, =N — 1, £33 (26). O

MR E EIE 3 #YIiERA

BB, B 2 A 0 i E AR X (27). ¥ (B1) AR
AN N 5P 5 B K (4t + N)= Elz(t)e]l (¢ + N)|(QS (t+
N)) LRI 2(t) Lo (¢ + N), AT
K;(t|t + N) = (Elz(t)&] (t+N|t+N — 1)]CT +
Elz(t)(&] (t+N[t+N — 1))T)CF) x
@Qi(t+N)~! (E1)
SE M QF(t+ N|t + N — 1) = El@()@T (t+N|t+N — 1)) F
Q" (t+ N|t + N — 1) = E[()(&] (t+ N[t+N — 1))7], HHH
A (EL), 71320 (28) BYAL.
F2(C3) e B A+ N, FFAANE()E] (t+N+
1|t+N)], FIf3:

QF(t+ N+1t+N)=Q%(@t+ Nt + N —1)AT —
Elz(t)el (t+N)|LT(t+N) +
E[z(t)w? (t+N)TT (E2)

I P4 38 25 58 S, AT AR Elz()el (t+ N)] = K(tt +
N)QS(t+ N), HVE 1 A[ Ml Elz(t)wT (t4+N)] = 0, A (E2),
33 (29). B (C4) 1 Ef(t) (&:(t + N)T] = 0, AT75:

Q¥ G+ N+1t+N)=QF (t+Njt+ N —1)@] —

Elz(t)ef (¢ + N)(LF (1 + N))" (E3)

H= (E3), A3 (30).

P a(t) W2 (27), AT5:
&i(t|t+ N) = &;(t|t + N — 1) — K;(t|t + N)e;(t + N)  (E4)

B (B) I K (8t + Nei(t + N) I, R (¢t +

N)Le;(t+ N), n[f43{ (31). O

MR P EIE 4 HOIERA

HERH. FIFISC (C3) A (C4), FHHERE] PEe(t) = Bl (¢t —

WEB. K (B4) 14, A
N
> Ki(tlt+ki)ei(t+ ki) (G1)
k; =0
#0(GL) ANE  FIEE 5 MERER T RGN (N > 0)
BPIRZE N T ZEHERE PE(t]t+ N) = Bl (1]t + N)& T (¢t +

Ti(tt+ N) =&;(¢|t — 1) —

N, AIA:
P+ N) = P3(t—1) +
N
Z K;(t|t + ki)E[e; (t + k;) %
Ky, ;=0

€j(t+ k)| Kj (tt + k;) —

B[&; (t[t — 1)e] (t + k)| K ([t + k;) —

N

P

N

Z i (t[t + ki)Ele; (£ + ki) &) (t[t — 1)] (G2)
SE S PEe(t+k;) =B[@i(tlt—1)el (t+k))] « PEe(t+ky) =

E[&] (t[t — 1)e] (¢ + k;)] IR IACAK (G2), 7330 (39). =

kj =00, Pre(e) that (33) 1HE, NIHHET k; > 0 HITFOL.
#al (BL) ¢ Hehl t + kj, TS ¢ + k; IS 2R3 20N
Ej(t—‘rkj) :Ci}](t-‘rk‘t-f—k —1) +

Ciaj(t+kjlt+ kj — 1) +v;(t + k;)  (G3)

X (G3).
kj), 15
P (t+ k) =

&;(tt — 1) Loj(t+k;) M &7 (¢t — 1) Lo (t +

E[&: (¢]t — 1) x
& (t+kjlt +k; — 1)]CT +

E[&;(t]t — 1) (&} (t + ks|t + k; — 1))T]C] (G4)

Pt + kj) = E[&] (t]t — 1) x

&) (t+kjlt+k; —1)]C] +
B[] (t|t — 1) (&} (t + k;|t +k; —1))T|CT
(G5)
FIH A (C3) Mz (C4) F— P HIRRZE (¢ + ky|t +
kj — 1) ANET ( + kjlt + kb — 1) 73 EEHER] ¢ W21, 47
&j(t+kjlt +kj —1) = AFiz;(t[t — 1) —
kj

> ATITIL(t+ by —my) €5(t+ kj —my) +

mj:1
kj
> AT T Tw(t + ky —my) (G6)

m;=1
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1k =2 Eitd 49 %

~ ki .
@5tk ky — 1) = BI&T (el — 1) —

kj
SO @TITILE (b by — my)ej(t+ Ky —my) +
mj_l
kj

=1
DT+ ky—my) (G7)
mj:l

B @(t) Lew(t + kj—my) M L(y; (1), -+, yi(t—1)) Lw(t +
kj —my), W3 & (t)t — 1) Lw(t + k; —my) ~ kj —my; > 0. K
BIdth, 7 &, (¢t — 1) LE; (¢ + kj —my), kj —my; > 0. HZN (G6)

Ml (GT), W15
B[&; (tt — 1)&] (t+k;|t+k; —1)] =

12
PE(tt—1)(A)T = > PE(t+k; — my) X

m;=1

LI (t + k; —mj)(A™ )T (G8)
E[&;(t]t — 1) (8] (t+k;[t+k; —1))T] =
PRt — 1)(®57)T — il PEC(t+ kj — my) x
(L5 (t+ ky —m) (@] (G9)

R (G8) M (G9) AR (G4), ¥R (40). %4

i, A
E[&] (t]t — 1)(&;(t + k;|t + k; — 1))"] =

(P (]t — 1)T (AR —

kj
S0 Ptk —my)

m;=1
L7 (t+kj —m;)(A™~ )T (G10)
E[&] (t]t — 1)(&] (t + kj|t + k; — 1)) =
kj
P (- 1)(@5)" — S PR (t+ky —my) x
mj=1
(L3 (t+hy —my) (@] )T (G11)

3 (G10) f13 (G11), AI7ER (41).

BJE, R B I EHE Q5 +ki, t+ky) =
Elei(t+ ki)el (¢ + kj)), ki < ky. ¥ (G6) FIk (GT) FRARK
(G3), BHEH B

€j(t+kj) = C AN & (t]t — 1) + C; @ & (t]t — 1) —

kj

> ICA™I T Lt + ky —my) +

mj:I

Cy@] LT (bt kg — my)es (t+ kg —my) +

kj
Z CjAmjilI"w(t-‘r k‘j — mj) +

mj=1

kj
SO G gt + ky —my) st + k)
mj:I

(G12)

FiE A1 e (b + ko) L& (t 4 by —my) HVE3 T e (b + ki) L
vi(t+ky), ki <kj Mk <ky—my I, e(t+ ki) Lw(t +k; —
my) Mk >k —my B, e (t+ k)5 w(t + ky —my) K. &
Q5 (t+ ki, t+ kj —my) = Ele;(t + k) w (t + kj — my)]. FIH
M E AR (G12), WIAFAN R Z0 008 B By 224685 (42).

TS QU+ ki, b+ —my) . Bl w+ k-
m) L& (tlt — 1)~ w(t+kj —my)Lal (¢t —1) F wt+k; —
my) L& (t+k; —my), A:

QY+ ki, t+ kj —my) =

ki
- [C;A™ T Li(t + ki —mi) +

m;=1
Ci® T LE (¢ + ki —my)] X
wa(t-‘rkl — My, t—‘rkj —mj) +
ki
> CiA™TIT x
m;=1
Elw(t+ ki — ma)w™ (t + k; —m;)] +
Efv (t 4+ k) wT (¢t + kj — m;)] (G13)
i (G13) AR 1, AT (43). O
Mk H EIE 8 BYIERA
ERH. BN p(A) < 1R |hy| < 1, HI &; = diag{A, hs}, NI
Hp(®;) < LB (85, C;) AKX T (8, — T'S:(QY)~1C;,
TQ.) TN, M £ f-R /R 2y Y AT i —P

Tiigs =X (55) 21, Hogdnafawn. O
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