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Low-rank Tensor Graph Learning Based Incomplete Multi-view Clustering
WEN Jie'! YAN Ke* ZHANG Zheng"* XU Yong"?

Abstract Conventional multi-view clustering methods all assume that the give multi-view data is complete, i.e., all
views are fully observed, which are not applicable to the incomplete multi-view clustering case with missing-views.
To address this issue, we propose a method, called low-rank tensor graph learning (LASAR). To recover the miss-
ing connections corresponding to the missing views in the graph space, the proposed method integrates the low-rank
tensor graph constraint and intra-view graph constraint into the multi-view spectral clustering framework. By ex-
ploring the inter-view information and intra-view information with respect to the observed views simultaneously,
the proposed method can obtain the optimal completed graphs of all views and the optimal clustering indicator
matrix shared by all views. Experimental results on five datasets with different missing-view rates show that the
proposed method obtains better performance than 12 state-of-the-art incomplete multi-view clustering methods.
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AR B IMERIE RS, R RS AR TIE R
3) GM-PMVC ARSI 1 AR AR K R 2
WORAZI 2 A AR i OGBS R, B2 GM-
PMVC 75 R B A2 RRAE AL AR A AR 52 SR
HFH B2 2 2 A BA WA 18] 22 5k B AR BL B R
BRI, MASTTT I H 2 ) F A0 A 18] 1 HAMS B
A — B A5 B A 2 &40 A B A0 AR AL BRI A ) — 25
SRR ARAE.

3 =
AT IS TE B STHO 4 B S R IIE TR

b DA R R DA v R T R T2 A R R
ZNEPE R

A LASAR SHERA Rk, Horp SRR TE A
T N R BUEAE (Accuracy, ACC). H— L EAS
& (Normalized mutual information, NMT) F14i &
(Purity)™. ZESEE 1, ASCHVEARLE Z™) W)ih
SR AR GRRAEG R @ K 4R, ook
EIE S m i, IS HOE N 15.

31 SEWiRE
311 HIEE

BHESEAFE: 1) Caltech?. Caltech7 FHE&E
BT REIRM 1474 DR, HREACSKRIE T 4 1)
H AR IR HE B Caltech101P7. Li 282 $2 HURE i
B Gabor. /NS Gt R # E 7 & (Census
transform histogram, CENTRIST). HOG (Histo-
gram of oriented gradient). GIST (Generalized
search tree) Al LBP (Local binary pattern) Z4F
TER R 6 AL A Bl . 2) BBCSport. /448 BBC-
Sport ¥ #E &S 737 S BBCSport /3 FT i 8
ISR, XSRS A 2 ~ 4 ML RAE, K T H
o BRBRL JEBR, RIHEERFI I BREE 5 Fhik & 12 5 208
P AEA SRS b O 116 M A R 4 A4
LA IREASRNT L& BE I RE. 3) Handwritten®.
Handwritten 2 8L ZdE 4 05 2000 AR 10
MNEEFEER (0~ 9), HrpEMEASH 1 B R 5
Profile #i5%. Karhunen-Love &%, & L1551
fEHFAE Zernike FERHIEFITE A FRHESE 6 AL A
FRAE. FEAR S b, U AT 5 NMRRIERR A >R 56 IE
FREIRAEA TR Z A REALS ERIA XL 4) Ani-
mal®. JF4f Animal i 4 30 475 MR K AN
50 M. FEASLIG R, ZE IR [32], M
A 10158 MEAFN 50 N TR AT LI R L,
HA B /NMEAEH DECAF (Deep convolutional
activation feature)® Fl VGG (Visual geometry gr-
oup )™ PR FE R 2% BTS2 B AFAE. 5) Reuterst™.
Reuters J& — N KRB 235 P SCRYHa 4, 1
SR B A SR VTR EE . TP IE A S KAE
&5 5 MR 2. AR 926 rh gk HUH: o A B SR S
PR A ) 18 758 AN UK IHIE A ST VA A 2.
3.1.2  XEEEE

R LE B2 A B AT BT 26 1) MICL OMVC,
DAIMC. OPIMC. UEAF. IMKKM-IK-MKC.
IMVSC AGL Al GM-PMV C %545 N5 3k (AN 58
LA TERTTVE VL R LT 200 A AR AR R R O3 fie 1)

FKI77% (Multi-view nonnegative matrix factor-

ization, MultiNMF )% F13E 5 -0 9 Bip [ 1E ) 4L

(Centroid-based co-regularization multi-view
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spectral clustering, CCo_ MVSC)E B F %14 1) 58
A RS, b, MultiNMF R A
B ik e AR AT 21 22 A0 A B00H (1 R (R RAE; T CCo
MVSC AR 2 WU # HctiE i AR AU e A5 8L, R %
T AT BRI BRI 25 I L R SR AE. X
T MultiNMF, &AL A 70 550 FI 40 w7 2E 7E
— Tt FH BT X L PR R B R AR 7 s 53— Fh s ik
2R [38—39] K K AR ik HEAT I 7. X
RT3 BIFRA “MultiNME-+E{E7 Al “MultiNMF+
KNN”. fE5256H, CCo  MVSC 5% FH P A i S AHL
FIEFR T — PR e AR B, SR 5 R A
BT R AL BE TG R BN 05 5 — Rl e R A K
VAR AN AR A A, SR e R AZ S
3.1.3 AEEBZMARBENLE

TEARUE R 220 5 — A A RFIE AT 32

ZAE R, FEHLIER Caltech7. BBCSport Al Hand-
written = NEHEE S WA p% BRG], RIS
H p% MATRKEWA TR Z MY E. T
Animal 1 Reuters ¥4, B CFENLIEE p% IMFE
KA G A IFEA; SR 55X T RFEAR,
8 AL o G — 2 RE A TR 28 A AR R AE, 125 B
PR —LFEARME —ARE, MRS p% I
FHECNT AN T8 2 A i 4R

3.2 BRASWERFMSI

KA TEREZ A TR TTIEAE IR R AR E sk
ISR AN 1. % 2 A 3 fios. Hb, Braili
(B AKX 8 5 VR TE [RIRE 1) 2 2 BE ML AR BRI AN 52 8 2 40
AR B SEaG 5 A IE. SIS a5 b aT Rk IR
1) CCo_MVSC+KNN/ZAH., UEAF. IMVSC_AGL.
GM-PMVC fl LASAR Z53 T K5 B 77 743 i

£l ENETEARRNABURE F Caltech? M BBOSport HHEME 150504 2
Table 1  Experimental results of different methods on Caltech7 and BBCSport
datasets with different missing-view rates
NMI (%) ACC (%) Purity (%)
HyE e Jii%

0.1 0.3 0.5 0.1 0.3 0.5 0.1 0.3 0.5
MultiNMF+ 348 30.16 28.52 28.88 46.39 40.61 37.92 79.80 78.43 78.03
MultiNMF+KNN 36.38 34.27 34.19 50.71 43.98 42.66 80.68 80.88 80.17
CCo_MVSC+%1H 35.53 34.18 31.52 38.47 38.16 37.35 78.33 77.89 76.21
CCo_MVSC+KNN 37.38 37.18 37.33 39.06 39.62 37.34 80.25 80.36 81.45
MIC 33.71 27.35 20.44 44.07 38.01 35.80 78.12 73.31 68.26
OMVC 28.13 25.32 18.76 40.88 36.82 33.28 79.21 77.73 74.05
Caltech7 DAIMC 44.61 38.45 36.28 48.29 47.46 44.89 83.32 76.83 75.50
OPIMC 42.98 41.54 35.98 49.24 48.34 44.12 84.89 83.70 80.64
UEAF 39.44 31.07 24.02 50.82 42.71 36.32 81.49 78.26 76.29
IMKKM-IK-MKC 24.09 23.45 22.91 36.54 34.87 36.05 72.98 73.82 72.52
IMVSC AGL 44.05 42.61 37.35 54.72 54.61 51.78 84.27 83.98 82.31
GM-PMVC 60.26 52.35 47.95 62.65 54.95 47.65 91.26 84.49 83.93
LASAR 66.08 62.80 52.76 70.29 69.02 66.46 92.76 90.27 84.84
MultiNMF+318 23.48 18.25 14.79 48.58 42.75 40.34 47.17 44.66 43.10
MultiNMF+KNN 33.41 29.17 32.66 56.03 54.14 54.66 58.62 55.51 58.27
CCo_MVSC+%E1H 62.79 57.69 39.55 72.76 70.06 61.38 81.49 78.62 66.72
CCo_MVSC+KNN 59.24 56.25 38.97 69.02 69.83 60.06 80.92 78.56 68.62
MIC 29.90 25.84 24.01 51.21 46.21 46.03 55.00 51.72 52.41
OMVC 30.64 41.57 40.63 53.33 51.38 48.79 56.49 59.20 57.47
BBCSport DAIMC 56.62 50.17 37.89 68.62 63.45 56.89 76.90 71.72 61.03
OPIMC 35.66 31.56 21.75 54.14 52.93 45.69 58.28 56.72 50.86
UEAF 70.71 68.25 55.13 78.22 77.24 69.31 87.41 87.07 77.07
IMKKM-IK-MKC 72.91 64.42 53.52 77.55 75.66 67.07 88.76 84.03 77.00
IMVSC_AGL 70.46 66.11 54.57 76.41 74.48 69.31 87.41 85.00 78.10
GM-PMVC 70.34 66.26 48.93 74.66 73.48 60.07 85.17 84.48 72.68
LASAR 77.09 70.30 57.04 85.00 77.41 73.28 90.00 88.62 78.79
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* 2 HINEEARMAERKZE T H) Handwritten XA R ATCX 2 T ) Animal Al Reuters i & F 1) Se5a 45
Table 2 Experimental results of different methods on Handwritten dataset with different missing-view rates,
Animal and Reuters datasets with different paired-view rates

NMI (%) ACC (%)
Ktk Tk
0.1 0.3 0.5 0.7 0.1 0.3 0.5 0.7

MultiNMF+ {8 72.05 60.11 41.99 20.88 82.35 71.74 52.03 31.85
MultiNMF+KNN 74.23 74.77 73.81 67.93 83.64 83.89 83.53 78.33
CCo_ MVSCH+Z{4 70.90 68.23 62.86 53.14 74.61 73.17 70.15 64.62
CCo_MVSC+KNN 73.03 73.77 73.06 67.66 76.76 76.79 76.20 75.52
MIC 70.84 65.39 52.95 34.71 77.59 73.29 61.27 41.34
OMVC 56.72 44.99 35.16 25.83 65.04 55.00 36.40 29.80
Handwritten DAIMC 79.78 76.65 68.77 47.10 88.86 86.73 81.92 60.44
OPIMC 77.26 73.74 66.57 51.86 80.20 76.45 69.50 56.66
UEAF 77.74 69.37 55.09 50.56 85.80 76.11 65.39 61.11
IMKKM-TK-MKC 69.43 65.42 59.04 47.36 71.78 69.07 66.08 55.55
IMVSC_AGL 93.68 90.55 86.39 75.44 97.15 95.50 93.19 84.08
GM-PMVC 99.84 99.64 99.12 97.14 99.94 99.87 99.66 98.87
LASAR 99.92 99.81 99.32 99.13 99.97 99.93 99.73 99.68
MultiNMF+#J{8 48.25 53.51 56.30 61.48 42.04 46.33 48.62 52.92
MultiNMF+KNN 53.68 55.58 58.85 60.68 45.15 47.89 51.51 53.16
CCo_MVSC+E{4 52.19 55.31 58.31 61.71 48.12 52.03 54.72 56.73
CCo_MVSC+KNN 49.13 57.96 61.37 63.86 47.71 53.58 56.79 58.41
MIC 48.96 52.79 55.69 59.30 39.44 43.38 45.88 49.15
OMVC 44.66 50.77 53.11 55.38 30.66 42.51 43.98 46.39
Animal DAIMC 49.33 55.03 59.36 62.76 42.76 50.18 53.87 56.42
OPIMC 44.29 52.34 58.51 62.04 37.86 46.33 53.14 53.88
UEAF 54.88 62.10 64.27 68.62 46.76 52.45 58.15 62.71
IMKKM-IK-MKC 51.47 57.21 62.14 66.50 46.05 53.61 58.48 61.85
IMVSC_AGL 56.38 59.65 63.26 66.71 51.61 54.94 57.97 60.73
GM-PMVC 55.57 57.62 61.25 64.55 47.84 50.89 53.99 57.81
LASAR 65.79 69.61 90.26 92.97 58.05 65.67 86.28 88.05
MultiNMF+ {8 19.58 18.82 18.56 19.51 37.68 38.31 37.27 37.58
MultiNMF4+KNN 19.91 23.17 22.50 22.21 37.95 38.08 37.47 37.35
CCo_MVSC+E{4 17.04 18.66 18.10 20.11 34.66 37.39 37.46 40.01
CCo_MVSC+KNN 17.64 19.33 19.67 20.95 35.42 37.79 39.41 41.06
MIC 18.72 21.30 22.78 24.34 38.47 40.85 41.37 43.05
OMVC 18.05 19.77 21.37 22.97 36.78 37.44 39.45 41.09
Reuters DAIMC 26.53 29.98 30.27 31.55 43.32 46.67 47.78 48.89
OPIMC 19.02 22.47 23.82 25.39 40.58 42.19 43.87 44.43
UEAF 24.77 26.85 27.14 28.36 41.45 44.95 46.87 47.92
IMKKM-IK-MKC 24.30 26.75 26.88 28.67 41.13 45.71 46.40 47.29
IMVSC_AGL 25.75 28.41 28.39 29.79 42.38 46.29 47.82 48.91
GM-PMVC 26.22 29.35 30.71 30.89 43.15 46.88 48.19 50.44

LASAR 28.34 32.01 31.27 32.77 45.38 48.14 50.80 52.77
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RAG LU R SR R iR A I IS AR R, R W 1a] 1
WEFELEGTHEENRREL; 2) ENAILR

b, ASCT VA IX M m £ F RS T AP 2R
RER, RYIARSTNENA B L WA 8l h 45 2

AR AR AR P SRS A
3.3  EXBITREIRTEE

3 FNH T B BRI AS ST R H A VR
R 5 AN B S L R TSI 4T a), HAr g A ok
B A BT R A 30%. 3547 I TA) 0 ) 4%

38N, BT ikt e R 35 R B, R A Bk
KR 2h Z A A — S R B E Bz ok T —%
Bk 3) Fri i) LASAR J5 ik AE iX su ¥ 48 |
RIG T — BRI R RE R, BAE T LASAR 7EA
SEREZ WA R A 8 4) 5 RIFEE AR Rk 5K
AR RIZIE =B A S B 1 GM-PMVC J5i%HH

| e MultiNMF+#{f s CCo MVSC+ZE{f mmmMultiNMF+KNN = CCo MVSC+KNN mmmMIC mmmOMVC |

| mEm DAIMC == OPIMC EmmUEAF =3 IMKKM-IK-MKC E==3IMVSC AGL =3 GM-PMVC ©—3Ours |

% % %
100 100
80 80
z 60 z 60
E E
£ 40 £ 40
20 20
0 0
01 03 05 07 01 03 05 07 01 03 05 07
WA R 26 TR e T
(a) Handwritten ] Purity 5% (b) Animal ] Purity &5% (c) Reuters L[] Purity 455%
(a) Purity results on Handwritten (b) Purity results on Animal (c) Purity results on Reuters
K 3 BT A SR T B Handwritten, A FIRLAECH 2T 1) Animal
AR ECXT 2T [ Reuters 20 4E_F RIS Purity (%)
Fig.3 The clustering Purities (%) of different methods on Handwritten dataset with different missing-view rates,
Animal dataset with different paired-view rates, and Reuters dataset with different paired-view rates
£ 3 HIIETE 5 ANEURE LS ATI A (s), FoH A Sk 2B 2y 30%
Table 3 Running time (s) of different methods on the above five datasets with
a missing-view rate or paired-view rate of 30%

Frvk Caltech? BBCSport Handwritten Animal Reuters TR R
MultiNMF+¥8 60.38 28.62 35.54 13489.18 27385.81 o (TT oy mvcn) o
MultiNMF+KNN 59.05 25.46 40.69 13499.88 27408.45 0 (TT oy mvcn) ol
CCo_MVSC+ZAH 3.01 0.35 5.18 174.16 489.83 O(r (In® 4+ n?))

CCo_ MVSC+KNN 4.36 0.46 7.69 243.77 699.74 o(r (In® +n?))

MIC 225.31 3.01 149.87 3693.92 22499.46 0 (TT oy mvcn) ool
OMVC 152.54 3.17 27.77 3409.08 18154.71 0 (TT oy mucn) ool
DAIMC 62.74 81.18 26.72 2191.43 96628.66 O (7 (Tremma + Im3 ) "
OPIMC 0.16 0.05 0.09 3.31 1.05 O(rlenmpa) M

UEAF 164 2.36 7.05 1258.93 18599.64 o(r (2n® + Koy muc?) )
IMKKM-TK-MKC 23.68 0.22 41.22 975.38 1762.95 O(7 (n® + In® +13)) 2

IMVSC_AGL 173.58 2.57 81.13 5265.99 28672.45 o(r (n* +n* + 4_ n2) )™
GM-PMVC 607.40 14.63 602.81 50725.43 1.78x10° O(rl (n® 4 kdn + k* + k*d)) ™
LASAR 73.87 1.09 115.60 2352.88 5677.46 O(7 (In*log (n) +1°n® + cn?))

i ARARH)E K-means HEERM I HIRE. R, TRRTIERIENRPEL, myo TR AR RFFAELESE, n, FOREE v DA IR ERAED]
B, d TR B BURFAL R TSI RE, b BRI R v (B2 A L.
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Eitd 49 %

fiEEF 4 4: Ubuntu 18.04, 128 GB W7 A1 Intel
i7-9800X CPU. \%& 3 WJLLEH, fERZHIE
N, AR S bRig T E] 5 MIC. OMVC Fl
DAIMC A ARG HEE R ER T EMEAN K,
Rl & 7E Animal fll Reuters &5 KR B £ 4 L,
AT MIC F1 OMVC B k. W 3 i
ATLVE Y, SRR AR K =L R GM-PMVC
AR LG, AR ST 1 B8 1 B8 (1) IR [ PN SR A 008 1) 5

R
BB

1) HSEUEME AT, A4S FE BT A F
PSS ORI RE R ] 4 o T BTt
(1) LASAR TEALA K 2N 30% () Handwritten
FI Caltech7 £#i4E IR NMI 5iX AN E S
Z PR F&, ATLAUR I, 2 A BUATE [0.01, 0.1] 2
) 5. Xo BB /N, 407E [0.00001, 0.001] i FE P B

3.4

NMI

(a) Handwritten

K 4

LASAR REW 15 B A AT O S 2R s .

2) HRLSLIG AT, A T I UE R K LR
B, A A 4 AN EAR A X EE T AR 1 i Fof
BRI —FloR Rk ok B 2 I B A S (AR
ZI ;1 — PR AR R 5k 2 2R B 1 AL 4 “Frobe-
nius” YU L. 3K B AR AL 73 SRR N IR A A
B AT ORABIAL 27, P RRIRAEEI A 5 A LASAR
[PISEB0XT Eh g5 RAan il 5 fios. Mz seie g Bal &
K AR AR TR B2 R WA SO R SRS T B8 4 (1 SR 25k
A, WE TRk K = A AL s 5 415 B2 4R L
B

3) WSl o b, 1 6 on T LASAR %2 ) #5
TILERL AR B0 2 30% ) Handwritten FI Caltech?
HAEE LW HRRBESERPEN SR A THE
I R BE RS v, 7R 6 Rl RO T2 5
MERD ZISOP B H bR e BUE. B 6 FRIEH,
K NMI S bl A& EACEEm s mm 3, 58T

NMI

(b) Caltech7

TER A B RN 30% B Handwritten A1 Caltech7 £3g£E I, ATHEH LASAR /LK)

B NMI (%) SESH A A IR FR

Clustering NMI (%) of the proposed LASAR v.s. hyper-parameters A\; and X2 on Handwritten and

Caltech7 datasets with a missing-view rate of 30%

Fig.4
0
100 %
© //\
g 60 /e\
D
Job—— o~ [oLASAR
—o— 1B 1
20 —o— BT 2
Caltech7  BBCSport Handwritten — Animal
(a) I NMI £5 R
(a) Clustering NMI results
K5

Fig.5

%

100
80
o —6—LASAR
S g —o— IRLEAY 1
60 —o— IBAUBIY 2
>

40
Caltech7  BBCSport Handwritten  Animal
(b) %3 ACC 451
(b) Clustering ACC results

% SRR L PR A A T 71 LA iR SR BRI SRR 30% (1) 4 AR LIRS NMI F1% 2 ACC
Clustering NMIs and ACCs of the proposed method and two degraded models on

the four datasets with a missing-view rate or paired-view rate of 30%
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—o— H bR Bl
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0.02 90

NMI

X107

«H\.\“‘:‘E"fj‘@ Agin

(a) Handwritten

ERTNSECE

0.08 70

—o— Hbre Al

0.06 | {60
B g
E 0.04 | ~ Fhama] | 172
junng
0.02| {10
0 15 20 %3
O 0-0-0-00-00-00-0- 50 000000000000 %()
0 5 0 15 20 25

EAE
(b) Caltech7

6 TEMLAERICHA 30% 1) Handwritten Fl Caltech? (54 b, LASAR 1 H bz sk B
MIZEIE NMI (%) Sk E L (AR F
Fig.6  Objective function value and clustering NMI (%) of LASAR v.s. the iterations on Handwritten and
Caltech? datasets with a missing-view rate of 30%

FasE; M0 H b R EUE I 2B R R R e e
BRI ERY, A CEX LASAR ) H 5
BT AR B B R A Sl

4) AHALEIVKE 0. B 7 o T TR T
TEML A BRI ZN 70% 1) Handwritten Z8E 4 FFr
FRNEE 1A 5 NP AL wT UK,
FEREASAR A R 1400 MBS TR R, A
TR AR Be A 45 ) B B R IR SR A 1)
FHLE, B E 1 B4 th ) 5 iEE AR U E b 2 B
RPE.

(a) 35 1 LA
(a) The 1st view

(b) %5 5 ML
(b) The 5th view

K7 RSCTTEER AR R FE N 70% 1) Handwritten (35
B EAARIRE 1AM 5 DML AIARLE
Fig.7 Two similarity graphs, corresponding to the
1st view and the 5th view, obtained by the

proposed method on Handwritten dataset with
a missing-view rate of 70%

4  LEERIE

BEXTALA SRR T A SE B 2 LA SRR AL, R
SCERH T R TR IR B R 5. 0k
HENT T HIE A T R B AN A AR L RSB AR 2 1
gy — MR | e F2 30 A A T <0012 4540 1 v A
RAERIRL A [B) QB L4520 —Euhk, 1981 T 1REF A
AR R A2 2 R A SRR T 5 At dk

b, 5ZRSE AR 2 A RETTILHATR T,
SR 45 RRW], LASAR fEIX S 54 4R | i 3R 15
TRIFIOTERE, Bk 7 HAEAE RS UM RRAES
E AR
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