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A Many-objective Evolutionary Algorithm Based on Weighted

Sum of Objective Space Transformation

LIANG Zheng-Ping' LUO Ting-Ting® WANG Zhi-Qiang"®> ZHU Ze-Xuan' HU Kai-Feng?

Abstract The weighted sum method is a common decomposition method in many-objective evolutionary al-
gorithm based on decomposition. Compared with other methods, it has the advantages of computationally easy and
high search efficiency. However, it is difficult for this method to handle the problem with nonconvex Pareto optim-
al front (PF) effectively. To take full advantage of the weighted sum method and effectively handle the problem
with nonconvex PF at the same time, a many-objective evolutionary algorithm based on weighted sum of objective
space transformation is proposed, namely NSGAIII-OSTWS. The core of the NSGAIII-OSTWS is to transform the
PF of various problems into convex surfaces, and then apply the weighted sum method to optimize the transformed
problem. Specifically, the distance between the individual and the estimated PF is calculated firstly. Then all indi-
viduals are mapped into the corresponding location between the estimated convex surface and the ideal point ac-
cording to their distance value. Finally, the fitness values of all mapped individuals are calculated by weighted sum
function, and then the evolutionary optimization of the problem is proceeded. In order to verify the effectiveness of
NSGAIII-OSTWS, seven variants of NSGAIII, and nine representative advanced many-objective evolutionary al-
gorithms are compared on the WFG, DTLZ and LSMOP benchmark problems. The experimental results show that
NSGAIII-OSTWS has obviously competitive performance compared with the comparison algorithms.
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Illustration of the decomposition methods WS, TCH and PBI on reference vector w,

where dashed lines are contour lines
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Fig.2 The final population distribution obtained by

NSGAIII-WS and NSGAIII-LWS algorithm on ZDT1
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Fig.3 The whole process of transforming the population individuals from linear (a), convex (b) and concave

(c) into convex objective space by OSTWS method
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5) CR = UU @;
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9) until | S|>N
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)
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) else
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17)  end if
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19) end for

20) return U
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RS R NSGAIII-OSTWS F i ] 52 44 & oy
Max(O( DN ), O(mN|W|)).

3 SW5ah

3.1 SLENRE

1) WK o) AN PPAN FE A%

KK NSGAIII-OSTWS [t RE, A SCiEi 7
i 22 B A A e s A A iz B R AR ] R
5 WEGP, DTLZP F g i RS ke S AR it
i) 42 LSMOPP. £ DTLZ %, DTLZ8-9 N %)
WA R, R AR S A 2 B DTLZ1-7 [ @ i) A
Ft. ZWESCHR [39], WFG Fll DTLZ ik SR AR e g
Ha—%&E N D =100, H WFG 147 B A &
BNk =m — 1. LSMOP [HFHRSE5 i S0 £
Fr—3

N E VPN BIE I SRR PERE, 20 K F HEAREE
& (Generational distance, GDY), % & PF(Cov-
erage over the pareto front, CPFP) FI{ZIE 1) e #%
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HAFEE (Modified inverted generational dis- x2 RXERSHEHE
tance IGD+[56]) AT USSR . 2 REME A&k ( SEAI Table 2 Parameter settings for crossover and mutation
SR Z AR BE 7)) MeReti &, Hoh B A0 SHA SHH
e LYW (P, ) 1.0

. Ul SRR (P ) 1/ D

dop = — Z min  d(u;, a;) 9) BEXYATHRHT (e ) 20
U] i esed weU BRI AT (1) 20

[A] m

1 . 2

drep+ = A E uieglgeA\l E (max{u;® — a¥, 0})
=1 k=1

(10)

Horh U RSB S OB LREE, A NN A @ PF
T B —H 55155 5. 5T B AR 4E AN [F 6 48
AR (40 WEG), fE1HE GD Ml IGD 4845 Z |if
X AR U AT H— 1A FEE, GD A IGDE %
N, REEE BRI B IESCHR [57), At
HiHE GD M IGD BT 75 1275 SN 10000.

2) ZHKE

BT il L AP BE RO T 240 H Flom,
H H AR EARHT SRR o X, AP
D, AR EE BT ) H b B K FLGE R R FR K /NG
—WENE 1 s, NSRS s 5 A S
B, Mm > 50, KSCRHMWES S R &4 8T
A RS % A EPY, 3T OS5 845 BT /5 1 S50k
BUIF 2 Fo~. f£ NSGAII-OSTWS H, i1 ¢ 14
NS AE KW BN 2, HFURAE S50 50 4 4 3 AT
W FC. PR B AL S50 B S H R AR W SR FF
— B BT Sk AL b v B FR N AR R IEAR IR B
(MAXGen), A3 BT AR 1) @ MAX Gen 15
9 300. BEANFIEAEREANINR R BRSTIZEAT 20 IR,
RIS FIEERE I B E M £ 7, R Wilcoxon™
FRFIRL 50 5K PEAG — Fh 595 7E GD 8 IGDE J5 T /&
BT H—MEE f55 <47, = il “x=" RN
N ) 5 4 BLVEAE 5% 1R MK L B B T 5
1% NSGAII-OSTWS B b, BHZERMLHEZE 7.

£ MEINEE
Table 1  Setting of the population size
FHARE (m) SEE(H) FEER/N (N)
3 12 91
5 [§ 210
8 3,2 156
10 3,2 275
32 ZWHERS5HH

1) OSTWS FiEMA 5 E
ISR B A5 2 ) A SR AT 7% (OSTWS)

A B, AN OSTWS J5ik 5 HiAh 7 N0 fis
J5vk, BV S K7 (TCH). BT 14 A8 X5 v
(PBIPY), R AL E SR AN 7532 (LWSPY), Bi&E R YL
B IR SR AN T 5 (ASET)., [A) A5 A 47) b =5 e A
BUCESRAT 1% (SSPY). HIE M. Lp 7% (PaSt) A
HE M AE T 77 (APS!Y) 7653k NSGAITIL fIHESE
TR SRS, 3. R 4 FIE 5 gt T Bk
IR JTIRAE DTLZ1-DTLZ7. WFG1-WFG9 il LS-
MOP1-LSMOP9 Mk i) & _I- fr 38453 11 GD ¥ {E A
P ZE (365 WORbRAEZ), iR A 1n) ) d R 45
RUIKET SR BoR. W AN FIEERTA T
B Y IGD R Iy, B BR D RN 1%
TRIE AR RE R T

3 3. & 4 f13 5 TTLLE ), NSGAIIL-0S-
TWS fE4 K #55r DTLZ R v B _E#RSEAS 1 et
GD ¥JH, M4k, B NSGAIII-OSTWS % RE1E ilf
A1) WEG F1 LSMOP it 7] 8 rp 3k g i B v 4+ )
1) GD PERE, (Ho 4k F3RTS T A g, 1X 3R B
ASCHTHEH I OSTWS Jiik 2355 A R, J& R 7E
FRAFIHT WS JiEERICR m .

NI B AR BT S A EVEE DTLZ1-DTLZ7,
WFG1-WFG9 #il LSMOP1-LSMOP9 3R o] 8
PItEfE. DTLZ1 & — AN i /i, NSGAIII-0S-
TWS 76 1% ) @ L3k 18 7 sk GD {H, BP7EZe
) DTLZ1 v i F, OSTWS J5 il Stk #os 1
Hee At e 23 #8532, DTLZ2-4 fil WFG4-9 N
[ ] &, %FF DTLZ2-4, NSGAIII-OSTWS 3k753 1
s ALPERE. A EDWL R 7R %% BV AE U i) 7 E A8t
PERE, I 5 B2 T T SIEAE 10 48 DTLZ21 8 1
() B A FPRE A . I 5 AT BLE H, vk NS-
GAIII-OSTWS WA 73 A £ H 52218 [0, 1] W,
Hoe BB PR R 4 # o A 42 B AR 1H [0, 1.2]
W, IX R IR NSGAITI-OSTWS AER I K Fih it
sk ® PF &, i EREHARE. BR WFG4-9
[ B A [ ) A, {EAR ST T DTLZ2-4 Kk, WFG4-9
WK ) LA 22 e iy B R AR AR AN T ) B A5
SRR A, NI & R Sk T F KA BkiR. (EN
% A [ LLEH, NSGAII-OSTWS 7£ K #%> WFG4-
9 WK v 0L 28 R HUAS B AR 1R 1 REFE A {EL. DTLZ5-
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6 1 WFEG3 MBI &, XFT DTLZ5-6, NSGAIII-
OSTWS iR F It T AU SLRE /1. /£ WFG3
b, H GD 1845 B G5 1H #0471 NSGATII-OS-
TWS IPEREN —fE. WEG1 J& — MM VR4 a)
WFG2 fl DTLZ7 AANZES: A @, 751X =™ n) @,
NSGANI-OSTWS fittfre <A AT F . i A2 OS-
TWS R AEPE B rf Hh Al B 2k PF IR, 75
BUHFE— 8 HEAIREL, AT PR T M B e Sl

*x3

Table 3

B ABASCHTR R TifG PF 7 vk i & RE BT Hb T
il H I 6 7] ) PE TR, OFE A B AN ) 0
1) 8 AR SR BT T B I M RE . AT DTLZ
A WEG M 5] @42, LSMOP H A 58 KRR vk
SR, PR USSR FE B K, LA £ H bR
FESRH T ERMPkE. BT OSTWS 47K 1 ALE
KA A J7 15 10 4 RO TR AR S T SR R
NSGAIII %%, NSGAIII-OSTWS 7EXEUWT S RN

OSTWS, LWS, TCH, PBI, AS, SS, PaS fil APS JiVAfEHER A NSGAIIL, Ml (A 8y DTLZ1-7 E3RAFH GD E4 it
S5O (BHMEAARAEZE ). B T B0 v 1) B e 4
The statistical results (mean and standard deviation) of the GD values obtained by OSTWS, LWS, TCH, PBI,

UL SR o

AS, SS, PaS and APS methods on the NSGAIII framework and DTLZ1-7 test problems. The best average value among
the algorithms for each instance is highlighted in bold

Problem m NSGAIII-OSTWS NSGAII-LWS NSGAIIL-TCH NSGAII-PBI NSGAIII-AS NSGAIII- SS NSGAIII-PaS NSGAIII-APS

6.915x 10" 7.734x10" 7.411x10" 7.140x10* 7.678x10" 7.749%10' 7.554x10" 7.376x10'
’ (1.2x10") (9.4%x10%)— (9.3x10%) ~ (L.1x10) =~ (1.1x10")—  (7.3x10°)—  (9.4x10") =~  (9.8x10") =

4.218x10" 7.562x10" 8.102x10" 7.015%x10! 7.870x10" 1.294x10° 7.993x10" 6.507x10"

’ (4.5x10°) (6.6 10°)— (8.9x10°—  (7.6x10%—  (8.1x10%—  (9.7x10%—  (8.0x10%—  (7.6x10%—

DTLZ1 4.881x 10" 9.120x 10" 7.814x 10" 9.002x 10" 7.875x 10" 2.458x10° 7.411x10" 8.732x 10"
* (1.2x10") (7.3%10%— (1.1x10")- (L1x10Y-  (1.2x10)—  (5.8x10"—  (9.0x10%—  (8.8x10%)-

4.422x10" 9.338x10" 7.014x10" 7.334x10" 6.757x10" 2.672x10° 7.299%10' 7.538x 10"

10 (1.8x10") (4.9%10%)~ (8.2x10°)~  (24x10)-  (53x10")—  (5.1x10)~  (7.3x107-  (3.2x10')-
1.681x107° 3.971x107° 3.465x107° 4.582x107° 3.552x107° 6.753x107° 3.585x107° 4.529x107°

’ (2.3x107) (6.1x107%—  (3.9x10%)—  (6.8x10%)—  (4.2x10%- (L1x10%)—  (52x107%)—  (6.4x107)-
3.337x10° 4.526x107° 4.968x107 6.740x 107 4.996x107° 1.003x107 4.903x107 6.756x107

’ (9.7x107) (3.6x107—  (3.0x107)~  (5.3x10")-  (43x10")—  (14x10%)-  (41x10"-  (4.0x10%)-

DILz2 1.058x107* 1.265x107 1.439x107 2.362x107? 1.470x107 7.435x107 1.516x107 2.488x107
* (3.3x107) (25x10%)~  (L7x10%)~  (4.6x107%)~  (L4x10%)—  (3.5x10%)-  (25x10%)-  (3.2x107%)—
1.070x107* 1.503%x107 1.130x107* 1.733x107* 1.133x107 7.939x107* 1.227x107 1.996x107

10 (4.2x107) (6.0x10%)—  (27x10%)—  (7.3x10%)~  (1.8x10%)—  (54x10%)~  (3.5x10%)~  (6.6x10%)—

8.888x 10" 8.622x 10" 8.323x10" 8.322x 10" 8.246x 10" 8.259x 10" 8.910x 10" 8.705x 10"
’ (1.2x10") (1.5x10") ~ (1.5x10") ~ (9.7x10°)~  (1.1x10") = (6.9x10°) ~ (1.3x10")~  (1.2x10") =~

6.174x10" 9.024x10" 8.343x10" 9.531x10! 8.414x10" 1.255x10° 8.277x10" 9.465%10"

’ (7.3x10% (9.1x10%~ (1.0x10')~ (13x100)~  (1.1x10)—  (9.7x107—  (8.8x10%—  (9.7x10%—

DTLZ3 8.605x10" 1.266x 10 1.220%x10* 1.536x10? 1.176x 10 3.001x10° 1.293x10* 1.434%10?
® (2.0x10Y (1.4x104)— (9.6x10°)— (2.3x10-  (9.2x10%—  (8.2x10")—  (L3x10"-  (2.5x10')-

7.830x10" 1.340%10? 1.201x10* 1.427x10* 1.157x10? 3.629x10° 1.273x10? 1.314x10?

10 (3.5x10") (2.3x10")~ (1.4x10")~ (A5x100)~  (7.3x10%—  (T.1x10)~  (27x10)~  (2.9x10')~

1.918 x107° 4.026x107° 3.588x107* 4.068x107° 3.455x107° 7.379x107° 3.242x107° 4.393x107°

’ (3.1x107) (11x10%)—  (LIx10%)—  (21x10%)—  (L1x10%)— (3.0x10%)—  (L.3x10%)-  (1.6x10%)-
3.506x10 5.160x107° 5.502x107° 8.623x107° 5.326x107° 7.816x107 5.367x107 8.775x107

’ (5.0x107) (54x10%)—  (44x107)~  (14x10%)~  (29x107)—  (23x10%)~  (3.5x10%-  (1L.0x10%)-

DILze 1.658x107* 2.169x107? 2.858x107* 3.486x107* 2.597x107 7.637x107 1.887x107* 3.592x107?
* (2.0x107) (17x10%) &~ (L8x10%-  (L6x103)—  (L7x10%)~  (3.6x10%)—  (54x10%)—  (2.2x10%)-
7.670x107° 1.737x107 1.282x107 2.060x107* 1.336x107 1.052x10™ 1.047x107 1.792x107

10 (2.0x107) (18x10%) &~  (7.1x10%)~  (1.2x103)-  (8.2x107%)~  (6.0x10%)—  (4.2x10%)—  (4.8x10%)-
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# 3 OSTWS, LWS, TCH, PBI, AS, SS, PaS fl APS J7VA#EHESE N NSGAILL, MA@ DTLZ1-7 E3Rk18H) GD {H% 1T
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Table 3 The statistical results (mean and standard deviation) of the GD values obtained by OSTWS, LWS, TCH, PBI,
AS,; SS, PaS and APS methods on the NSGAIII framework and DTLZ1-7 test problems. The best average value among
the algorithms for each instance is highlighted in bold (continued table)

Problem  m  NSGAII-OSTWS NSGAII-LWS NSGAIII-TCH NSGAIII-PBI NSGAIII-AS NSGAIII- SS NSGAIII-PaS NSGAIII-APS

4.566x107 4.388x107 4.698x107° 5.107x107 4.836x107 5.209x107 5.353x107 5.055%x107°

(7.2x107) (1710~ (63x10") ~  (7.8x107)— (74x10") ~ (8.2x107%)—  (8.9x107%)—  (5.4x107)—

. 6.411x107 4.279x10" 1.027x10™" 6.492x107 1.194x 10" 2.345%x10™ 1.186x10™" 7.556x107*

’ (1.7x107) (8.2x10%)—  (1.6x10%)~  (15x10%)~ (2.3x10%)—  (3.6x10%)—  (L4x102)—  (L6x102)-

DTLZ 2.795x107" 5.134x10™" 4.167x10™" 4.142x10" 5.253x107" 1.082x10° 5.319x10™" 4.527x107"
: (5.2x107) (11x107)~  (7.0x10%)~  (5.7x10%)~  (8.8x10%)—  (5.9x107)—  (L1x107%)~  (9.5x102)-

3.845%x10™" 1.266x10° 1.283x10° 8.411x10" 1.660x10° 2.054x10° 1.668x10° 9.914x10™"

10 (2.3x107) (3.6x107)—  (3.1x10M)-  (27x10M)~  (21x107)—  (65x107)—  (2.3x107)-  (2.1x107)-

3.555x10° 4.484x10° 4.150x10° 4.294x10° 4.055%10° 6.531x10° 4.099x10° 4.164x10°

’ (3.4x107) (3.6x107)—  (4.0x10M)~  (43x10M)—  (2.3x107)—  (2.6x107)—  (4.0x107)~  (4.2x107)-

2.454%x10° 1.135%10* 8.566x 10" 6.659x10° 8.595x10° 7.759x10° 8.606x10° 6.597x10°

° (2.8x107) (23x10)~  (54x107)~  (1.8x107)~  (3.0x107)— (41x107)—  (3.6x107)—  (2.7x107)-

DTLZG 1.235x 10" 2.182x 10! 1.927x10" 2.201x10" 1.915x 10" 2.548x 10" 1.933x10" 2.174x 10"
: (8.7x107) (2.3x10%-  (85x107)—  (3.1x10%—  (9.4x107)—  (6.2x10-  (LI1x10%-  (4.0x10%)-

1.344x 10" 2.871x10" 2.511x10" 2.395x10" 2.535x10" 2.887x10" 2.501x10" 2.203x10"

10 (1.6 x10") (8.3x107)- (1.6x10%—  (LOx10)~  (LIx10%—  (L1x10)~  (4.0x10%—  (8.9%x10")—
1.385x107° 1.479x107 1.476x107 1.788x107 1.538%x 107 1.780x107 1.628x107 1.839%x107

’ (2.3x107) (25x10%) &~ (2.0x10%) ~  (2.3x10%)—  (L9x10%)—  (3.3x10%)—  (3.7x10%)—  (2.5x10%)-

. 8.419%x107* 9.474x107* 9.755x107 1.481x107 9.498x107* 1.712x107 9.146x107* 1.534x107*

’ (1.2x107) (14x10%)=  (LOXI0%)=  (L6x107%)-  (1.0x107%)- (1.6x10%)— (13x10%~  (1.4x107)-

DILAT 2.742x107* 2.987x107 3.999x107* 3.594x107* 3.700x107* 5.275%x107 4.093x107* 3.597x107*
: (1.8x107) (44x10%) &~ (32x10%)~  (5.5x10%)~  (5.2x10%)~  (5.6x10%)—  (54x10%)—  (4.7x107%)-

2.928x107? 2.449%x107* 2.800x107 2.893x107 3.052x10°* 4.273x107° 3.055x107" 2.869x10°*
10 (2.3x10°%) (3.6x107%)+ (25x10%) ~  (20x107%) ~ (1.9x10%) =~ (3.5x107%)— (3.1x107%) =~ (3.6x107°) ~

1/ -/~ 1/21/6 0/23/5 0/24/4 0/25/3 0/27/1 0/25/3 0/24/4

# 4 OSTWS, LWS, TCH, PBI, AS, SS, PaS fll APS J7E{EHESLA NSGAILL, Wi 48 WFG1-9 3R] GD A%t
THEE R (BIMEARHEE ). AN S B3k ) B 4 SR DO 2R L R
Table 4  The statistical results (mean and standard deviation) of the GD values obtained by OSTWS, LWS, TCH, PBI,
AS, SS, PaS and APS methods on the NSGAIII framework and WFG1-9 test problems. The best average value among the
algorithms for each instance is highlighted in bold

Problem m NSGAHI-OSTWS NSGAIII-LWS NSGAIII-TCH NSGAII-PBI NSGAIII-AS NSGAIII- SS NSGAIII-PaS NSGAIII-APS

4.082%10° 4.125%10° 4.435%107 4357107 4475x102  4.206x10°  4.454x10°  4.368x107
’ (6.0x107) (9.1x10% ~  (8.9x10°—  (7.2x10%)~  (7.5x10%)— (LI1x10%)~  (1L2x10%)-  (6.7x107%)-
2.789x 1072 2.670x10™ 3.220% 1072 2.936x102  3.194x10?  2.790x102  3.225x107  2.960x107
’ (9.2x10%) (43x10%)+  (6.2x10%-  (3.9x107%)-  (7.8x10%)-  (7.8x107%)-  (6.2x107%)—  (3.0x10%)-
WrG1 3.323x107 3.429%10°2 3.472x10° 3.483x102  3.504x10%  3.624x102  3.506x107  3.446x10°
* (9.2x10™) (13x10%—  (86x10™—  (9.1x10M—  (1.3x10%)—  (34x10%)—  (1.5x10%)—  (1.4x107%)-
2.474X1072 2.585x 1072 2.589x 102 2.614x102  2546x10?  2.816x102  2.535x102  2.607x107
10 (5.6x10) (53x10M=  (1L2x10%)-  (9.3x10%=  (9.5x10%)—  (L6x10™)—  (9.3x107%)-  (8.2x107)-
5.354x10° 5.103x10° 5.846x 107 6.124x10°  5.965x10®  8529%10°  6.085x10°  6.088x10°

WFG2 3

(6.5x107) (48X10M~  (64x10"—  (4.6x107—  (48x10")—  (1.6x10%)—  (7.1x10%)—  (4.9x107)-
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Table 4 The statistical results (mean and standard deviation) of the GD values obtained by OSTWS, LWS, TCH, PBI,
AS, SS, PaS and APS methods on the NSGAIIT framework and WFG1-9 test problems. The best average value among the
algorithms for each instance is highlighted in bold (continued table)

Problem m NSGAHI-OSTWS NSGAIII-LWS NSGAIII-TCH NSGAIII-PBI NSGAIII-AS NSGAIII- SS NSGAIII-PaS NSGAIII-APS

4.885%10°7 5.663x 107 7.042x10° 5.902x10°  7.320x10°  6.705x10°  6.924x10°  6.009x10"
5
(2.2x10™) (6.0x10M=  (6.3x10™)—  (2Ix10M-  (5.3x107%)—  (8.3x107%)-  (LIx10%)-  (2.1x107)-
8.277x10° 1.011x1072 9.969%10° 9.745%10°  1.025x10%  1.269x102  1.006x10°  1.018x10°
8
(7.0x107) (LIxX10%=  (B.7x10M—  (L6x10%)—  (1.0x10%)— (2.8x10%)—  (9.9x10%—  (3.1x10%)-
1.528x10° 1.447x10° 1.309x 107 1.329x10?  1.142x10%  1.460x102  1.179x102  1.317x10*
10 , .
(1.8x107%) (1.8x10%) & (1L9x10%)+  (23x10%+ (L6X10%)+ (27x10%) ~ (LIxX10%+  (2.6x107)+
1.154x 107 1.273x10°2 1.480x10 1.684x102  1.4610x102  2.620x102  1.497x102  1.693x10
3
(1.5%x107%) (L6X10%)—  (1.2x10%)—  (20x10%)—  (1.1x10%-  (2.0x10%)—  (2.0x10%)-  (1.1x10%)-
3.912x10°2 3.555X 1072 1.130x10™ 8.826x102  1.320x107  5.550x102  1.156x10"  7.736x10°
5
(4.2x10%) (A5x10%)+  (L1x109)-  (27x109)-  (1.2x10%)-  (7.5x107%)-  (1.5x10%)—  (2.0x10%)-
WFG3
6.263% 10" 8.328x10™ 6.008%10™ 5.867x107"  7.676x10"  5991x107  6.118x10"  6.314x10
8
(1.3x10) (83x10%)-  (1L2x10M) ~ (L2x107)~ (25x107)- (9.2x10%)~ (1.2x10")~ (2.3x107) ~
2.374x10" 3.674x10" 2.840%10° 1.902x10°  3.110x10°  2.402x10°  3.252x10° 1.965x10°
10
(8.6x10) (6.4x10™1)~ (LOX10")—  (6.0x107")~  (9.7x10")~ (27x107)~  (LI1x10%—  (6.7x10") ~
1.387x10° 2.231x107 3.001x 107 3.370x107  2.803x107  4.412x107  2.953x10°  3.284x10°
3
(1.1x107) (LEX10M=  (25x10%)-  (21x10%-  (23x107%)—-  (3.6x10%-  (1.5x10%)-  (2.4x10%)-
3.717x10° 2.834x10°° 5.696x 107 4.746%x10°  5.847x10%  4.401x10°  5.766x10°  4.725x10°
5
(6.3x10°%) (7.6x10%)+  (3Ix10—  (8.3x107)—  (3.6x10%)— (14x10)-  (3.4x10%)-  (6.5x107)-
WFG4
1.263x10°2 1.244x107 1.543%10°2 1501102 1.497x10°  1.462x102  1.517x102  1.437x10
8
(3.8x10™) (3.6X10M~  (6.9x10"—  (7.Ix10%—  (63x10")—  (14x10%)—  (54x10%—  (1.5x10%)-
7.624X10° 1.344x107 1.203x107 8.833x107  1.210x10?  1.401x102  1.211x102  8.060x10"
10 ‘ ‘
(8.9%x10™) (5.8x10M—  (1L4x10™)—  (L8x10%)—  (2.0x107%)—  (6.9x10—  (21x10"-  (1.3x10%) ~
2.770% 107 3.404x10° 3.979%10° 4138x10°  3.927x10%  5.689x10°  3.861x10°  4.077x10°
3
(7.4x107) (20x10M—  (22x10™—  (L7x10M—  (1.8x10%)—  (5.0x10%—  (1.9x10%—  (1.6x107)-
4.094%107 3.377x10° 6.612x10° 4771x107  6.671x10®  4.338x10°  6.681x107  4.755x107
5
(8.3x10°%) (5.6X10%)+  (45x10%-  (82x107)—  (47x10%)— (1.9x10%-  (5.1x10%)-  (8.3x107)-
WFG5
1.288x107 1281107 1.747x107 1.543x102  1.767x10°  1.385x102  1.737x102  1.548x107
8
(2.2x107%) (59X10%~  (56x10—  (20x10%-  (5.8x10%)—  (LIx10%)-  (4.6x10%)—  (3.0x107)-
9.292x10° 1.366% 102 1.149x10%  8.550x10°  1.158x10°  1.246x102  1.159x102  8.604x10°
10
(3.8x10™) (3.0x10M=  (33x10%)-  (3.8x10%)+  (3.0x10%)—  (8.8x10%")—  (3.2x10%—  (4.0x10%)+
2.151x10° 3.052x 107 3.902x 107 4170x107  3.933x10°  5.274x10°  3.913x10°  4.134x10°
3
(1.6x10) (LIXI0H=  (20x10%)=  (3.0x10)=  (2.7x10%)—  (44x10%)-  (24x10%-  (2.3x10%)-
3.999%10° 3.168x10° 8.235%10° 4.969%x10°  8.134x10%  4.872x10°  7.986x10%  4.941x10°
5
(9.9x10°%) (T5X10%)4+  (9.9x10—  (1.2x107—  (B0x10")—  (2.0x10%-  (8.7x10%)—  (1.1x107)-
WFG6
1.250x10°2 1215107 1.800x 10 1.544x102  1.799x10?  1.536x102  1.7820x10?  1.555x10
8
(2.4x107) (T.6X10%~  (58x10%—  (23x10%—  (7.9x10%)—  (9.2x10%—  (9.1x10%)~  (3.0x10%)-
7483107 1.238x107 1.230x107 7812x107  1.241x107  1.463x102  1.244x10°  8.120x10°
10
(5.2x10™) (6.1x10M—  (40x10™—  (3.6x10M—  (3.1x10")—  (6.7x10—  (3.2x10"—  (9.1x107)-
8.882% 107 2.105x10° 3.270% 10" 5073x10°  3.280x10%  7.455x10°  3.182x10°  4.750x10°
WFG7 3

(4.9%107) (3.2x10%)—  (7.6x10%)~  (7.9x10)~  (3.7x107%)—  (3.0x10%)~  (45x10)-  (5.8x107)—
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Table 4 The statistical results (mean and standard deviation) of the GD values obtained by OSTWS, LWS, TCH, PBI,
AS, SS, PaS and APS methods on the NSGAIIT framework and WFG1-9 test problems. The best average value among the
algorithms for each instance is highlighted in bold (continued table)

Problem  m  NSGAII-OSTWS NSGAIII-LWS NSGAIII-TCH NSGAII-PBI NSGAIII-AS NSGAIII- SS NSGAIII-PaS NSGAIII-APS

3.323%10° 2.647x10° 7.618x10°  5.695x10°  8.228x10°  4.176x10°  8.303x10°  5.888x107
i (8.2x10°7) (9.6X10%)+  (1.6x10%)—  (5.7x10%)~  (1.8x10%)— (3.2x107)—  (L6x10%)—  (7.7x107%)-
1.168x 102 1.245%10 1.742x102  1.599x102  1.745x102  1.330x10?  1.736x102  1.606x107
* (6.5x107) (22x10%~  (65x10M-  (6.3x10%)—  (57x10%— (LOx10%)—  (6.3x10%-  (8.2x107)-
6.602x 107 1.129x10° 1217102 8.449x10°  1.222x102  1.308x10?  1.220x102  8.566x10°
10 (6.2x107%) (88x10%)~  (3Ix10M-  (5.0x10%)—  (2.6x10%— (5.0x10%)—  (3.6x10%-  (7.1x10%)-
4.390x10° 5.139%10° 5619107  5561x10°  5.792x107  7.016x10°  5.703x10%  5.550x107
’ (2.7x10) (24x10%)-  (26x10%-  (25x10%)—  (25x10%-  (4.8x10%)—  (3.5x10%-  (3.0x107)-
4.796x 107 4.301x10° 7.939%x10°  5.018x10°  7.786x10°  5.403x10°  7.969x10°  5.053x10°
’ (1.1x10%) (LOX10™+  (41x107%)—  (LOX10™)—  (48x107%)— (3.6x107)—  (5.9x107%)—  (9.2x107)-
WEGE 1.307x 1072 1.308x 10 1.832x102  1.569x102  1.834x102  1524x10?  1.828x102  1.560x10°
* (3.0x10) (LIX10% & (55x10-  (25x10%)~  (5.0x10%— (LIx10%-  (4.7x10%—  (6.4x10%)-
9.844x10™ 1.405x107 1.227x107  9.342x107  1.229x10?  1.346x107  1.243x102  9.774x10°
10 (2.6x10™) (4.3x10™)—  (4.0x10™M-  (48X10+  (3.0x10)— (8.9x10M—  (4.6x107")—  (8.4x107) ~
2.200x10° 6.110x10° 5.287x10°  8.679x107  5.360x10°  8.726x10°  4.796x10°  8.011x10°
’ (2.8x10™) (6.8x10")—  (5.0x10™M—  (LIx10%)—  (6.0x107%— (9.6x10%)—  (7.7x10%—  (6.3x107)-
4144107 4.250% 107 8.592x10°  7.838x107  8.773x107  5.496x10°  8.772x10°  7.720x10°
i (L.1x10) (21x10%)-  (L3x10%)-  (3.6x107%)—  (2.0x10%)—  (44x10%)—  (1.3x10%)-  (4.5x10%)-
WG 1.339x10™ 1.570x10 1.810x102  1.814x10?  1.827x102  1.508x10?  1.801x102  1.793x107
* (3.2x10™) (1.8x10%)—  (7.5x10M=  (55x10")—  (6.2x10%— (1L6x10%)—  (7.3x10"-  (4.3x107)-
1.082x 10 1.533x107 1.245x102  1.288x102  1.280x102  1.315x10%  1.276x102  1.274x107
10 (3.5x10%) (31x10%—  (32x10™M—  (41x10%—  (4.6x10%— (8.6x10")—  (4.3x10%—  (3.8x107)-
+/— /= 7/22/7 1/33/2 3/31/2 1/35/0 0/32/4 1/34/1 2/30/4
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Table 5 The statistical results (mean and standard deviation) of the GD values obtained by OSTWS, LWS, TCH, PBI,
AS, SS, PaS and APS methods on the NSGAIIT framework and LSMOP1-9 test problems. The best average value among
the algorithms for each instance is highlighted in bold

Problem m NSGAIII-OSTWS NSGAIII-LWSNSGAIII-TCH NSGAIII-PBI NSGAIII-AS NSGAIII-SS NSGAIII-PaS NSGAIII-APS

5 8.526x 107 9.451x10"  8.776x10"  9.691x10"  8.904x10"  1.439x10°  9.296x10" 9.070x 10"
(L.3x107) (9.7x10%)~  (1.1x10") &~ (1.4x107)— (1.4x10") =~ (7.8x10%)~ (1.4x10%)~  (L3x10")~

5 4.829x10™ 5.506x107  5.858x107  5.483x107  5.800x10"  8.027x10"  4.784x107 5.518x 107

(2.1x107) (5.7x107%)—  (5.3x107)~  (9.3x107%)—  (4.8x107%)—  (8.0x10%)— (LOX107)~  (4.5x107?)-

LSMOP1 5.409x 10 8.855x107  8.447x107  8.037x10"  9.307x10"  1.343x10°  7.875x107 8.568x 1071
8 (1.4x10™) (5.9x10%)—  (1.6x107)— (2.0x107)— (2.1x107)— (L.7x10")—  (1.1x10")- (1.4x10 ")~

0 4.598x 107 8.812x107  8.967x107  6.762x10"  9.021x10"  9.689x107  6.232x107 9.011x107

(L1x107) (1LO1x10)~  (7.9x10%)— (1.4x107)—  (8.4x10%)— (1.1x10")— (7.5x10%)- (1.0x10 ")~

5 7.646x10° 1.026x102  9.405x10°  9.825x10°  9.403x10°  1.105x10%  9.698x10° 9.490% 10

(1.8x10™) (2.3x10~  (1.3x10%)—  (1.6x10")—  (1.4x10")—  (1.1x10%)—  (1.7x10")- (1.8x10™)—

5 6.197x10° 8.530x10°  7.660x10°  7.866x10°  T7.661x10°  9.447x10°  7.920x10° 7.623x10°

(8.9%x107%) (9.0x10%—  (7.0x107)— (5.8x107)— (1.6x10%)—  (5.4x10%)—  (5.0x107)— (4.5x10%)—

LSMOP2 1.243x10 2.217x102  1.890x102  1.948x102  1.839x102  1.792x102  1.982x10 1.824x102
8 (6.0x10™) (2.6x10%)—  (2.2x107)—  (6.8x107)~ (1L5x10%)—  (3.7x10%)—  (L.5x107%)- (2.1x10%)—

0 9.467x10° 1.364x102  1.230x102  1.271x10°  1.248x10?  1.658x10%  1.213x10° 1.239x 10

(2.1x107) (65107~ (1.3x10%)—  (1.6x10%)—  (1.1x10%)—  (4.0x10%)-  (3.3x107%)—  (1.3x10%)—
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Table 5 The statistical results (mean and standard deviation) of the GD values obtained by OSTWS, LWS, TCH, PBI,
AS, SS, PaS and APS methods on the NSGAIIT framework and LSMOP1-9 test problems. The best average value among
the algorithms for each instance is highlighted in bold (continued table)

Problem m  NSGAIII-OSTWS NSGAIII-LWSNSGAIII-TCH NSGAIII-PBI NSGAIII-AS NSGAIII-SS NSGAIII-PaS NSGAIII-APS

5 2.990x 10 2.763x10°  2.993x10°  3.366x10°  3.316x10°  4.780x10°  3.243x10? 3.793x 10?

(1.32x10%) (7.0x10")~ (8.8x10") ~ (1.8x10°)~ (8.7x10")~ (2.5x10%)— (1.3x10°) =~ (1.0x10%)—

s 6.116 x 10? 8.207x10°  9.284x10*°  9.599x10®  9.630x10*  1.906x10°  9.785x10? 9.834x 10?

(2.8x10?) (L7x109)~  (L5x103-  (5.5x10%)—  (2.2x10%)—  (4.6x109—  (4.95x10%)—  (2.7x10%)-

LSMOP3 1.369x 10° 2.207x10°  2.607x10°  1.927x10°  3.040x10*°  3.418x10*  2.167x10° 3.087x10°
8 (5.8x10%) (58100~  (6.1x10%)~  (6.2x10%9~  (5.2x10%)—  (8.0x10)—  (8.0x10%)— (8.9%10%)~

0 3.379x10° 3.133x10°  4.097x10°  2.945x10°  4.655x10°  3.510x10°  3.373x10° 4.029%10°

(1.7x10%) (L1x10%) & (9.2x10) &~ (L5X10%~  (1.2x10%— (7.9x10)~ (1.9x10%~  (9.6x10%) ~

3 3.073x 10 3.744x107  3.730x10%  4.045x107%  3.704x10?  4.004x10?  4.034x107* 3.742x 10

(2.0x107%) (94107~ (L4x10%)—  (1.2x10%)~ (L1x10%)~ (4.9x10%)~ (1.0x10%)~  (1.2x107%)—

. 2.598 X102 3.942x107%  3.656x10°  3.888x107°  3.547x10°  3.750x10%  4.093x10° 3.641x10°

° (1.8x107) (18x10™%)—  (2.1x10%)—  (2.0x10%)—  (L5x10%)—  (4.6x107%)~ (1.6x10%)—  (1.6x10%)—

LSMOP4 1.995x 10 3.397x107  2.209x107?  3.297x10%  2.324x10%  5.114x10°  3.301x10° 2.257x10
8 (7.8x107) (13x10%)—  (3.5x10%)—  (L4x10¥)—  (4.2x10%)—  (9.6x10%)— (14x10%)—  (4.2x10%)-

" 1.459%10 2.521x107  1.490x10°  2.260x10°%  1.548x10%  2.585x107  2.283x10° 1.613x102

(4.8x107) (1.3x10%)~  (8.0x107%) &~ (T.0x107)~ (L1x10%)~ (6.9x10¥%)~ (1.Ox10%)—  (2.4x10%)—

5 2.605x 10° 2.604x10°  2.534x10°  2.780x10°  2.516x10°  3.782x10°  2.772x10° 2.292 % 10°
(3.9x107) (32x10Y) ~ (32x10Y) &~ (2.7x10M) &~ (4.6x10") ~ (49x10Y)— (41x10M)~  (2.4Xx107")+

s 2.314x10° 3.210x10°  3.370x10°  3.510x10°  3.075x10°  5.678x10°  3.810x10° 3.079x 10"

(1.4x10°) (23x107)-  (3.1x10Y)-  (82x107%)—  (24x10M)— (5.9x107)— (4.8x107)—  (3.1x107)-

LSMOP5 4.708x10° 7.771x10°  7.613x10° 5.93%10° 7.218x10°  7.384x10°  8.816x10° 7.327x10°
8 (2.2x10°) (L1x109—  (9.5x10M)~  (3.6x10% ~ (9.6x107)~  (L.7x10°—  (1.8x10")— (1.1x10%)~

0 5.077x10° 6.883x10°  6.279x10°  6.707x10°  6.522x10°  4.854x10°  7.631x10° 6.118x10°

(7.7x107) (6.8x107)—  (9.4x107")—  (2.0x109—  (9.3x10™)— (6.3x107)~ (2.8x107)—  (7.2x107)—

X 4.402x10? 3.127x10°  2.938x10°  3.477x10°  3.410x10°  4.088x10°  4.089x10° 3.025x 10"

(2.5x10%) (14x10°) &~  (L1x10%)~ (L7x10%) ~ (L.6x10%~ (2.0x10°)~ (25x10%~  (2.0x10°) +

. 5.002x 10° 5.108x10°  5.354x10°  4.366x10°  5.637x10°  1.202x10'  3.587x10° 5.220x 10°

° (2.6x10°%) (1.3x10°) = (1.0x10°) = (2.5x10°) = (1.4x10°) =~ (3.4x10%)— (1.2x10%)+ (1.6x10°) ~

LSMOP6 N 2.206x 10" 2.041x10"  2.484x10'  3.608x10'  2.475x10'  7.647x10'  3.385x10' 2.425x 10"
(4.9%107) (5.6X10°)~  (9.6x10°) ~  (9.8x10%)— (8.7x10% ~ (1.8x10)-  (L3x10"-  (5.4x10%) ~

" 1.933x 10" 1.924x10°  2.847x10°  3.601x10'  2.661x10'  5.022x10'  3.410x 10" 2.844x 10"

(4.8%107) (27x10°~  (6.9x10°)—  (8.8x10%)—  (9.5x10%—  (8.7x10%)—  (7.8x10%)- (6.2x10°%)~

5 5.540 X 10? 8.520x10°  8.707Tx10°  9.200x10°  8.946x10*°  2.598x10°  9.381x10? 1.013x10°

(1.4x10?) (42x109-  (3.8x10%)—  (4.0x10%)-  (2.5x10%)—  (8.7x10%)—  (2.8x10%)— (3.0x10%)~

s 4.597x10° 4.424x10°  5.261x10°  4.238x10°  5.665x10°  1.403x10°  4.530x10° 5.627x 10°

(1.6x10%) (L8x10%) &  (21x10) & (9.4x10%)~  (1.6x10%—  (3.9x10°— (1.8x10%) ~  (3.4x10%) ~

LSMOP7 < 3.305%10° 3.482x10°  3.490x10°  4.471x10°  2.847x10*  5.022x10°  4.770x10* 3.268%x10°
(8.4x10%) (84x10°) &~ (7.6x10) ~  (1.8x10%-  (9.6x109)~  (1L.0x10)—  (L6x10"-  (7.4x10%) ~

0 3.545x 10 3.509x100  3.980x10'  4.835x10'  3.065x10'  3.246x10'  5.216x 10" 3.455x 10"

(4.5%10%) (6.3x10°) &~  (8.8x10) ~  (8.0x10%—  (6.0x10°)+ (5.90x10°)~ (6.9x10%—  (8.2x10%) ~

5 3.940x 107 4.540x107  4.006x107  4.445x107  4.205x107  1.071x10°  4.654x10 4.081x10°!
(8.9%10%) (5.3x10%)~  (6.0x10%) ~ (7.2x10%)~ (65x10%) ~ (1.8x107)— (7.6x107)—  (8.3x10%) ~

s 5.216 X 10" 6.430x10"  6.342x107  8.661x107  6.569x107  2.096x10°  8.376x10"! 6.559x 10"

(1.3x107%) (71x10%)~  (L1x10Y)- (L3x10%)- (1.2x10M)-  (2.8x107%)— (1.3x107)—  (1.1x107)-

LSMOPS8 2.282x10° 3.190x10°  3.522x10°  4.130x10°  3.117x10°  3.437x10°  4.167x10" 3.361x10°
8 (6.5x107) (48x107)~  (5.1x10")~  (6.7x107)~  (5.0x10")~  (4.4x107)~ (3.1x107)—  (4.3x107)—

0 2.307x10° 2.024x10°  2.958x10°  3.363x10°  2.690x10°  2.209x10°  3.322x10° 2.853%10°

(2.4x107) (34x107)~  (3.6x107)—  (29x107)~  (4.0x10")~ (21x107)~ (2.9x107)~  (4.5x107)—

5 4.151x10"! 4.150x10"  4.220x10"  4.240x10"  3.690x10"  5.607x10"  4.334x10* 4.134%107
(8.1x107) (5.9x107%) = (1.0x10™") = (87x107%) =~ (5.8x107%)+ (1.3x107)— (9.4x107) ~  (6.4x107) ~

2.658 10" 2.045x107"  2.915x107  3.451x107  2.772x107  4.072x107  3.220x 10" 2.750x 10"
b (3.9%107) (3.7x10%)~  (5.0x10%) ~ (5.9x10%)— (4.2x10%)~ (7.1x10%)- (53x103)-  (3.4x10%) ~

LSMOP9 1.766 x 10" 2.421x10°  3.296x10°  2.265x10°  3.525x10°  4.172x10°  2.267x10° 3.801x 10
8 (L7x107) (24x107)~  (3.5x107)—  (22x107)~  (3.4x107)—  (3.9x107)~  (2.5x107)—  (4.0x107)—

0 1.789 X 10° 2.766x10°  4.112x10°  2.824x10°  4.783x10°  4.820x10°  2.740x10° 4.940x10°

(2.5x107) (25%x107)~  (32x107)—  (34x107)~  (3.5x10M)~  (2.8x107)~  (3.5x107)—  (3.6x107)—

+/ -/~ 0/25/11 0/22/14 0/28/8 2/25/9 0/30/6 1/27/8 2/24/10
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Fig.4 Ranking in the average performance score over all
test problem instances for the algorithms of NSGAIII-OS-
TWS, NSGAIII-LWS, NSGAIII-TCH, NSGAIII-PBI, NS-
GAIII-AS, NSGAIII-SS, NSGAIII-APS and NSGAIII-PaS.
The smaller the score, the better the overall performance
in terms of IGD*
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Fig.5 Solution set of NSGAIII-OSTWS, NSGAIII-LWS, NSGAIII-TCH, NSGAIII-PBI, NSGAIII-AS, NSGAIII-SS,
NSGAIII-PaS and NSGAIII-APS on DTLZ2 problem with 10-objectives
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#* 6 OSTWS, LWS, TCH, PBI, AS, SS, PaS fll APS J7E{EHESL A NSGAILL, i1 @44 DTLZ1, DTLZ2, DTLZ5 #il
DTLZ7 ER1G 1 CPF ST 45 0 (B MARAEE ). R S S0k vh i ds 4 45 2R UL 2R L R
Table 6  The statistical results (mean and standard deviation) of the CPF values obtained by OSTWS, LWS, TCH, PBI,
AS, SS, PaS and APS methods on the NSGAIII framework and DTLZ1, DTLZ2, DTLZ5 and DTLZ7 test problems. The
best average value among the algorithms for each instance is highlighted in bold

Problem m  NSGAIII-OSTWS  NSGAIII-LWS NSGAIII-TCH NSGAIII-PBINSGAIII-AS NSGAIII-SS NSGAIII-PaS NSGAIII-APS

3 1.374x107* 5.495x10™ 8.242x10™* 4.558x10™  1.099x10® 0.000x10" 2.748x10™* 4.021x10™
(2.4x107%) (L.7x107%) = (2.7x107%) = (1.4x107%) = (2.3x107%) =~ (0.0x10°)— (1.2x107°) ~ (1.3x107%) ~
- 1.436x10™ 8.930x107 2.924x10™  2.837x10"  2.954x10™" 5.953x10” 3.020x10™ 2.339x10™
2 (3.5%x107) (2.2x10%) &~  (9.7x10") =~ (5.6x10™") = (5.9x107") =~ (2.7x107) =~ (5.0X10™)~ (4.1x10™") =~
—5 -5 -4 = —5 —5 = —4

DTLZ1 8 7.099x10 3.072x10 1.083x10 3.749x10 5.327x107”  2.757x10 1.655x10 1.068x10
(1.1x107) (6.0x10°) &~  (2.0x10") &~ (T.Tx107)~ (1.1x10™") ~ (6.4x107) & (4.5x107) ~ (2.0x10%) =
10 1.657x10™ 7.355x107° 6.571x10° 1.422x10™"  4.603x10° 1.399x10™* 7.511x107° 8.130x107°
(4.1x107) (22x10M &~  (L7x10%)-  (4.2x107%) ~ (1.2x107) 2 (4.4x107Y) & (2.4x107%) ~ (2.3x10%)
3 5.698x10™" 3.218x10™" 5.792x107" 6.891x10™" 5.427x10" 1.684x10" 5.632x107" 6.837x107"
(4.3x10%) (2.3x10%)~  (35x10%) &~ (LIX109)+ (4.5x10%)— (3.6x10%)— (3.1x10%)~  (2.3x107) +

5.993%x10™" 1.585%x10™ 5.521x10™" 7.114x107  5.416x10" 1.307x10" 5.433x10" 7.108x10™
> (2.2x10°%) (1.2x10%)~  (41x10%)~  (L4X10D)+ (4.7x109)~ (3.0x10%)~ (4.1x102)- (1.5%10%) +

-1 < 2 1 -1 1 < 2 1 1

DTLZ2 8 3.780x10 5.395x10 2.871x10 4.085x10 2.922x10"  3.258x10 2.947x10 3.682x10
(2.8x10%) (1.6x10%)~  (4.2x10%)~  (2.8X10%)+ (24x102)~ (2.6x103)~ (2.4x10%)- (1.Ix10) ~

0 2.185x 10" 2.720x107  1.752x107  1.914x107  1.912x10" 3.958x107 1.855x10" 1.900x 10"
(3.7x107%) (15x10%)~  (4.3x10%)~  (6.6x10%) &~ (2.1x10%)~ (1.3x10%)~ (1.9x10%)~ (6.3x10%) =~
3 6.043x10! 5.616x10" 5.755%107" 6.053x107"  5.639x107" 5.423x107" 5.925x10” 6.092x10™
(4.4x107?) (7.6x10%)~  (T.9x10%) &~ (4.6x10%) ~ (54x10%)~ (5.4x10%)— (5.9x10%) ~  (5.3x107)~

5.397x 107" 4.781x10™" 3.670x10™" 4.987x10"  2.654x10" 1.838x107" 2.452x107" 4.935x10™"
g (7.5x107%) (4.9x10%)~  (5.6x10%)~  (4.5x10%)~ (6.3x10%)~ (4.1x10%)~ (7.8x10%)~ (6.0x107)—
DTLZ5 8 5.903 107" 4.791x10™" 5.093x10" 5.213x107"  4.770x10" 3.355x107"  3.963x10™ 5.067x107"
(L2x10) (T.8x10%)—  (6.2x102)—  (8.9x10%) ~ (9.3x10%)— (1.3x107)— (9.9x10%)— (8.9%107)—

10 3.857x10™" 2.622x10™" 3.066x10™" 3.804x107"  2.635x107" 3.790x10" 2.391x10" 3.524x10™"
(5.1x10%) (52x10%)~  (5.6x10%)— (4.8x10%) ~ (5.7x10?%)— (1.4x107") ~ (8.5%x1072)- (4.4x102)—

3 2.961x10™ 2.502x107" 2.853x107" 2.866x107"  2.835x10" 1.519x107" 2.676x10™ 2.911x10™
(4.3x107?) (4.3x10%)—  (5.1x10%) =~ (3.9x107%) = (6.6x107%) =~ (3.6x107)~ (5.6x107%) =~ (4.8x107%) ~
2.716x10™" 1.956x10™ 2.760x10™" 2.890x10™"  2.622x10" 2.139x10" 2.530x107" 2.974x107"
5 (3.4x107?) (2.8x10%)-  (23x10%) ~ (4.2x107) &~ (2.7x10?) & (3.5x10?)— (1.8x107?) ~ (3.1x107%)+

DTLZ7 8 5.846 107" 2.044x107" 3.897x107! 5.149x107  3.996x107" 2.534x10" 3.618x10™ 5.210x10™
(1.0x107) (34x10%)—  (54x10%)—  (47x10%)— (6.1x10%)~ (3.7x10%)— (7.0x10%)~ (4.9%10%)~

10 1.3102x10™" 2.657x10™" 9.318%x107* 1.994x10"  9.436x107* 2.663x10™" 1.056x10" 2.015x10™"
(4.1x10%) (32x10%) +  (2.0x10%)— (1.6x102) + (1.5x107)— (3.3X107%)+ (2.4x1072)- (2.0x10°%) +

+/ -/ = 1/11/4 0/9/7 4/2/10 0/10/6 1/11/4 0/8/8 4/4/8

#£ 7 NSGAII-OSTWS, NSGAIIL, Two_arch2, SRA, SPEAR, DDEANS, HpaEA, ARMOEA, MaOEA-IT ! PaRP/EA
f£ DTLZ1-7 L E3RASH) IGD G145
Table 7 The statistical results of the IGD* values obtained by NSGAIII-OSTWS, NSGAIII, Two_arch2, SRA, SPEAR,
DDEANS, hpaEA, ARMOEA, MaOEA-IT and PaRP/EA on DTLZ1-7

NSGAIII-OSTWS  vs  NSGAIII  Two_ Arch2 SRA SPEAR DDEANS  HpaEA  ARMOEA  MaOEA-IT PaRP/EA

+ 0/28 1/28 5/28 1/28 2/28 2/28 2/28 2/28 1/28
- 27/28 26/28 22/28  25/28 24/28 25/28 24/28 26,/28 23/28
~ 1/28 1/28 1/28 2/28 2/28 1/28 2/28 0/28 4/28

B OSTWS 7R K2R L4 1 NSCGAIII f 44 GATIII-OSTWS fEXUI v 3 | 5 T Fifl i PF BT
PEAE, X IRIGIE T OSTWS (# Rtk Hk, NS- TN N TR SR 1B 7 B A s/ G (R B2 =N P
GAIII-OSTWS 8 g 2k T H e fofh vk DDEANS 315 1B 4F 1P RE, 5 A & DDEANS
Two_arch2. SRA.SPEAR. DDEANS. HpaEA. KH T 2% ) R A J7, AN REAE AN
ARMOEA. MaOEA-IT 1 PaRP/EA, JLI2&7E# ) i E i DTLZ7 f1 WEG1-2, 820 e R Rt )
M) & L 4n DTLZ1-4 A1 WEG4-9. JR K2 NS- ZAEE
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# 8 NSCAII-OSTWS, NSGAIII, Two_arch2, SRA, SPEAR, DDEANS, HpaEA, ARMOEA, MaOEA-IT 1 PaRP/EA
£ WFG1-9 b F3RA R IGDHE IS 453

Table 8 The statistical results of the IGD" values obtained by NSGAIII-OSTWS, NSGAIII, Two_arch2, SRA, SPEAR,
DDEANS, HpaEA, ARMOEA, MaOEA-IT and PaRP/EA on WFG1-9
NSGAIII-OSTWS Vs NSGAIIT Two_ Arch2 SRA SPEAR DDEANS HpaEA ARMOEA MaOEA-IT PaRP/EA
+ 1/36 0/36 0/36 0/36 5/36 0/36 0/36 0/36 0/36
- 35/36 26/36 35/36  35/36 30/36 36/36 36/36 36/36 34/36
~ 0/36 0/36 1/36 1/36 1/36 0/36 0/36 0/36 2/36

# 9 NSGAII-OSTWS, NSGAIII, Two_arch2, SRA, SPEAR, DDEANS, HpaEA, ARMOEA, MaOEA-IT il PaRP/EA
£ LSMOP1-9 3451 IGDHEM G145 5

Table 9 The statistical results of the IGD™* values obtained by NSGAIII-OSTWS, NSGAIII, Two_ arch2, SRA, SPEAR,
DDEANS, HpaEA, ARMOEA, MaOEA-IT and PaRP/EA on LSMOP1-9
NSGAIII-OSTWS Vs NSGAIIL Two_Arch2 SRA SPEAR DDEANS HpaEA ARMOEA MaOEA-IT PaRP/EA
+ 10/36 13/36 12/36  10/36 11/36 10/36 16/36 7/36 9/36
- 21/36 21/36 20/36  23/36 22/36 23/36 17/36 24/36 23/36
~ 5/36 2/36 4/36 3/36 3/36 3/36 5/36 4/36
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Fig.6  Solution set of NSGAIII-OSTWS, NSGAIIL, Two _arch2, SRA, SPEAR, DDEANS HpaEA, ARMOEA, MaOEA-
IT and PaRP/EA on DTLZ4 problem with 10-objectives



4 BRIESFAR: — P T H AR W) 4B SRR 2 H AR 50 1075
12

#* NSGAIII-OSTWS —NSGAIII # Two_arch2 SRA ¢ SPEAR
o 101 A DDEANS « HpaEA » ARMOEA MaOEA-IT ® PaRP/EA
§ -
o 8F " ¥
§ * H + ® : 1] : A * .
u§ 6r . . ) < F i A ‘ . o e . 3 b T : ®
3 . $ . o 2 a "
& . « = & Y 7 o« § 8 r
§D 4+ > ¢ > S ® * A ™ 1
q&«) > > » » L] . " . H * ° '
> » X > r ¢ r F A » S >
< 2 > 14 A 5 >

B A 3 i . > & > *
e a . ¥ » i = o
1 L 1 4 1 i 1 : T 1 T T 7 ¥ 1 Il 1 L 1 T 1 1 1 1 1 J

D1 D2 D3 D4 D5 D6 D7 W1 W2 W3 W4 W5 W6 W7 W8 W9 L1 L2 L3 L4 L5 L6 L7 L8 L9
Test problems

K7

NSGAIII-OSTWS, NSGAIIL, Two_arch2, SRA, SPEAR, DDEANS, HpaEA, ARMOEA, MaOEA-IT 1 PaRP/EA

E BT 1, B DTLZ(Dx), WFG(Wx) Al LSMOP (L) LA GD RISy, SR, SUAm SR s g ok
LGP NSGATI-OSTWS 7555, LAME S T 73 %k

Fig.7

Average performance score of NSGAIII-OSTWS, NSGAIIL, Two_arch2, SRA, SPEAR, DDEANS, HpaEA, AR-

MOEA, MaOEA-IT and PaRP/EA on all test problems, namely DTLZ(Dx), WFG(Wx)and LSMOP (Lx). The smaller the
score, the better the overall performance in terms of GD. The values of NSGAIII-OSTWS are connected by a solid line to
easier assess the score
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The median IGD* values of different C values on WFG1, WFG4, DTLZ1 and DTLZ7

problems with 3-, 5-, 8-, and 10-objectives
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