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Abstract A data-driven control method only using online data based on reinforcement learning is proposed for the
optimal output regulation problem of discrete-time partially linear systems with both linear disturbance and nonlin-
ear uncertainties. First, the problem can be split into a constrained static optimization problem and a dynamic one.
The solution of the first problem is corresponding to the solution of the regulator equation. The second can determ-
ine the optimal feedback gain of the controller. Then the small-gain theorem is used to prove the stability of the op-
timal output regulation problem of discrete-time partially linear systems with nonlinear uncertainties. The tradition-
al control method needs the dynamics of the system to solve the two problems. But for this problem, a data-driven
off-policy algorithm is proposed using only the measured data to find the solution of the dynamic optimization prob-
lem. Then, based on the solution of the dynamic one, the solution of the static optimization problem can be found
only using data online. Finally, simulation results verify the effectiveness of the proposed method.
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Az(k) + B(u(k) + A(k)) + (D — X;E)v(k) =
Alz(k) + B(Kiz;(k) + w(k))—

(A(X;) — D)v(k) (32)

X, A7 = A — BKI, w(k) = u(k) + Ak).
5 H K+ 1B % 1 R RO 25 K IR 20 AR R L
X (32) AN, WI15:

Ty (k+ )Pz (k+1) — 2] (k) P73, (k) =
7T (k) AT PIH ATz, (k) +
27! (k) AT P B(KIT,(k) + w(k))+
(K92:(k) + w(k)) B PI B(KI%; (k) + w(k))+
237 (k) AT PITL(A(X;) = D)o(k)+
2(K7z(k) +w(k))" BT PTH((A(X:) — D)v(k))+
vt (k) (A(X:) — D) P A(X;) — D)o(k)—
z; (k) P72, (k) (33)
M AT = A- BKIRE AT, F3((23) AN B
i SURCESE
T (k+ )Pz (k+1) — 2] (k)P 2, (k) =
2T (k) (~Q — K7 REK)z,(k)—
2w" (k)BT P ((A(X;) — D)o(k))+
(—K7z;(k) + w(k))"B"PI T B(K7z;(k) + w(k))+
22T (k) A7 PIT B(KI 7, (k) + w(k))—
22! (k) A7 P7(A(X)) = D)o(k)+
o' (k)(A(X;) — D) PPHYA(X;) — D)o(k)  (34)
¥ b B S R RS HOE AT s, KA
(34) B IWH 70 % A v FURNAR B 1 F2 B is Sk 47 3R
N, BUARYE a"Wb = (a7 @ bT)vec(W), AI1F b 30xf i
()& 2UAT PLEEAN R s an R
z; (k) Pz (k) = (7] (k) © 27 (k))vec(PTT)
I (k)(~Q — K7 RKY)z;(k) =
(@} (k) ® 2 (k))vee(~Q — KI" RKY)
w' (k)B"PI*((A(X,) — D)v(k)) =
(v' (K ) w' (k))vee(B' P7*H(A(X;) — D))
(—K7z(k) +w (k)" BT P B(K z(k) + w(k)) =
(=K7zi(k) +w(k)" © (—K7 (k) +w(k))")
vec(BTP'TIB)
ZT (k) A7 PP B(KI3;(k) + w(k)) =
(K7 3;(k) +w(k))" @ 71 (k))vee(A) PIH1B)
(k) AT PP A(X;) -
(6" (k) @ &1 (k) vee(47 PIY(A(X,) - D))
(

D)u(k) =

v (k) (A(X;) — D)TPTTY(A(X;) — D)v(k) =
(k) @ 0T (k)
vec((A(X;) — D)' PIH(A(X;) — D)) (35)
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R, 20 (34) FTRAH AR (35) TEGRR N {<I>15 =200 (k+1) @z (k+1)) (40)
(@ (k+ 1) @z (k+1) — (] (k) © 7; (k))) D15 = 200" (k+1) @ w' (k +1))

vee(PI*L) — 2((K9z;(k) + w(k))" © 7] (K))

vec(AT PITIBY — (K97 (k) + w(k))'®

(—K7z;(k) +w(k))")vec(BT P B)—

(W' (k) ® v" (k))

vee((A(X;) — D)TPIHY(A(X;) — D))+

2(v" (k) ® 7] (K))vec(AT" PIHI(A(X;) — D))+

2(07 (k) @ w(k))vee(BTPITL(A(X,) — D)) =

(al (k) ® 21 (k))vee(—Q — K7 RK) (36)

NT SR REAT ST, R (36) 5 Mt
(41) BT, W i RIS HCErEm R (37) A1

HHm e (38) M1 (39) an 'k, 20 (38) kR 2 X (36)
v AT 1 ¢ LB LR i o (k), 2 (39)

R A2 (36) W &R0 i ¢ 2 80 20 R B AR
B 07 (k).

it = 43" pitip

Ly2'+1 — BTpitip

L = (A(X,;) - D)"PITHA(X;) - D)

L = A7 PITYA(X;) - D)

L = B"PITHA(X;) - D) (37)

ol(k) =
(2T (k) ® 27 (k))vec(—Q — K7 RKY)
KiTRK7)

(@ (k+1) @zl (k+1))vec(—Q —

(&7 (k +t) ® 77 (k + t))vec(—Q — KI' RKY)

(38)
®y; P12 ... Pyg
. Do; Do ... Py

Uik)=1| . . (39)
<I’;:1 (I)'t2 (I)-tG

Horp
Oy =@ k+i+)@z (k+1+1))—
(z) (k + l) @z, (k+1))
By = 2(K'Z;(k + 1) +wk+ 1)) @z (k+1))

By = (K72 (k + 1) + wk + )T
(—K9zi(k+1) +w(k+1)T)
Py =—'(k+ )0 (k+1))

HHERHE L t>t0, to=((nx(n+1)/2)+ ((mx

(mx+1)/2)) ((gx(g+1)/2)) +nxm+nxq +
m q—

220 (33) FTEAHIE (36) ~ (39) FomA:
U (k) [vec(P 4T, vee(LI™)T, vec(LyT)T,
Vec(Lfo;;rl)T7 Vec(Lle)T, Vec(Lf,;zrl)T]T = ‘Pf(k)
(41)
3 (41) 7T DA 5/ = SV HEAT SR i
[vec(PT* 1T vec(LITHT, vec(L4tHT,

vec(LET, vee(LHT, vee(LLTH)TT =

(W3 (k)W (k)™ W (k) ()
T 1 6 2 80 25 B T DA 2759
K7 = (R+ LY~ (LT (43)

L2 R TEAR S 3T, AT AR B LB S AR B
1 G R K

FE9. K (41) A o MR, Bk e E
to SLHCHE X 7 R AT R AR, ELA0 S O (k) BRI
3 (41) IR — ).

BRI K ARER S AL (B

I CAN A 7 U ORI, 220
F A R ) A0S A A SR AR, - DR e S BRI 1) A 1
MR B oS . e b Sl b, R T 4R O B s
R A% B H 3R ik SR 2 (20) XA 32 40 1
FLRN ). 1% 55 TC % N8 R RS 4, X
A5 FH 0 ) 9

o= ([ 759 1,24
st R e

v)
(44)
N3 G 7 ELTE R GER A R S A, RSN
U3
D),

(42)

2.2

A5 FKI ) 7L P AR SR A 0 A H K i) R D .
ZAS LR R T LASRAS L ED AT PIH(A(X,
TE X WR:

S(X;) =A(X;) —D (45)
S(X;) = ATPITIS(X;) (46)
A(X;) = ATPTHA(X;) (47)



9 P SCRILAE: 26T A2 ST O30 2 e 1 2 1A ) 2R e ) e I i i 11 2249

5(X;) = A"PITLS(X;) = L
S(Xo) = ATPI'D = L3f?
HLNIA

A(X;) = ATPTTH(S(X5) — S(Xo)) =
L - Ly (48)
T VEE#% KA BU + D, M@z
RN B AT 45 3] L3 LAt R e Xk (48) BN

ATPITY(BU + D), A (17) WA A0

h+1
A(X) = A(X1) + Y aA(Xy) = ATPF(BU + D)

(49)
Rk, 50 (19) MES I T:
— [vee(X)] -
eet) = (%0

1= |vee(A(X2)) vec(A(Xn11))
vee(Xs) vee(Xp41)
0 —I, @ (ATPIFIB)|
g 0 -
vee(Lit — g vee(Ly i1y — Lo )
vee(X2) vee(Xpm+1)
0 ~I,®L™| _
g 0
_/:\11 A12}
[Ao1 Az
- [vec(—A(X1) — S(Xo))] _ [vee(=L3TH)] _
I vee(X1) vee(Xy)
[C1
_52]

A2 52 LR S MR TR AL (20) AT ES O

min = ([ [l @ 0

i) e m 5G] -
vee()) (51)

vec(X)

XFJ K ) {1 i 3 A, ROV AT SR A5 A S A )

vec(U

Ir R ) (X, U™).

5 Kgi);;] =2 [Iq ? ¢ I, g@ R} |:‘\//Z((:)(()l§§] +
M(I,®I)=0

& oM [ZZ‘;(()U())] —vee(T) =0 (52)

BE 2. B¥n ok Bh B 4 SR S LA

1) AR S L S 3 2 3% — AN IGA AR 8 11 = 15k
Wah KO EBEHPEWE Q> (vo — Din, R=1In, 0< v <
Amax (P0), FEATAR /N8 55 78 B4 1 BT FF BT 508 B X,
X1, oo, Xpgr Fulk) = —KO(k) + £(k) 1EAFEHIHA,
Hor g(k) ATRMBEFS . 446 =0, j =0.

2) SREEVFAG: R (42) 45

P L, L4 L B

3) HEME iU

Kitl — (R+L%+1)*1(L]1'+1)T

4) % j=j+1HB|KIT — Kit|y <e, e &—MUE
TR/ IESL.

AR A L R A8 T BRI S A A

5) X j=g% i—i+ 1, LT Hi=n+1. R)5E
R (52) WEIME (X*, U*).

6) & u*(k) = —K*(z(k) — X*v(k)) + U*v(k).

A 10, FESE 2 WA N oin NI N S A
EAE 2GSRI e

EIE 3. 45— DR B AT HE E R G [0t 28
KO, 5 Wl (k) 2 HHRRIK, BBAH im0 P7 = P*,
lim; o K7 = K*.

JERR. 45— FAE M K9, iR pi = pit 2R
(23) KIfiR, K7+ 2l (24) veE ). Bt (33),
AR RE Pitt LIt LT R R (42). 20 (k)
BT RE S AE ROT I, SEFE PIL L)L LY\ K9 e iE—
i, IF H R 5GE 1 BAEE, B lim; o PP =
P, limj o K9 = K*. BAFZFE 2 P/ KT A
AWt O

3 {hESXW

AT E AL M E SR, SRV SCE
HIA R s SR Ja HEAT X EE SR 56, FI A ST i 5 X b
JHE AT U7 FLSE S, FIPPO F AR 45 R UL A S5
R
3.1 RS HIEE

7 R8T T I A S AR TR AR 8 20 2 1 R G
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(8

48 %

= [y5 oW+ [

(u(k) + 2 (R)C(R)) + [ O] w(h)

Clk+1) = 0.1e(k)C(k)

(0.1)  sin(0.1)
v(k+1) = {_c:isn(o.n 205(0.1)} o)
e(k) =11 0lz(k) +[0 1]v(k)

el C(u(k)) = 0 Wl R AR 13 2. 438 55 iR 2R
A (s) = 0.4s2, 95 (s) < V25512 T4 R %
ZE RG] A TE IR pi 4 R S e . I BEWIR
FWEN KO =[-03 LM LO=[0 o] FEfjE ik
PRERIN e P o BEATLE A JEHON T-i =0, 1, 2, 3, 1&
;J%%E% X; j‘j

R
A

X TR AS KR 0] 1 R A E AR Q = 51, F
R =1, X T A8 2 EFHEMBUFFE Q = 31,
MR =1 @M EAETRTERAIX =0 -1
—1.1389 —2.997], U = [0.6888 1.9995], i i fif 22
R FRERACI P*, P* = [35.8976 0.7433;0.7433
4.0401) R AR M K* = [—0.3475 0.9987], A4 Hn]
TR LY, L*=U*+K*X*=[-0.4486 — 0.6462].

hE4ER

TEA ESEI R, 5% 2 kAR5 2T 4 IRk,
5 3] Pit1 =[35.8976 0.7433;0.7433 4.0401] F1 1 25
K1 =[-0.3475 0.9987] 2R fE T8 77
FERARMN X = [4.281 x 10717 —1;-1.139 — 2.997]
FU = [0.6888 1.9995]. M3 E] L = [-0.4486
—0.6461].

PiREGERNE 1 ~5. F14ETHIZE 2R
it ZEMANRERZE, B 2 45 7 6 i
N LT RTA, B R R A L T R 2 L H
Kl 3 RGTINAAFAEAR L MEA T 2 BT, 57]
153 y(k) BREES Z RN r(k). B4 5 H THESAIM
B P ALK WSSk B AR A R St e, e ] 4 mT s,
I 4 REEEAE ST BT LR AR P AT K1 5
i TRERGIPIRE, B 5 B T IRZE RGAER
AU A SR T AR E 1Y, (RTINS 3R B PR 3R R R R AR
EME. ET RS R A, BREFRZM 100 P2 J5 0 &
BN, A 120 DS, FREF R Z R &R KEEN R
1079, F il % N\ AR E B A AR L MEA i T PRI R

3.2

l
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=, AN N\
NN
_2 H
4 . . .
0 50 100 150 200
I} [ 2 B
K1 ARGt 52500l KRR Z
Fig.1 Trajectories of system output and reference and
tracking error
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Fig.2  The control input trajectory
=
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Fig.3  The disturbance of system

NNER 10 R I i KECE N 1077, TR ER 3L
Kb, HX TS AL AR E M R4 &
k. 5 A RE W], ASCHVEAE R SRR AL, 74E
FHAEN PR LT EF LT, KA R
GrAudlE , AT LS IR AT B R 1 1 e 0 i R Y

.
3.3 XTEESELG

XF EESIEIG: 1 SR HTASSCHR Hh A8 A e 1L i 1 5
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Fig.4  The convergence of P, K during learning phase
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Fig.5 The error system state trajectory
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X LE SRS 2 & SCHR [12] I, TERER S H0R At
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REREESH A5 5. 2 AN LE SEIG 0 R AT 2 50R0
S5 S MIAE, AR LS 1 Bl A
RN T AR 2Rt AN B s . X B S I 15 H A5 R
K6 ~T.

Sof L5286 1 AT A
ek 1) = [55 7|20+ [ ]
(u(k) +v(k)C(k))

C(k+1) = 0.01e(k)C (k)
vk +1) = —v(k)
y(k) =11 2a(k)
Xif LS 2 RN

v(k+1) = [2; 5J$“9+[iﬂ““ﬂ

y(k) = (1 2J=(k)
ARSI AR 1R

(Integral absolute error,

50

MM\ “1 A |Ml [ h, ll T —
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AR AR AR AR AN A
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Fig.6  The result of comparison experiment 1

40

2, xmmwmmm
s ﬂ'”wwmnww?

. 270 280 290 300
50 100 150 200 250 300
I i) 25 B

B7 o xfbeszit 2 fi g R K

Fig.7  The result of comparison experiment 2

IAE) A3 77 R i% % (Root mean square error,
RMSE) PINEARMS 27 KPP A7 F S 56 1 425 1
HOR, 2RI 1.

.
TAE, =) |w(k) -
k=1

—y(k)I®

k*
RMSEy—J;;zyw@)

k=1

R 1 XS PE R bR

Table 1  Performance index of comparison experiment
220 < k < 280 TAE RMSE
AT 1.8330x10°° 3.6653x10°
Xt BT 8.2293 0.1349

M 6 ~ 7 ATAD, XF EE S 1A 2 R AE AT
PREZBOEE. X EESEI6 1 AHBCT X EESEie 2 358
TARZRYEATE L, XK 1 w50, X Eses 1 A9
PRERTEBESR PR BON LL SR 2 AT, XMW 1 A
St BRI L.
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