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Calculation of the System HHH∞∞∞ Norm: a

Lyapunov Function Optimization Method
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Abstract The paper studies the effect of the Lyapunov func-

tion selection on solving the system H∞ norm. A Lyapunov

function optimization method is presented. By optimizing

the Lyapunov function in the Riccati inequality, the presented

method gives the analytical expression for the H∞ norm, such

that the H∞ norm of the second-order system can be accurately

solved. Different from the linear matrix inequality approaches

which need the complex optimization process, the paper provides

an alternative way to directly get the H∞ norm.
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H∞ 5U��`oäÊìÅ¼ê, Ïd3�Ï�ïÄ¥(J��Å5´J±;��.Ǒ°(�) H∞ �ê, kÆöJÑ
k.¢Ún[6] , ¿ò�) H∞ �ê¯K=zǑ��G��m��å`z¯K.Äuk.¢Ún�Ñ� LMI �å^�, H∞ �êU
�CqÏ`[7−14]. 3 LMI �{¥, H∞ �ê�Ï`���¹±eÚ½:

1) �Ñ��¿©���©H∞ �ê�O γ;

2) ) LMI ¯K;

3) 4~ H∞ �ê�O γ, ��¼�÷v LMI ^����H∞ �ê�O γ.w,, ���� H∞ �ê�O��, KÏL) LMI, �±���A�Cq�`oäÊìÅ¼ê. ØJuy, LMI �{�3�½Øv, LyǑ:

1) éuz���½� γ, LMI ^�I��­E�), ��é����H∞ �ê�O, L§Lu�¡;

2) ù«Án%C�{�{�«XÚ(�Úëêé H∞5U�KǑ, 3�½§Ýþ��
��ì°[�O�ïÄ.Ǒ
�Ñ8
'uH∞ �ê¯KïÄ�Øv, ���O���{´��`zoäÊìÅ¼ê,?
��'uH∞ �ê�Ï^)ÛL�ª. 8
, �éXÚäN5U, J±é�oäÊìÅ¼ê�O�¿�^�, Ïdù�¡�ïÄ¿Øõ�.¯¢þ, 3©ÛXÚäN5U�, �3�`�oäÊìÅ¼ê, ¿�ù��`oäÊìÅ¼ê�XÚ(�Úëê�3S3'X[15]. Ïd�©}ÁÏé�«oäÊìÅ¼ê���`zå», ?
¢yH∞ 5U�°(©Û.duõêp�XÚ3�½�^�e�±Cq (½©))Ǒ��XÚ5ïÄ, ¿���XÚ�©Û�{´©Ûp�XÚ�Ä:[16], ÏdǑk��y�`oäÊìÅ¼ê�XÚ(�Úëê�3S3'X, �©�é�a��XÚ�H∞ �ê¯K, �EÚ`zoäÊìÅ¼ê, ?
�� H∞ �ê�Ï^)ÛL�ª. �©�ïÄ;�
 LMI �{¥�¡�CqÏ`L§, ¿�«
XÚÝ
AÆ��¢ÜÚJÜéH∞ 5U�KǑ.�©(�Xe: 1 1 !©ÛH∞ �ê¯K;1 2 !©Û Riccati Ø�ª¥oäÊìÅ¼ê�ÀJé�) H∞ �ê�KǑ; 1 3 !�yoäÊìÅ¼ê���`z�{, ¿�Ñ H∞ �ê�Ï^)ÛL�ª; 1 4 !�Ñ�~, �yoäÊìÅ¼ê��`z�{�k�5.

1 ¯K�JÑ
1.1 ¯K£ãXÚ£ãǑ

ẋxx = Axxx + www (1)Ù¥, xxx ∈ R
2, A Ǒ Hurwitz Ý
, A �AÆ�ǑEê, www Ǒ6ÄÑ\, ‖www‖ ≤ δ, δ Ǒ~ê, ‖www‖ = (Σ2

i=1w
2
i )

1

2 .ïÄ�¯K´XÛ��XÚ (1) �G�þ.. 3êÆ¿Âþ, ù�¯K�=zǑ'uÑ\ –ÑÑXÚ� H∞ �ê¯K, Ù¥XÚ£ãǑ
{

ẋxx = Axxx + www

yyy = xxx
(2)3 H∞ ��nØ¥, XÚ� H∞ �ê½ÂǑ S m�²¡þ)Û�kn¼ê
���ÛÉ�.3Iþ¼ê¥Ò´ÌªA5�4��, �L
XÚé¸�k.&Ò�D4A5.
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1.2 LMI�{©Û-oäÊìÅ¼êǑ V = xxxTPxxx, γ ǑXÚ (2) � H∞�ê, = γ = ‖G‖∞, Ù¥ G(s) = (sI − A)−1 ǑXÚ (2) �D4¼ê. �âk.¢Ún, ��






PA + ATP P I

P −γ2I 02×2

I 02×2 −I






< 0 (3)

LMI �{´Ïéª (3) ¥ γ ���� γmin. duoäÊìÅ¼ê V = xxxTPxxx �±?¿�E, Ïdéuz���½� γ, I�­E�) LMI, ±�äª (3) ��35, �� γmin�é�. w,, 3 LMI �{¥E,�`zL§´Ø�;��.¯¢þ, γmin ��`� P Ý
´��éA�. XJU
���Ñ�`� P Ý
, K γmin �L�ªÒU
��, ?
;�
LMI �{¥E,�`zL§. �©�ó�´}ÁJø�«#�å»5���Ñ γmin �L�ª.

2 HHH∞∞∞ �ê©Û�âAÆ�ÚÛÉ�©)�n, �±��e¡�A5.A5 1. éuXÚ (2) ¥AÆÝ
 A, �3�_Ý
 T ,÷v
D = −TAT−1 =

[

λ ν

−ν λ

]

(4)Ù¥, T = ΘT1 × diag{t1, t2} × ΘT2, ΘT1 Ú ΘT2 Ǒ��Ý
, t2 ≥ t1 > 0, λ > 0, ν > 0. diag{t1, t2} L«éÆ��Ǒ
t1, t2 �éÆ
.- α = t2/t1 ≥ 1, yyy = ΘT2 ×xxx, ∆∆∆ = ΘT2 ×www. dª (2)ÚA5 1, �

{

ẏyy = Eyyy + B∆∆∆

xxx = Cyyy
(5)Ù¥, B = I Ǒü 
, C = Θ−1

T2 , E = −
[

λ αν

− 1
α

ν λ

]

,¿�XÚ (2) Ú (5) äk�Ó� H∞ �ê.�â©z [5] ¥Ún 2.1, �±��e¡�A5.A5 2. éuXÚ (5), �3�½Ý
X, ÷v Riccati Ø�ª
ETX + XE + (1 + ε)CTC + ρ−2XBBTX ≤ 0 (6)Ù¥, γ < ρ, γ = ‖G‖∞ ǑXÚ H∞ �ê, ε Ǒªu"��ê. 5 1. A^ Riccati Ø�ª��¬��äkér�Å5�(J, �ù«�Å5¿Ø´ Riccati Ø�ª�����. ïÄL²: ÄuoäÊìÅ¼ê�O(ÀJ, �±òA5 2 ¥

Riccati Ø�ª=zǑ�ª, ?
°(�Ñ H∞ �ê. Ïd,��ù«�Å5��Ï´: 3A^ Riccati Ø�ª�, 8
ÿvkk���{é��`�oäÊìÅ¼ê. ù�´�©ïÄoäÊìÅ¼ê�E (½`z) �ÄÅ.-
Υ =K−1Θ

[

λ − 1
α

ν

αν λ

]

ΘT +

Θ

[

λ αν

− 1
α

ν λ

]

ΘTK−1 − K−1K−1 (7)Ù¥, α ≥ 1,

K = ι

[

1 0

0 k

]

, Θ =

[

cos θ sin θ

− sin θ cos θ

]

(8)

ι > 0, k ≥ 1, 0 ≤ θ ≤ π/4.dª (8) �E�oäÊìÅ¼ê©)
 “� ” Ú “^=” �^. ù«õU�©)�oäÊìÅ¼ê�ëê`zäk
�15.½n 1. éuXÚ (5), XÚ H∞ �ê γ ÷v
γ < ρmin =

[

√

λmin(Υ)
]−1

(9)Ù¥, λmin(Υ) ǑÝ
 Υ ���AÆ�.y². -X = ΘTKΘ, Ù¥, K Ú Θ dª (8) �Ñ. �âA5 2 Úª (7), �
ρ−2I ≤ Υ − εK−1K−1 (10)K ρ−2 ≤ λmin(Υ − εK−1K−1), du γ < ρ, ¿� ε Ǒªu"��ê, Kª (9) ¤á. �5 2. �â½n 1, �±`zoäÊìÅ¼ê�ëê, ±��z λmin(Υ), ?
°(�OXÚH∞ �ê. Ïd, ½n 1�Ñ
�«#�å»±��XÚ�H∞ �ê.

3 oäÊìÅ¼ê`z��ª (7) �Ñ�Ý
 Υ. dª (7) Úª (8), ��
Υ =

1

ι

[

2λ + βν − 1
ι

1
k
σν

1
k
σν 1

k
(2λ − βν) − 1

ιk2

]

(11)Ù¥,

β =

(

α − 1

α

)

sin 2θ (12)

σ =

[

α − (α − 1

α
) sin2 θ

]

− k

[

1

α
+ (α − 1

α
) sin2 θ

]

=

1

2
(1 − k)(α +

1

α
) +

1

2
(1 + k)(α − 1

α
) cos 2θ (13)�âª (11), ±��z λmin(Υ) Ǒ8I, ò�Ñ�«oäÊìÅ¼ê�`z�{.

3.1 oäÊìÅ¼ê`züÑ-
Υ1 = Θ−1ΥΘ, Y1 = X−1 (14)Kdª (7) ÚX = ΘTKΘ, �

Υ1 = EET − (E + Y1)(E + Y1)
T (15)-

EET = ΘT
1 ΛΘ1, Υ2 = Θ1Υ1Θ

T
1 (16)

E1 = Θ1EΘT
1 , Y2 = Θ1Y1Θ

T
1 (17)Ù¥, Λ = diag{σ1, σ2}, σ1 ≥ σ2, K
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Υ2 = Λ − (E1 + Y2)(E1 + Y2)

T (18)-
E1 = ER + EJ , Y3 = ER + Y2 (19)Ù¥, ET

R = ER, EJ = −ET
J , K

Υ2 = Λ − (EJ + Y3)(EJ + Y3)
T (20)-

Y3 =

[

y1 y3

y3 y2

]

, EJ =

[

0 a

−a 0

]

(21)K�â Λ = diag{σ1, σ2}, k σ1 ≥ σ2,

Υ2 =





σ1 − (y3 + a)2 − y2
1

−(y1 + y2)y3 − (y2 − y1)a

−(y1 + y2)y3 − (y2 − y1)a

σ2 − (y3 − a)2 − y2
2



 (22)�âª (14), (16), (21), (22) Ú½n 1, �3 Y3, �
λmin(Υ2) > 0, =Υ2 �½. Ïd�âª (22), Ǒ
��zΥ2���AÆ�, A�e¡ü�^�¤á.

1) (y1 + y2)y3 + (y2 − y1)a = 0 (~X y2 = 0, y3 = a;½ y1 = y2 = 0).

2) Υ2 �AÆ��� (~X y2
1 = σ1 − σ2 − 4a2; ½ y3 =

(σ1 − σ2)/4a).5¿,
√

σ2 Ǒ E ���ÛÉ�, Ïd γ ≥ 1/
√

σ2. -
λ1 =

1

ι

(

2λ + βν − 1

ι

)

, λ2 =
1

ι

[

1

k
(2λ − βν) − 1

ιk2

]

(23)Äu±þ©Û, ¿�âª (9), (11), (14), (16) Ú (23),Ǒ
��z Υ ���AÆ�, oäÊìÅ¼ê�`züÑ�OǑ σ = 0 Ú λ1 = λ2.

3.2 oäÊìÅ¼êëê`zÄu¤�oäÊìÅ¼ê`züÑ, ?�Ú`zoäÊìÅ¼êëê.½n 2. éuXÚ (5), XÚH∞ �ê γ ÷v
γ < ρ(k, ι) = [min(λ1, λ2)]

− 1

2 (24)Ù¥, λ1 Ú λ2 dª (23) �Ñ, ª (23) ¥ β deª�Ñ.

β =
2

k + 1

√

(

kα − 1

α

) (

α − k

α

)

(25)y². ��ª (11) �Ñ�Ý
 Υ. - σ = 0, K
cos 2θ =

(k − 1)(α + 1
α
)

(k + 1)(α − 1
α
)

(26)Ïd�âª (11), (12), (23) Ú 0 ≤ θ ≤ π/4, Ý
 Υ �AÆ�Ǒ λ1 Ú λ2, Ù¥ β dª (25) �Ñ. �â½n 1, ��ª (24). �

5 3. ÄuoäÊìÅ¼êëêÝ
 Θ �`züÑ, ½n 2 ?�Ú�ÑXÚ H∞ �ê��O. , Ó�C½
?�Ú`zoäÊìÅ¼êëê k Ú ι �Ä:.½n 3. éuXÚ (5), XÚ H∞ �ê γ ÷v
γ < ρ(k) =

{

1
λ
, e α = 1

[f(k)]−
1

2 , e α > 1
(27)Ù¥,

f(k) =
4k

(k + 1)2

[

λ2 + ν2 − kν2

(k − 1)2

(

α − 1

α

)2
]

(28)y². ��ª (23) �Ñ�Ý
 Υ �AÆ�Ǒ λ1 Ú λ2.- λ1 = λ2, =
2λ + βν − 1

ι
=

1

k
(2λ − βν) − 1

ιk2
(29)Ù¥, β dª (25) �Ñ, α ≥ 1.� α > 1 �, dª (25) Úª (29) �� k 6= 1, ¿��

1

ι
=

2kλ

k + 1
+

2kν

k2 − 1

√

(

kα − 1

α

) (

α − k

α

)

(30)� α = 1 �, dª (25) �� (k − 1)2 ≤ 0, = k = 1. K�âª (23), (25), (29), λ1 = λ2 = 1
ι
(2λ − 1

ι
). � ι = λ �,�max(λ1) = λ2.Äu±þ©Û, ¿�â½n 2 Úª (23), (25), (29) ±9

(30), ��(Ø. �5 4. ÏL�ÑoäÊìÅ¼êëê ι �`züÑ, ½n
3 ?�Ú�ÑXÚH∞ �ê��O. �â½n 3, �±��`zoäÊìÅ¼êëê k, ?
��XÚ H∞ �ê�°(�O. 5 5. 5¿, � α > 1 �, k 6= 1. Ïd½n 3 ÏL©O?Ø α > 1 Ú α = 1 ü«�¹, )û
 f(k) �ÛÉ¯K.-

κ = k +
1

k
> 2 (31)Kdª (28), �

f(κ) =
4(λ2 + ν2)

κ + 2
− 4ν2

κ2 − 4
×

(

α − 1

α

)2

(32)½n 4. éuXÚ (5), XÚ H∞ �ê γ ÷v
γ < ρopt =















1
λ
, e α = 1

1
2λ

√

α2 + 1
α2

+ 2, e κ0 ≥ α2 + 1
α2

[f(κ0)]
− 1

2 , e κ0 < α2 + 1
α2

(33)Ù¥
f(κ0) =

4(λ2 + ν2)

κ0 + 2
− 4ν2

κ2
0 − 4

×
(

α − 1

α

)2

(34)

κ0 = 2 +
ν2(α − 1

α
)2

λ2 + ν2
×

[

1 +

√

1 +
4(λ2 + ν2)

ν2(α − 1
α
)2

]

(35)y². dª (32), �
f ′(κ) =

df(κ)

dκ
= −4(λ2 + ν2)

(κ + 2)2
+

8(α − 1
α
)2ν2κ

(κ + 2)2(κ − 2)2
(36)
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κ2 −

[

4 +
2(α − 1

α
)2ν2

λ2 + ν2

]

κ + 4 = 0 (37)�â κ > 2 Úª (35), � κ = κ0.�âª (35)∼ (37), �
lim
ς→0

f ′(κ0 + ς) − f ′(κ0)

ς
< 0 (38)Ïd,3 2 < κ < ∞�^�e, max f(κ) = f(κ0),Xã 1 (a)Ú 1 (b) ¤«.

ã 1 ¼ê©Û
Fig. 1 Function analysis5¿, ½n 2 ¥oäÊìÅ¼êëêÝ
 Θ �`züÑǑ σ = 0, Kdª (13), �� k ≤ α2. du k > 1, Ïd�âª (31), �

Ω =

{

κ ∈ R|2 < κ ≤ α2 +
1

α2

}

(39)�âã 1 (a) Ú 1 (b), �
max
k∈Ω

f(κ) =







4λ
2

α2+ 1

α
2

+2
, e κ0 ≥ α2 + 1

α2

f(κ0), e κ0 < α2 + 1
α2

(40)Ïdd½n 3 ��(Ø. �5 6. ÏLéoäÊìÅ¼êëê���`z, ½n 4�Ñ
XÚ H∞ �êþ.�`z(J. A^½n 4, �±�ÑXÚH∞ �ê�°(�O.5 7. ØÓu LMI �{, �©JÑ�oäÊìÅ¼ê��`z�{©Û
oäÊìÅ¼ê��EéXÚ5U©Û�KǑ, ¿©|^XÚ(�Úëê±`zoäÊìÅ¼ê��O. � LMI �{�', oäÊìÅ¼ê��`z�{U
���ÑXÚH∞ �ê�°((J, ?
;�
E,�ê�`zL§. Ïd�©�ó�Jø
�«#�å»±�Ǒ�B/©ÛXÚÄ�5U.

4 �~��XÚ
ẋxx = −

[

1.25 1.25

−1.25 2.75

]

xxx + www (41)Ù¥, www Ǒ6ÄÑ\, ‖www‖ ≤ 1, xxx ǑG�ÑÑ. �âª (5), �



























ẏyy = −
[

2 2

−0.5 2

]

yyy + ∆∆∆

xxx =
√

2
2

[

1 −1

1 1

]

yyy

(42)Ïd, λ = 2, ν = 1, α = 2.dª (35), � κ0 = 3.8651 < α2 + 1
α2 = 4.25. K�â½n 4, � γ < ρopt = 0.622. Ïd γ ≈ 0.622. A^MATLAB¥ H∞ �ê�)¼ê hinfnorm (sys, 0.0000001) ���Ó�(J. ÏdJÑ�oäÊìÅ¼ê��`z�{U°(�ÑXÚH∞ �ê.L 1 ?�Ú�Ñ3ØÓëê^�eXÚ (5) � H∞ �ê. L 1 L², �éª (5) �Ñ�äkØÓëê�XÚ, JÑ�oäÊìÅ¼ê��`z�{ÑU°(�ÑXÚH∞ �ê. L 1 H∞ �ê©Û (α = 2)

Table 1 H∞ norm analysis (α = 2)

λ ν MATLAB ½n 4 ­�Ø� ‖A
−1‖ G�þ.

2 6 0.626 0.626 0.307 0.626

2 4 0.626 0.626 0.419 0.626

2 2 0.626 0.626 0.588 0.626

2 1.2 0.626 0.626 0.626 0.626

2 1 0.622 0.622 0.622 0.622

2 0 0.501 0.501 0.501 0.5013 α ÚXÚAÆ�¢Ü λ (½ (= α = 2, λ = 2) �^�e, L 1 �Ñ�(JL², �XXÚAÆ�JÜ ν Cz,

H∞ �ê�Czäk�½5Æ5, LyǑ:

1) � ν = ν∗ = 1.2 (= κ0 = α2 + 1/α2) �, H∞ �êǑmax ‖A−1‖;
2) � ν < ν∗ (= κ0 < α2 + 1/α2) �, H∞ �ê�­��I ‖A−1‖ ��;

3) � ν > ν∗ (= κ0 > α2 + 1/α2) �, H∞ �êǑ�½� (= H∞ �ê��� ν �'), ¿��â½n 4, H∞ �ê�L�ª�~{'.dª (1), (3), (41), �












−P

[

1.25 1.25

−1.25 2.75

]

−

[

1.25 −1.25

1.25 2.75

]

P P I

P −γ2I 02×2

I 02×2 −I













< 0

(43)æ^ LMI �{�)H∞ �ê�Ú½Ǒ:

1) ÀJv
�� γ, X γ = 10;

2) A^MATLAB ¥ LMI óä�)ª (43), �� P �3;

3) ~� γ ��, X γ = 1, A^ LMI óä�)ª (43),�� P �3;

4) � γ = 0.622 �, A^ LMI óä�)ª (43), �� P�3;

5) � γ = 0.621 �, A^ LMI óä�) (43), �� P Ø�3.



1610 g Ä z Æ � 45òÄu±þÚ½, LMI �{��Ñ H∞ = 0.622. ù�(J�½n 4 ���(J��, XL 1 ¤«.¯¢þ, LMI �{I�é γ ?1H{Ïé. �À γ �m����, �Å�(JØ�;�. ���', �©��{äk²w�`�5.

5 (Ø�©�é H∞ ��nØïÄ¥J±°(�)XÚ H∞�ê�¯K, JÑ
�«oäÊìÅ¼ê���`z�{.ÏL`z Riccati Ø�ª¥�oäÊìÅ¼ê, �Ñ
 H∞�ê�Ï^)ÛL�ª, ?
Jø
��k��å»±��Ú°(�)XÚH∞ �ê. ïÄ(Jäk±eA::

1) � LMI �{�', �©¤J�{;�
E,�ê�`zL§, ��)XÚH∞ �ê{z.

2) ��Ï'uoäÊìÅ�§ÚRiccati Ø�ª�ïÄ�', �©¤J�{;�
duoäÊìÅ¼êÀJ��¿5����Å(J.

3) �©¤J�{U
�yXÚÝ
AÆ��¢ÜÚJÜé H∞ 5U�KǑ, Ǒ?�Ú°( (½þ) ��XÚ H∞5UJø/�.3?�Ú�ó�¥, òïÄ¹k�¢9��5��XÚ.
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