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Finite-time Containment Control of Second-order Multi-agent Systems

With Mismatched Disturbances
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Abstract In this paper, a finite-time containment control algorithm is studied for the second-order multi-agent systems

with mismatched disturbances. By applying the modern control theory, a nonlinear observer is designed to estimate the

unknown states and disturbances of the systems. On the basis of the state estimation, a cooperative control algorithm

based on disturbance observers for multi-agent systems is constructed. By applying the algebraic graph theory and

homogeneous theory, the finite-time containment control of the second-order multi-agent systems is analyzed. The validity

of containment control algorithm based on the disturbance observer is verified in simulation examples, where the motion

states of the system eventually converge to the target area surrounded by multiple leaders.
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ÌNXÚ���öÄ�J�+�ö�$ÄG�5¢y+8XÚ�ÆÓ��[1−3] . �N�����´�|��öÏL¤�O��äÏ&��ÆÆ�ªÂñ�dõ�+�ö¤�¤�AÛ«� (à�) ¥. ©z
[4] ïÄ
���5�ClÑ�mõgÌNXÚ��N��¯K, ¿Äu;,©Û��{y²���{�k�5. ©z [5] ?Ø
��Ú��õgÌNXÚ��N��¯K, ¿y²3¯�>u�¹eäk�mò´�Ä�XÚ�±¢y�N��. ©z [6] ?Ø
��5p�õgÌNXÚ��N��¯K, JÑ
�«©Ùªg·A��5ÆÆ, ¿y²dÆÆÓ�·^u�k��Ä�+�ö� Leader-follower��5¯K. ©z [7] ïÄ
�kDÑD(�õgÌNXÚ��N��¯K, ¿��3Ä���ÿÀÚ�Å��ÿÀeþ��N���¿©^�. ©z [8]ïÄ
3k��äÿÀeäk�½�ò�õ�·�½Ä�+�ö�õgÌNXÚ�N��¯K, ¿��
�±���õgÌNXÚ¢y�N���¿©^�. l±þ©z��, Ǒ,Ñ�±¢yXÚ��N



1784 g Ä z Æ � 45ò��, �´vk�Ä3k��mSõgÌNXÚ�G���5. ¯¢þ, 3ó�)�¥�I�3k��mS�XÚ¢y��, ÏǑØ=�±JpÂñ�Ç,
��±�4�XÚJp³�Z6�Uå. ©z [9]ïÄ
k��äÿÀe, �òõgÌNXÚ�$Ä��5, ��
�yXÚ��5���O���òþ.�m�'X. ©z [10] ïÄ
���ÅõgÌNXÚk��m��5¯K, ¿JÑ
©Ùª���{, �¤kgÌN3��ÿÀ��¹ek��m��Âñ. ©z [11] ïÄ
���5õgÌNXÚ�©Ùªk��m�N��¯K, ¿y²
3k�Ï&ÿÀ�¹e��ö3k��mS�±Âñ�+�ö¤�¤�à�¥. ©z [12] ïÄ
É�õgÌNXÚk��m��5¯K, ¿���5Ú��5XÚ3k+�öÚ�+�ö��¹e��k��m��5�¿©^�.3¢SA^¥, õgÌNXÚÏ~¬É��«Z6�KǑ, Z6��3¬KǑXÚ�$ÄG�, ¤±ïÄZ6éXÚ¤�)�KǑ´ék7��. ©z [13] ïÄ
�k	ÜZ6�õgÌNXÚ��N��¯K, ¿JÑG��"ÚÑÑ�"��ÆÆ, �O	ÜZ6*ÿì��XÚ¢y�N��. ©z [14]ïÄ
�k	ÜZ6���õgÌNXÚ���5,�O
Z6*ÿì5�OZ6XÚ¤�)�Z6.éu�½Ú��ÿÀ, �±¢y3EÜ��ìeäkZ6�õgÌNXÚ�ìC��. ©z [15] 3õgÌNXÚ�k���	ÜZ6�¹e, JÑ
�«©ÙªG�*ÿì, �*ÿ��gÌN���G�Ú¤ÉZ6, ¿JÑ
��XÚ����5����{. ©z [16] ÄugÌN�ØÓA5, JÑ
�þ!©ê�õgÌNXÚ, ¿�ïÄ
äkÏ&�ò��þ!©ê�õgÌNXÚ�©Ùª�N��¯K. ©z [17] ïÄ
�kZ6�ëY�mõgÌNXÚ�k��m��5¯K. ©z [18] ?Ø
�kZ6�k+�öÚ�+�ö�õgÌNXÚk��m��5¯K, ¿Äuk��m��Eâ, �O
�«©Ùª���{, y²3É�Z6��¹e,XÚ���G���. 
¡�ïÄ¤J==�Ä��Z6 (Z6���Ñ\3XÚ�Ó�Ï�¥) éXÚ�KǑ, ,
3õgÌNXÚ¥Ǒ�3Ø��Z6 (Z6���Ñ\3XÚ�ØÓÏ�¥), ~Xõ�ØÅ�:XÚÚõ��XÚ�. õ�ØÅ�:�>�pÑ�Äì¥, �.ëê�Ä!�¸Z6åÝ�Z6��KǑ¹l\ÚÅ�:�$Ä, 
Ø´ÏL��>ØÏ�, áuØ��Z6. 3õ��XÚ¥,��¤É��º��¸Z6áuØ��Z6. Ø��Z6±Éu��Z6��ªéXÚ5U�)KǑ,®k�³���Z6����{�{k�/?nØ

��Z6éXÚ5U�KǑ. Ïd, ïÄ�kØ��Z6�õ�UNXÚ�|Z6��¿Â­�, �´,yk©zéäkØ��Z6�õgÌNXÚ�k��m�N��ïÄmk��.�©ïÄdõ�+�öÚ��äkØ��Z6���õgÌNXÚ�k��m�N��¯K. �©�M#:´3õ�UNXÚÉ�Ø��Z6KǑ��¹e, JÑ
k��m���5�N���{,ïÄäkØ��Z6�õgÌNXÚ�+8$Ä.

1 �êãØ� G = (V,E,A) ´ n �!:�\���ã,

V = {v1, v2, · · · , vn} L«Ù!:�8Ü, Ù¥!:�eI´��k�8Ü I = {1, 2, · · · , n}; E ⊆

V × V L«>�8Ü, eij = (vi, vj) L«ã G �>;

A = [aij ] ∈ R
n×n Ǒ!:��Ý
, éu ∀i ∈ I, Ñk aii = 0; éu eij ∈ E,Ñk aij > 0,ÄK aij = 0.!: i ��Ø8Ü½ÂǑ Ni = {vj ∈ V | (vi, vj) ∈

E}. - D = diag{d1, d2, · · · , dn} ∈ R
n×n Ǒã G�ÝÝ
, Ù¥, di =

∑
j 6=i

aij , i = 1, 2, · · · , n, ÿÀã G � Laplacian Ý
½ÂǑ: L = D − A ∈

R
n×n. XJ!: vi Ú vj �m´»�3, �oK¡

vi Ú vj �m´���, ÄK, ¡ vi Ú vj �m´Ø���.½Â 1
[19]

. �8Ü X = {x1, x2, · · · , xm} Ǒ¢�þ�m R
n �f8, X �à�½ÂǑ CO(X) =

{
∑m

i=1 αixi | xi ∈ X,αi ≥ 0,
∑m

i=1 αi = 1}.½Â 2
[20]

. �ÄXeëY��5XÚ:

ẋxx = f(xxx), xxx(0) = xxx0 ∈ R
n (1)Ù¥ëY�þ6 f(xxx) = (f1(xxx), f2(xxx), · · · , fn(xxx))T��k*Ü rrr = (r1, r2, · · · , rn), ri > 0 �Ý κ ∈ R´àg�, XJéu?¿� ε > 0, xxx ∈ R

n Ñk
fi(ε

r1x1, ε
r2x2, · · · , εrnxn) = εκ+rifi(xxx),

i = 1, 2, · · · , nÚ n 1
[21]

. � X Ú (1) � � k * Ü
(r1, r2, · · · , rn) �Ý κ ∈ R ´àg�, ¼ê fff(xxx)´ëY�, � xxx = 0 ´§���ìC­½²ï:, XJàgÝ κ < 0, KTXÚÒ´k��m­½�.Ún 2. ?¿¢ê x ≥ 0 Ú y ≥ 0, Ñk xy ≤

xa/a + yb/b, Ù¥, a > 1, b > 1, � 1/a + 1/b = 1.y². e xy = 0, (Øw,¤á. ±e� x > 0,

y > 0. �E¼ê ϕ(y) = xa/a + yb/b − xy, ��
ϕ̇(y) = yb−1−x,����7: y0 = x

1

b−1 = xa−1 =

x
a

b . qÏǑ ϕ̈(y) = (b − 1)yb−2 > 0, � ϕ(y) 3
y = y0 �4��, �´���. du ϕ(y0) = xa/a+
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yb/b − xxa−1 = xa − xa = 0, � ϕ(y) ≥ ϕ(y0) = 0,= xy ≤ xa/a + yb/b. �Ún 3. éu n ��þ ααα Ú βββ, �½Ý
 R, k
αααTRβββ ≤ αααTRααα/2 + βββTRβββ/2.y². ½Â n �¢SÈ�m¥�þSÈǑ
(x,y) = xTy, K�þSÈ (x − y,x − y) ≥ 0, =
(x− y)T(x− y) ≥ 0. �� xTx + yTy− 2xTy ≥ 0,-�½Ý
 R = cTc, �þ x = cααα, �þ y = cβββ,���� αααTRβββ ≤ αααTRααα/2 + βββTRβββ/2. �

2 äkØ��Z6�k��m�N���Ä�kØ��Z6� n ���öÚ m �+�ö���õgÌNXÚ, b�õgÌNXÚ�ÄåÆ�§Ǒ:
{

q̇i(t) = pi(t) + di1(t)

ṗi(t) = ui(t) + di2(t), i = 1, 2, · · · , n
(2a)

{
q̇i(t) = pi(t)

ṗi(t) = 0, i = n + 1, n + 2, · · · , n + m

(2b)Ù¥, qi(t) Ǒ�UN i � �G�, ui(t) Ǒ�UN i���Ñ\, pi(t) ǑéA��ÝG�, di1(t)!di2(t)©OǑØ��Z6Ú��Z6. F = {1, 2, · · · , n}Ǒ n ���ö�UN8Ü, K = {n + 1, n +

2, · · · , n + m} Ǒm �Ä�+�ö8Ü.b� 1.3XÚ (2a) ¥, Z6 di1(t) ����,

di2(t) ����, � d̈i1(t) Ú ḋi2(t) ´ Lipschitz ëY�.5 1. ¢Só§A^¥, kéõ«Z6÷vb�
1, ~X, ~�Z6Ú�ÅZ6�. �©¥�Z6Ø=�±ëY��, Ǒ�±©ã��.½Â 3. ã G � Laplacian Ý
Ǒ L, L =[

LF LFk

0 0

]
, Ù¥��ö� Laplacian Ý
 LFǑ n �Ý
, LFk Ǒ n × m �Ý
.- xi(t) = qi(t), vi(t) = pi(t) + di1(t), di(t) =

ḋi1(t) + di2(t), KXÚ (2) �±=zǑXÚ (3).
{

ẋi(t) = vi(t)

v̇i(t) = ui(t) + di(t), i = 1, 2, · · · , n
(3a)

{
ẋi(t) = vi(t)

v̇i(t) = 0, i = n + 1, n + 2, · · · , n + m

(3b)��, XÚ (2) �XÚ (3) äk�Ó�Ä�A5.Ún 4
[22]

.XJXÚ (3a) ¥Z6 di(t) ´�����, � ḋi(t) ´ Lipschitz ëY�, Lipschitz ~

ê β ®�, �éXÚ (3a) �OXe��5*ÿì:





˙̂xi = h0 = v̂i − λ0β
1

3 sig
2

3 (x̂i − xi)
˙̂vi = h1 = ui + d̂i − λ1β

1

2 sig
1

2 (v̂i − h0)
˙̂
di = −λ2βsgn(ui + d̂i − h1)Ù¥O� λ0 > 0, λ1 > 0, λ2 > 0, x̂i, v̂i, d̂i ©O´ xi, vi, di ��O�, KT*ÿì´k��mÂñ�. � sigα(x) = |x|αsgn(x), Ù¥, sgn(·) L«IO�ÎÒ¼ê, =� x > 0 �, sgn(x) = 1; � x = 0�, sgn(x) = 0; � x < 0 �, sgn(x) = −1.��U�N�m&E�pÝþ¼êǑ:

ui1(t) = l1sig

[
∑

j∈Ni

aij(xj − xi)

]α1

(4)Ù¥, aij L«�UN iÚ j�ë���, 0 < α1 < 1,

l1 > 0.Ún 5
[23]

.b�äkõ�+�ö���XÚ (3)

n ���ö�Ï&ÿÀǑ��ã, K Laplacian Ý
¥� LF Ǒ�½Ý
, −L−1
F LFk Ǒ�KÝ
�z1��ÚǑ 1.Ún 6. - XXXF = [x1, x2, · · · , xn]T, XXXk =

[xn+1, · · · , xn+m]T, ek XXXF → −L−1
F LFkXXXk, K�äzXÚ�±¢y�N��.y². dÚn 5 ��, −L−1

F LFk Ǒ�KÝ
�z1��ÚǑ 1, ÷v½Â 1 ¥�^�, �XXXk =

[xn+1, · · · , xn+m]T, K −L−1
F LFkXXXk  u+�ö�¤�à�S. Ïd, ek XXXF → −L−1

F LFkXXXk, �o�äzXÚÒ�±¢y�N��. �- XXXF = XXXF + L−1
F LFkXXXk, VVVF = VVVF +

L−1
F LFkVVV k, ẊXXF = VVVF , uuu1 = [u11, u21, · · · , un1]

T,Ù ¥, XXXF = [x1, x2, · · · , xn]T, XXXk =

[xn+1, · · · , xn+m]T, VVVF = [v1, v2, · · · , vn]T,

VVV k = [vn+1, · · · , vn+m]T, Kª (4) �±{üCzǑ:

uuu1 = l1sig[−(LFXXXF + LFkXXXk)]
α1 =

l1sig[−LF (XXXF + L−1
F LFkXXXk)]

α1 =

l1sig[−(LFXXXF )]α1 (5)-www = LFXXXF , Kª (5) CǑ
uuu1 = −l1sig(www)α1 (6)½n 1.d n ���öÚ m �+�ö�¤äkØ��Z6���õgÌXÚ (2) ÷vb� 1, � n���ö|¤��äÿÀã´��ëÏ�, ��k����öU
aA�+�ö�&E, �±�O����ì, ����õgÌNXÚ (2) 3k��mS¢y�N��.
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uuu(t) = uuu1(t) + uuu2(t) − d̂dd(t) (7)Ù¥, uuu2(t) = −l2sig(V̂VVF )α2 , d̂dd(t) = (d̂1(t), d̂2(t),

· · · , d̂n(t))T, α2 = 2α1/(1 + α1), l2 > 0. V̂VVF , d̂dd©OǑ VVVF , ddd ��O�. Ù¥, VVVF = [v1(t), v2(t),

· · · , vn(t)]T, ddd(t) = [d1(t), d2(t), · · · , dn(t)]T, §��d*ÿì (8) ��:





˙̂www = zzz0 = V̂VVF − λ0β
1

3 sig
2

3 (ŵww −www)
˙̂
VVVF = zzz1 = uuu + d̂dd − λ1β

1

2 sig
1

2 (V̂VVF − zzz0)
˙̂
ddd = −λ2βsgn(uuu + d̂dd − zzz1)

(8)Ù¥, β ´ ḋdd � Lipschitz ~ê, λ0, λ1, λ2 ©O´*ÿì�O�. ¤±��ìǑ:

uuu = −l1sig(www)α1 − l2sig(V̂VVF )α2 − d̂dd (9)½Â*ÿØ� eee1 = www − ŵww, eee2 = VVVF − V̂VVF ,

eee3 = ddd − d̂dd, ���*ÿØ�XÚ:





ėee1 = LFVVVF − V̂VVF − λ0β
1

3 sig
2

3 (eee1)

ėee2 = eee3 − λ1β
1

2 sig
1

2 (LFVVVF − V̂VVF − ėee1)

ėee3 = −λ2βsgn(eee3 − ėee2) + ḋdd

(10)dÚn 4 ��, �3�u 0 �O� λ0, λ1, λ2,��*ÿìØ�XÚ (10) k��m­½, =�3���m~ê T , �� eee1(t) = eee2(t) = eee3(t) = 0,

∀t ≥ T .4�XÚ (3), (8), (9) �k��m­½5©Û�±©Ǒü�Ü©: ��¡, �3�m T , � t ∈

(0, T ]�, XXXF ÚVVVF ´Ä´k.�; ,��¡, t > T�, 4�XÚ (3), (9) 3k��mS´ÄÂñ. 5¿�, � t ∈ (0, T ] �, |VVVF − V̂VVF | k., Ïd V̂VVF �k.5�du VVVF �k.5.Äky²� t ∈ (0, T ] �, XXXF Ú VVVF �k.5.À� Lyapunov¼êQ = l1
1+α1

|www|1+α1 + 1
2
V̂VVT

F LF V̂VVF ,éÙ?1��:

Q̇ = l1|www|α1 · |ẇww| + V̂VVT
F LF

˙̂
VVVF =

l1|www|α1 · sgn(www) · ẇww+

V̂VVT
F LF (−l1sig

α1(www) − l2sig
α2(V̂VVF )−

λ1β
1

2 sig
1

2 (V̂VVF − zzz0)) =

l1sig
α1(wwwT) · LF (eee2 + V̂VVF )−

l1V̂VV
T
F LF sigα1(www) − l2V̂VV

T
F LF sigα2(V̂VVF )−

V̂VVT
F LF λ1β

1

2 sig
1

2 (V̂VVF − zzz0) =

l1sig
α1(wwwT) · LFeee2 − l2V̂VV

T
F LF sigα2(V̂VVF )−

V̂VVT
F LF λ1β

1

2 sig
1

2 (V̂VVF − zzz0) ≤

l1α1

1 + α1

|www|1+α1 +
l1

1 + α1

|LFeee2|
1+α1−

l2|V̂VV
T
F |sgn(V̂VVT

F )LF sgn(V̂VVF )|V̂VVF |
α2−

V̂VVT
F LF λ1β

1

2 sig
1

2 (λ0β
1

3 sig
2

3 (ŵww −www))þª���Ø�ªínA^
Ún 2. du
|V̂VVT

F |sgn(V̂VVT
F )LF sgn(V̂VVF )|V̂VVF |

α2 ≥ λmin(LF )|V̂VVF |
1+α2A^Ún 3 ��:

Q̇ ≤
l1α1

1 + α1

|www|1+α1 +
l1

1 + α1

|LFeee2|
1+α1−

λmin(LF )l2|V̂VVF |
1+α2+

V̂VVT
F LF λ1β

1

2 (1 + λ0β
1

3 (1 + eee1)) ≤

l1α1

1 + α1

|www|1+α1 +
l1

1 + α1

|LFeee2|
1+α1−

λmin(LF )l2|V̂VVF |
1+α2 +

1

2
V̂VVT

F LF V̂VVF +

1

2
[λ1β

1

2 (1 + λ0β
1

3 (1 + eee1))]
T×

LF [λ1β
1

2 (1 + λ0β
1

3 (1 + eee1))] ≤ Q+

l1
1 + α1

|LFeeemax
2 |1+α1 − λmin(LF )l2|V̂VVF |

1+α2+

1

2
[λ1β

1

2 (1 + λ0β
1

3 (1 + eeemax
1 ))]T×

LF [λ1β
1

2 (1 + λ0β
1

3 (1 + eeemax
1 ))] ≤

Q +
l1

1 + α1

|LFeeemax
2 |1+α1+

1

2
[λ1β

1

2 (1 + λ0β
1

3 (1 + eeemax
1 ))]T×

LF [λ1β
1

2 (1 + λ0β
1

3 (1 + eeemax
1 ))]Ù¥, eeemax

1 !eeemax
2 ©O´ eee1!eee2 �þ., dÚn 4 ��, �3�m T , 3 t ∈ (0, T ] �, eee1!eee2!eee3 ´k��mÂñ�. dþª��, www Ú V̂VVF ´k.�, =

XXXF Ú VVVF ´k.�.2y²�Ûk��m­½, � t > T �,

eee1(t) = eee2(t) = eee3(t) = 0, K��ì (9) CǑ
ui(t) = l1sig[

∑
j∈Ni

aij(xj −xi)]
α1 − l2sig(v̂i)

α2 , ¤±XÚ (3) CǑ:

{
ẋi(t) = vi(t)

v̇i(t) = ui(t), i = 1, 2, · · · , n
(11a)
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{
ẋi(t) = vi(t)

v̇i(t) = 0, i = n + 1, n + 2, · · · , n + m

(11b)À��1�Ú�Ó� Lyapunov ¼ê Q, ����:

Q̇ = − l2V̂VV
T
F LF sigα2(V̂VVF ) ≤

− λmin(LF )l2|V̂VVF |
1+α2 ≤ 0� Q̇ ≡ 0 �, k V̂VVF = 0, Ïd ˙̂

VVVF = 0. 

˙̂
VVVF = −l1sig(www)α1 − l2sig(V̂VVF )α2 , www = LFXXXF , �
˙̂
VVVF = 0 �, k www = 0, = XXXF = 0. d LaSalle′sØC8�n��, XXXF!VVVF �ÛìCÂñ� 0. d
limt→∞ XXXF (t) = 0, �±�� XXXF → −L−1

F LFkXXXk.2d eee2 = VVVF − V̂VVF , eee2 = 0, limt→∞ V̂VVF (t) = 0, �� limt→∞ VVVF (t) = 0, = VVVF → −L−1
F LFkVVV k. ¤±dÚn 6 ��, XÚ (2) ¢y
�N��.e¡©Ûàg5XÚ�k��m­½, éuXÚ (11), b�

{
f1(XXXF ,VVVF ) = VVVF

f2(XXXF ,VVVF ) = l1sig[−(LFXXXF )]α1 − l2sig(V̂VVF )α2� r1 = 2, r2 = 1 + α1, κ = α1 − 1, d½Â 2 ��
f1(ε

r1XXXF , εr2VVVF ) = εr2VVVF = εκ+r1f1(XXXF ,VVVF )

f2(ε
r1XXXF , εr2VVVF ) = l1sig[−(LF εr1XXXF )]α1−

l2sig(εr2V̂VVF )α2 =

εr1α1 [l1sig(−(LFXXXF ))α1 ]−

εr2α2l2sig(V̂VVF )α2
 εr1α1 = εr2α2 = ε2α1 , ¤±
f2(ε

r1XXXF , εr2VVVF ) = ε2α1 [l1sig(−(LFXXXF ))α1−

l2sig(V̂VVF )α2 ] = εκ+r2f2(XXXF ,VVVF )d õ � U N X Ú � � k * Ü (2, 2, · · · , 2︸ ︷︷ ︸
n

,

α1 + 1, α1 + 1, · · · , α1 + 1︸ ︷︷ ︸
n

) �Ý κ = α1 − 1 ´Óg�. dÚn 1 ��, XÚ (11) ´�Ûk��m­½�. Ïd, õ�UNXÚ (3) A^��ÆÆ (9) �±¢y�Ûk��m�N��, ǑÒ´A^Äu*ÿì�ÆÓ��ÆÆ (9), ���õ�UNXÚ (2)3k��mS¢y�N��. �5 2. ©z [24] ïÄ
��XÚ�¥¡?èJl���AÛ?êO��O, òg·A Backstep-

ping Eâ!AÛ?êO�Ú��5�{(Ü�O

#�*ÿì, égÌN3{���þ��Ý, ¥¡²���þ��ÝÚ¥¡����þ��Ý?1�O. ©z [25] ïÄ
3���î.5�6|¥é?èJl$Ä�g·A Backstepping �O, òg·A
Backstepping EâÚ��5�{(ÜJÑ
�«#�*ÿì, �±é���6��þ?1�O. ±þü«*ÿì·^u6|¥�?èJl��, 
�©¤�^�*ÿì�é�´�±3k��m�¹eé�kØ��Z6�XÚ���G�ÚZ6?1�O.ØÓ�*ÿì�é�XÚØÓ, �k��`³.

3 �ý�yǑ
�y��ì (9) ����J, �©�Ä 4�É6��öÚ 3 �+�ö, ��ö8ÜÚ+�ö8Ü©OǑ F = {1, 2, 3, 4} Ú K = {5, 6, 7}, b�õ�UNXÚ�Ï&ÿÀãXã 1 ¤«.

ã 1 õ�UNXÚ�Ï&ÿÀã
Fig. 1 The communication topology of multi-agent

systemsb�ÿÀã¤k>��­Ǒ 1, ã��
� Ý 
 Ǒ A =





0 1 0 0 1 0 0

1 0 1 0 0 1 0

0 1 0 1 0 0 0

0 0 1 0 0 0 1

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0





,

K X Ú � Laplacian Ý 
 Ǒ L =



2 −1 0 0 −1 0 0

−1 3 −1 0 0 −1 0

0 −1 2 −1 0 0 0

0 0 −1 2 0 0 −1

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0





.

��ì (9) �ëêÀ�Ǒ l1 = 20, l2 = 20,

α1 = 1
2
, α2 = 2

3
, *ÿì (8) �ëêÀ�Ǒ λ0 = 10,

λ1 = 5, λ2 = 5, β = 20. o���ö¤É�Ø��Z6Ú��Z6©OÀ�Ǒ: ��ö 1 �Z6 d11 =
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1, d12 = 2; ��ö 2 �Z6 d21 = 0.5, d22 = 1; ��ö 3 �Z6 d31 = 0.5 sin 2t, d32 = 2cos 2t; ��ö 4 �Z6 d41 = 0.5 cos 2t, d42 = 2 sin 2t. qÏǑ di = ḋi1 + di2, ¤±o���ö�ª¤É�Z6Ǒ: d1 = 2, d2 = 1, d3 = 3cos 2t, d4 = sin 2t.b�o���ö��© �Ǒ: q1(0) = [2 0]T,

q2(0) = [4 0]T, q3(0) = [0 2]T, q4(0) = [0 4]T, ��ÝǑ: v1(0) = [2 6]T, v2(0) = [3 8]T, v3(0) = [4 6]T,

v4(0) = [5 5]T. n�Ä�+�ö��© �Ǒ:

q5(0) = [6 8]T, q6(0) = [8 8]T, q7(0) = [8 6]T, ��ÝǑ v5(0) = [1 1]T, v6(0) = [1 1]T, v7(0) = [1 1]T.XÚ�ýã 2 L«��õgÌNXÚ��ö�$Ä;,, À�
 t = 0 s, t = 5 s Ú t = 10 s n��m:�n�Ä�+�ö� �G�, dã 2 �±wÑ, o���ö� �3 t = 5 s �®Âñ�dn�+�ö�¤�nÆ/²¡�¥, ��õgÌNXÚ3Äu��ì (9) �^e¢y
�N��.

ã 2 ��õgÌNXÚ��ö�$Ä;,
Fig. 2 The motion track of followers in the second-order

multi-agent systemsXÚ�ýã 3 L«*ÿì (8) é www ��O�,

www = LFXXXF , dã 3 �±wÑ, www ��3 4 s �mÂñ�", =XXXF → 0. XÚ�ýã 4 L«*ÿì (8)é VVVF ��O�, dã 4 �±wÑ, VVVF ��3 4 s �mÂñ�", = VVVF → 0. d±þü�ã�±��XÚ3k��mS¢y
�N��.XÚ�ýã 5 L«*ÿì (8) éo���ö¤ÉZ6��O�, dã 5 �±wÑ, Z6*ÿì��O�3k��m 1 s �mÑììªCu¢S�, ��ö 1�Z6 d1 = 2, ��ö 2�Z6 d2 = 1, ��ö
3�Z6 d3 = 3cos 2t, ��ö 4 �Z6 d4 = sin 2t.XÚ�ýã 6 L«*ÿìéZ6�*ÿØ�,dã 6 �±wÑ, *ÿì (8) 3k��mS¢yéXÚ¤ÉZ6 ddd �°(�O, 3k��m 1.2 s �mªCu 0, ��
é��*ÿ�J.

ã 3 w ��O�
Fig. 3 The estimated value of w

ã 4 �Ý VF ��O�
Fig. 4 The estimated value of velocity VF

ã 5 Z6 d ��O�
Fig. 5 The estimated value of disturbances d



9Ï o� �: �kØ��Z6���õgÌNXÚk��m�N�� 1789

ã 6 Z6 d �*ÿØ�
Fig. 6 Observation error of the disturbances d

4 (Ø
1) �©ïÄ
�kØ��Z6�äkõ�Ä�+�ö�õgÌNXÚ�k��m�N��¯K.Ǒ
*ÿØ�ÿ�XÚG�, �O
��5*ÿì5�OXÚØ�ÿG�ÚZ6. ÏL�^ Lyapunov­½5nØ!�êãØ!àg5nØ��{, ïÄ
õgÌNXÚ�k��m�N��¯K, �ý(J�y
�©¤�O��N���{�±�õgÌNXÚ3k��mS¯�Âñ.

2) e�Úó�òéäkõ
Z6 (¹Ø��Z6) �õgÌNXÚ?1ïÄ, éXÚ¥�Ø��Z6�°��, ©Ûp�õgÌNXÚ�k��m�N��¯K.

References

1 Yoon M G. Consensus of adaptive multi-agent systems. Sys-

tems & Control Letters, 2017, 102: 9−44

2 Yang H Y, Zhu X L, Zhang S Y. Consensus of second-
order delayed multi-agent systems with leader-following. Eu-

ropean Journal of Control, 2010, 16(2): 188−199

3 Han F J, Gao L, Yang H Y. Sampling control on collab-
orative flocking motion of discrete-time system with time-
delays. Neurocomputing, 2016, 216: 242−249

4 Mu X W, Yang Z. Containment control of discrete-time
general linear multi-agent systems under dynamic digraph
based on trajectory analysis. Neurocomputing, 2016, 171:
1655−1660

5 Miao G Y, Cao J D, Alsaedi A, Alsaedi F E. Event-
triggered containment control for multi-agent systems with
constant time delays. Journal of the Franklin Institute, 2017,
354(15): 6956−6977

6 Wang Q, Fu J J, Wang J Z. Fully distributed containment
control of high-order multi-agent systems with nonlinear dy-
namics. Systems & Control Letters, 2017, 99: 33−39

7 Liu Shuai, Xie Li-Hua, Zhang Huan-Shui. Mean square con-
tainment control of multi-agent systems with transmission
noises. Acta Automatica Sinica, 2013, 39(11): 1787−1795
(4R, �áu, Ü�Y. �D(õgÌN�þ��N��.gÄzÆ�, 2013, 39(11): 1787−1795)

8 Li B, Chen Z Q, Liu Z X, Zhang C Y, Zhang Q. Containment
control of multi-agent systems with fixed time-delays in fixed
directed networks. Neurocomputing, 2016, 173: 2069−2075

9 Yang Hong-Yong, Guo Lei, Zhang Yu-Ling, Yao Xiu-
Ming. Movement consensus of complex fractional-order
multi-agent systems. Acta Automatica Sinica, 2014, 40(3):
489−496
(
ö℄, HX, Ü� , �D². E,©ê�õgÌNXÚ�$Ä��5. gÄzÆ�, 2014, 40(3): 489−496)

10 Zhao L, Jia Y M. Finite-time consensus for second-order
stochastic multi-agent systems with nonlinear dynamics.
Applied Mathematics & Computation, 2015, 270: 278−290

11 Fu J J, Wang J Z. Robust finite-time containment control
of general linear multi-agent systems under directed com-
munication graphs. Journal of the Franklin Institute, 2016,
353(12): 2670−2689

12 Zhu Ya-Kun, Guan Xin-Ping, Luo Xiao-Yuan. Finite-time
consensus of heterogeneous multi-agent systems with lin-
ear and nonlinear dynamics. Acta Automatica Sinica, 2014,
40(11): 2618−2624
(Áæ", '#², Û��. �5Ú��5Ä�É�õgÌNXÚ�k��m��5. gÄzÆ�, 2014, 40(11): 2618−2624)

13 Xu C J, Zheng Y, Su H S, Zeng H B. Containment for lin-
ear multi-agent systems with exogenous disturbances. Neu-

rocomputing, 2015, 160: 206−212

14 Yang H Y, Zhang Z X, Zhang S Y. Consensus of second-
order multi-agent systems with exogenous disturbances. In-

ternational Journal of Robust & Nonlinear Control, 2011,
21(9): 945−956

15 Cao W J, Zhang J H, Ren W. Leader-follower consensus of
linear multi-agent systems with unknown external distur-
bances. Systems & Control Letters, 2015, 82: 64−70

16 Yang H Y, Han F J, Zhao M, Zhang S N, Yue J. Distributed
containment control of heterogeneous fractional-order multi-
agent systems with communication delays. Open Physics,
2017, 15(1): 509−516

17 Sun F L, Zhu W, Li Y F, Liu F. Finite-time consensus prob-
lem of multi-agent systems with disturbance. Journal of the

Franklin Institute, 2016, 353(12): 2576−2587

18 Li S H, Du H B, Lin X Z. Finite-time consensus algorithm
for multi-agent systems with double-integrator dynamics.
Automatica, 2011, 47(8): 1706−1712

19 Cheng Y Y, Du H B, He Y G, Jia R T. Robust finite-time
synchronization of coupled harmonic oscillations with ex-
ternal disturbance. Journal of the Franklin Institute, 2015,
352(10): 4366−4381



1790 g Ä z Æ � 45ò
20 Cao Y C, Ren W. Containment control with multiple sta-

tionary or dynamic leaders under a directed interaction
graph. In: Proceedings of the 48th IEEE Conference on De-
cision and Control and 28th Chinese Control Conference.
Shanghai, China: IEEE, 2009. 3014−3019

21 Rosier L. Homogeneous Lyapunov function for homogeneous
continuous vector field. Systems and Control Letters, 1992,
19(4): 467−473

22 Bhat S P, Bernstein D S. Finite-time stability of homoge-
neous systems. In: Proceedings of the 1997 American Con-
trol Conference. Albuquerque, NM: IEEE, 1997. 2513−2514

23 Meng Z Y, Ren W, You Z. Distributed finite-time attitude
containment control for multiple rigid bodies. Automatica,
2010, 46(12): 2092−2099

24 Chen Y Y, Wang Z Z, Zhang Y, Liu C L, Wang Q. A ge-
ometric extension design for spherical formation tracking
control of second-order agents in unknown spatiotemporal
flowfields. Nonlinear Dynamics, 2017, 88(2): 1173−1186

25 Chen Y Y, Zhang Y, Wang Z Z. An adaptive backstepping
design for formation tracking motion in an unknown Eule-
rian specification flowfield. Journal of the Franklin Institute,
2017, 354(14): 6217−6233o� °À�Æ&E�>íó§Æ�a¬ïÄ). Ì�ïÄ��Ǒõ�UN?è��.

E-mail: liyuling822@163.com

(LI Yu-Ling Master student at the

School of Information and Electrical

Engineering, Ludong University. Her

main research interest is the formation

control of multi-agent systems.)


ö℄ °À�Æ&E�>íó§Æ��Ç. Ì�ïÄ��ǑE,�ä, õ�UN?è��, �U��, ��5XÚ��.�©Ï&�ö.

E-mail: hyyang@yeah.net

(YANG Hong-Yong Professor at

the School of Information and Electrical

Engineering, Ludong University. His

research interest covers complex network, the formation

control of multi-agent systems, intelligence control and non-

linear system control. Corresponding author of this paper.)4 � °À�Æ&E�>íó§Æ�a¬ïÄ). Ì�ïÄ��Ǒõ�UN?è��. E-mail: jsgyliufan@163.com

(LIU Fan Master student at the

School of Information and Electrical

Engineering, Ludong University. His

main research interest is the formation

control of multi-agent systems.)
¶L #H%�¬�Æ>íó§�&EÆ�a¬ïÄ). Ì�ïÄ��Ǒõ�UN+8$Ä.

E-mail: yangyz1994@126.com

(YANG Yi-Ze Master student at

the School of Electrical Engineering and

Telecommunications, The University of

New South Wales. His main research

interest is the flocking motion of multi-agent systems.)


