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Data-driven Flotation Process Operational Feedback Decoupling Control

JIANG Yi1 FAN Jia-Lu1 JIA Yao1 CHAI Tian-You1

Abstract The flotation process is a mineral separating physical process by taking advantage of the hydrophilic or

hydrophobic properties of the mineral or the hydrophilic or hydrophobic properties obtained by treatment. In this

paper, firstly, a multivariable, strong coupling, nonlinear and time-varying operational process model is established with

the input and output of the pulp level and feed flow as its inputs and the concentrate grade and tailing grade as its

outputs. Secondly, by taking the advantage that the unmodeled dynamics at last sampling point can be measured,

a scheme of one-step optimal unmodeled dynamic compensation PID decoupling control is proposed including the ore

grade operational process controller driven model, PID controller, feedback decoupling controller and unmodeled dynamic

compensator, to guarantee zero steady-state error, static decoupling, and unmodeled dynamics compensation. Finally, a

simulation experiment on the operational feedback control in an industrial flotation process is conducted to demonstrate

the effectiveness of the proposed method.
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E,ó�L§�Ä�A5, ¤±  �3�½���ò´.�éó�L§�Ä�A5, ©z [9] JÑ
Ä��¸e$1�I�¢�`z�{; ©z [10] ò�`z��.ýÿ���(Ü5)û��ò´¯K;©z [11] �é2ÀL§, JÑ�U`z�{5Jp2ÀL§�°¶¬ �7á£ÂÇ; ©z [12] �é»¶2ÀL§, ò�
��!5§ín!�����(Ü, JÑ�«�U$1���{; ©z [13−14]�é2ÀL§JÑ�«ÄurzÆS���.���{. �´éu2ÀL§5`, du)�>.^�Czª�, ~XÏíþÅÄ!2À�JÅÄ!�¶¬ ÅÄ�, ÏþãÄ�`zÚ�U$1�"���{þJ±¢yÄ��¸e2ÀL§�$1��"�©�é2ÀL§$1L§�õCþ!rÍÜ!��5!�C�E,�Ä�A5, |^�ï�Ä��û�ÿ�A:, JÑ�)¶Ô¬ ��ì°Ä�.!PID ��ì!�")Í��ì!�ï�Ä�Ö�ì�êâ°Ä��Ú�`�ï�Ä�Ö� PID)Í���{, ¿±ü2ÀøǑé�?1
�ý¢�.

1 ��¯K£ã
1.1 2ÀL§£ã2ÀL§´|^¶Ô����Y½Õí5�½²�J?n����Y½Õí5�?1¶Ô©l�ÔnL§. �©±�Ô¶ü2Àø�2ÀL§Ǒ~,TL§Ì�døN!�¶z�!°¶z�!�¶z�!Ïí86ì|¤, Xã 1.d�¶L§)����¶â, �YÚ2À�J·Ü¤Ǒ2Àø��¶¶ó, ²�¶"?\2ÀøøN, 32À�J��^e, �À¶Ô�)�½��Y5, 3�í86ì�^e, 2ÀøS�)�þí�, í�lø.Ü�þ2, ò�À¶Ô�\2Àø��&�, ��©�©l��^. �À¶Ô3�&�¥²d°¶z�6Ñ, Ǒ°¶¶ó; ,��3¶ó¥²d�¶z�6Ñ, Ǒ�¶¶ó, l��©l�À¶Ô�,���J.2ÀL§¥, °¶¬ ��¶¬ ���äk�¿Â. °¶¬ ´�2ÀL§�ª�¬°¶¥¤¹7áþÓ°¶þ�z©', ´�N°¶�þ��I��. �¶¬ ´�2ÀL§�ª�¬�¶¥¤¹7áþÓ�¶þ�z©', �N
·ÜÀO)�L§¥7á��3�¶¥��¹.2ÀL§�$1��(�Ǒü�(�, .�Ǒ

���, ÏLUC�¶¶ó"=���¶z�mÝ5UC�¶6þÚYópÝ, þ�Ǒ$1�, ÏLUC�¶6þÚYópÝ5��°¶¬ Ú�¶¬ .�2ÀL§É��Å6Ä�, DÚ�<ó��ØU9�O(/N�2ÀL§¶ó6þ�� ��½�,J±ò°¶¬ ��¶¬ ��38I��S.

ã 1 ü2Àø�nã
Fig. 1 Schematic diagram of single flotation cell

1.1.1 2ÀL§Ä��.©Û�¶6þÚYópÝ´±�¶z�mÝ u1(t)��¶¶ó"=� u2(t) ǑÑ\, YópÝ y1(t) ��¶6þ y2(t) ǑÑÑ��., ÙÅn�.Xe:

ẏ1(t) =
y2(t)

A
−

k1

A
u1(t)

√

2gy1(t) (1)

ẏ2(t) = −
y2(t)

τ
+

k0

τ
u2(t) (2)Ù¥, τ Ǒ�m~ê, k0 � k1 Ǒ�"Úz��'�ð½~ê, g Ǒå\�Ý.�â©z [15−18], b�: 1) 2Àø¥�k�&��Yó�; 2) �&��Yó�¥�¶Ô�ó��â¿©·Ü; 3) �&��Yó�¥�¶Ô�ó�þ2!e��ÇCzð½. �÷v±þb��, ��Yó���&�¥�¶Ô�ó�ÔÆ²ï'X. Yó�¥�¶Ô�ó�ÔÆ²ï'X�)Yó���&��m�ÔÆ=£!�¶z�Ï\!�¶z�6ÑnÜ©; �&�¥�¶Ô�ó�ÔÆ²ï'X�)Yó���&��m�ÔÆ=£!°¶z�6ÑüÜ©. d±þ'X�±��2ÀL§�Ån�..2ÀL§�$1�.�±£ãǑXe��5ÄåÆ�.:
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ẋxx(t) = F (xxx(t), yyy(t))

rrr(t) = G(xxx(t)) (3)Ù¥, G� xxx(t) = [x1(t), x2(t), x3(t), x4(t)]
T
, ǑYó¥�¶Ô�þ!ó��þ��&�¥�¶Ô�þ!ó��þ; ��Ñ\ yyy(t) = [y1(t), y2(t)]

T
, Ǒ2Àø��¶6þ�YópÝ; ÑÑ rrr(t) = [r1(t), r2(t)]

TǑ°¶¬ ��¶¬ . ª (3) ¥,

F (xxx(t), yyy(t)) =


























−

(

k1
p +

qT

Ay1(t)

)

x1(t) + k1
ex3(t) + X1

ay2(t)

−

(

k2
p +

qT

Ay1(t)

)

x2(t) + k2
ex4(t) + X2

ay2(t)

−

(

k1
e +

qc

A(H − y1(t))

)

x3(t) + k1
px1(t)

−

(

k2
e +

qc

A(H − y1(t))

)

x4(t) + k2
px2(t)



























(4)

G(xxx(t)) =









x3g
1
cp + x4g

2
cp

x3 + x4

Lcu

x1g
1
cp + x2g

2
cp

x1 + x2

Lcu









(5)ª (4) ¥, X2
a = (g1

cp − ga)/(ga − g2
cp)X

1
a .�. (4) ��. (5) ¥�ëê¹ÂXL 1 ¤«.L 1 2ÀL§ÎÒL

Table 1 Flotation process symbol tableÎÒ Ôn¹Â ÎÒ Ôn¹Â
k1

p �Ô¶2ÀÇ k2

p ó�2ÀÇ
k1

e �Ô¶ü�Ç k2

e ó�ü�Ç
ga �¶ó�Ô¶¬  X1

a �Ô¶óßÝ
X2

a ó�¶óßÝ A 2Àø.¡È
H 2ÀøpÝ qT �¶6þ

Lcu �Ô¶¶Ô¬  qc °¶6þ
g1

cp

�Ô¶ó�
g2

cp

ó�¶ó��Ô¶¬  �Ô¶¬ d$1L§�ÄåÆ�. (3)∼ (5) ��, 2ÀL§´±2Àø�YópÝ y1(t) ��¶6þ y2(t)ǑÑ\, °¶¬  r1(t) ��¶¬  r2(t) ǑÑÑ�r��5rÍÜ�L§. YópÝ y1(t) ��¶6þ y2(t) �Ǒ��Ñ\, ÑUé2ÀL§�ÑÑ°¶¬  r1(t) ��¶¬  r2(t) �)KǑ. Ó�, �¶L§�¬�)�¶â���2Àø?í86ì>6

IQ(t) �ÅÄ, Ñ¬E¤2Àø¥�ÔÆ�p�ÇXê k1
p, k2

p, k1
e , k2

e �)Cz, Ó�, duTÔnCzE,, ¶â���2Àø?í86ì>6 IQ(t) éÔÆ�p�ÇXê k1
p, k2

p, k1
e , k2

e �)�KǑJ±^êÆ�.£ã, �, du2À�óSß�L§É�À¶�¶ó£66Ä��, Ó��¶¶Ô¬ ÅÄ,7,���Ô¶óßÝ X1
a �ó�¶óßÝ X2

a �)Cz. �É�þã�Å���Z6�, E¤2ÀL§Ä�A5u)����ÅCz, Ǒ
òþãÄ�A5Cz^�ï�Ä�5£ã, |^2ÀL§$13ó�:NC�A:, òª (3)∼ (5) 3ó�:?�5z, =̇
xxx(t) = Āxxx(t) + Byyy(t) + ooo1(xxx(t), yyy(t))

rrr(t) = Cxxx(t) + ooo2(xxx(t)) (6)Ù¥
Ā =

∂F

∂xxx

∣

∣

∣

∣

xxxeq,yyyeq

, B =
∂F

∂yyy

∣

∣

∣

∣

xxxeq,yyyeq

, C =
∂G

∂xxx

∣

∣

∣

∣

xxxeq ,rrreq

xxxeq, yyyeq, rrreq ©OǑ2ÀL§ó�:?éA�G�!��Ñ\!ÑÑ��. ooo1(·) Ú ooo2(·) Ǒ��5�5z��p��¡��þã�ÅCz�)��ï�Ä�.éA�æ��ǑǑ T (�æ�±ÏǑ To = mTd,

Td Ǒ���æ�±Ï, m Ǒ��ê) �lÑ�.Ǒ
xxx(T + 1) = Adxxx(T ) + Bdyyy(T ) + ooo3(xxx(T ), yyy(T ))

rrr(T ) = Cxxx(T ) + ooo2(xxx(T )) (7)Ù¥, Ad = eĀTo , Bd =
∫ To

0
eĀtdtB. ooo3(·) ǑlÑ^�e��ï�Ä�.K¶ÔL§�Ñ\ÑÑ��é��.Ǒ

A(z−1)rrr(T + 1) = B(z−1)yyy(T ) + vvv(T ) (8)Ù¥,

A(z−1) = diag{A1(z
−1), A2(z

−1)}

B(z−1) =

[

B11(z
−1) B12(z

−1)

B21(z
−1) B22(z

−1)

]

vvv(T ) =

[

v11(T )

v12(T )

]

A−1(z−1)B(z−1) = C(zI − Ad)
−1Bd

A1(z
−1) = 1 + a11z

−1 + a12z
−2

A2(z
−1) = 1 + a21z

−1 + a22z
−2

B11(z
−1) = b11

0 + b11
1 z−1

B12(z
−1) = b12

0 + b12
1 z−1

B21(z
−1) = b21

0 + b21
1 z−1
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B22(z

−1) = b22
0 + b22

1 z−1

vvv(T ) L«�ï�Ä�.éu¢S�2ÀL§, du$1��÷v�½�Ôn�å, �¶6þ÷v�¶"ó��Ç�Ôn�å, ¶ópÝ÷v2Àø�pÝ�å. Ó�, °¶¬ ��¶¬ ÷v�½���, = 0%∼

100% �m, 3(½
XÚÑ\ÑÑëê A(z−1) Ú
B(z−1) �, ¶Ô¬ L§��ï�Ä� vvv(T ) k.,= ‖vvv(T )‖ < M , |v1(T )| < M1, |v2(T )| < M2.Ïd, 2ÀL§���8I´32ÀL§É�¶â��!?í86ì>6 IQ(t)!�¶¶Ô¬  ga��Å���Z6�, ��°¶¬ ��¶¬ 3�½���S:

Lcgmin
≤ r1(t) ≤ Lcgmax

(9)

Ltgmin ≤ r2(t) ≤ Ltgmax (10)Ù¥, Lcgmin Ú Lcgmax ©O´°¶¬ 8I���þe�, Ltgmin Ú Ltgmax ©O´�¶¬ 8I���þe�.

2 $1�")Í��ì�O
2.1 2ÀL§$1��üÑd�¶6þÄåÆ�.��, �¶6þL§Ǒ���5L§, �±ÏL PI ��ì¢y½��,dYópÝÄåÆ�.��, YópÝL§´±�¶6þǑ�ÿ6Ä����5L§, �±ÏL"� PI ��ì¢y��, �©b�2ÀL§�.���´½�, �¶6þ�YópÝ�±½/�l�½�.dÄåÆ�.ª (3)∼ (5) ��, 2ÀL§�¶ÔL§´��r��5rÍÜ, �ëê�3�ÅCz�L§, Ïd, �©ò¶ÔL§¥�p���5�ëê�ÅCz�Ï�^�ï�Ä�L«, =zǑXª (8) ¤«�¹k�5õCþ��ï�Ä���.,�é��é��Cq�5�ª�O�" PID )Í��ì, |^�ï�Ä��û�ÿ�A:, �O��" PID )Í��ì, �Oêâ°Ä��Ú�`�ï�Ä�Ö� PID )Í��ì, ��µãXã 2 ¤«. T��ì�)¶Ô¬ ��ì°Ä�.!PID��ì!�")Í��ì!�ï�Ä�Ö�ì. �½�Ǒ8I«m�¥�, r*

1 = (Lcgmax + Lcgmin)/2, r*
2

= (Ltgmax + Ltgmin)/2.

ã 2 êâ°Ä�Ú�`�ï�Ä�Ö� PID )Í��(�ã
Fig. 2 Structure diagram of data driven one-step optimal unmodeled dynamic compensation PID decoupling control
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2.2 êâ°Ä��Ú�`�ï�Ä�Ö��¶Ô¬  PID)Í���{dª (8)��, T−1�Ǒ��ï�Ä�vvv(T−1)Ǒ
vvv(T − 1) = rrr(T ) + A∗(z−1)rrr(T )−

B(z−1)yyy(T − 1) = rrr(T ) − r̄rr(T ) (11)Ù¥, A∗(z−1) = A(z−1)− I, r̄rr(T ) Ǒ¬ ��ì°Ä�.�ÑÑ, L«Ǒ
r̄rr(T ) = −A∗(z−1)rrr(T ) + B(z−1)yyy(T − 1) (12)du vvv(T − 1) �±dª (12) ¼�, æ^Xã 2¤«�êâ°Ä�Ú�`�ï�Ä�Ö�� PID )Í��(�é vvv(T − 1) ?1Ä�Ö�� PID )Í��Æ, =
yyy(T ) = yyy(T − 1) + KP [eee(T ) − eee(T − 1)]+

KIeee(T ) + KD[eee(T )−

2eee(T − 1) + eee(T − 2)]−

H̄(z−1)yyy(T ) − K̄(z−1)vvv(T − 1) (13)þª�zǑXe/ª:

H(z−1)yyy(T ) = G(z−1)eee(T ) − H̄(z−1)yyy(T )−

K̄(z−1)vvv(T − 1) (14)Ù¥, eee(T ) = rrr∗(T ) − rrr(T ) Ǒ�½��ÑÑ�m�Ø�, KP , KI , KD ǑéÆ~êÝ
, ©OL«
PID ��ì�'~!È©Ú�©XêÝ
. G(z−1),

H(z−1), H̄(z−1), K̄(z−1) �¤êâ°Ä�Ú�`�ï�Ä�Ö�� PID )Í��ì, Ǒ'u z−1 �õ�ªÝ
, G(z−1), H(z−1), K̄(z−1) Ǒ'u z−1�éÆõ�ªÝ
, Ù¥ G(z−1) = (1 − z−1)KP +

KI + (1−2z−1 +z−2)KD, H(z−1) = diag{1−z−1,

1 − z−1}, H̄(z−1) Ǒ'u z−1 �éÆǑ"�õ�ªÝ
.- B(z−1) = B̄(z−1) + ¯̄B(z−1), B̄(z−1) Ǒ'u z−1 �éÆõ�ªÝ
, ¯̄B(z−1) Ǒ'u z−1 �éÆǑ"�õ�ªÝ
. ò��Æ (14) �\��é�
(8), ��4�é��§.
[

H(z−1)A(z−1) + z−1B̄(z−1)G(z−1)
]

rrr(T + 1) =

B̄(z−1)G(z−1)rrr∗(T ) + H(z−1)∆vvv(T )+
[

H(z−1) ¯̄B(z−1) − B̄(z−1)H̄(z−1)
]

yyy(T )+
[

H(z−1) − B̄(z−1)K̄(z−1)
]

vvv(T − 1) (15)Ù¥, ∆vvv(T ) = vvv(T ) −vvv(T − 1) Ǒ�ï�Ä��Cz, H(z−1)A(z−1) + z−1B̄(z−1)G(z−1), H(z−1) −

B̄(z−1)K̄(z−1), B̄(z−1)G(z−1) Ǒ'u z−1 �éÆõ�ªÝ
, H(z−1) ¯̄B(z−1) − B̄(z−1)H̄(z−1) Ǒ'u z−1 �éÆǑ"�õ�ªÝ
, ·�ÀJ G(z−1)�±¢yÑÑ rrr(T ) é rrr∗(T ) ��l; ·�ÀJ
H̄(z−1) �±��U/�ØÍÜ� H(z−1) ¯̄B(z−1)

− B̄(z−1)H̄(z−1) é4�XÚ�KǑ; ·�ÀJ
K̄(z−1) �±��U/�Ø�ï�Ä� [H(z−1) −

B̄(z−1)K̄(z−1)]vvv(T − 1) é4�XÚ�KǑ.Ǒ
����Æ (14), Ú\Xe5U�I.

J =
∥

∥P (z−1)rrr(T + 1) − R(z−1)rrr∗(T ) +

Q(z−1)yyy(T ) + S(z−1)yyy(T )+

K(z−1)vvv(T − 1)
∥

∥

2
(16)Ù¥, P (z−1), Q(z−1), R(z−1), K(z−1) Ǒ'u z−1�éÆõ�ªÝ
, S(z−1) Ǒ'u z−1 �éÆǑ"�õ�ªÝ
.Ú\2ÂÑÑ φφφ(T + 1) Ǒ

φφφ(T + 1) = P (z−1)rrr(T + 1) (17)½Â2Ân�ÑÑ φφφ∗(T + 1) Ǒ
φφφ∗(T + 1) = R(z−1)rrr∗(T ) − Q(z−1)yyy(T )−

S(z−1)yyy(T ) − K(z−1)vvv(T − 1) (18)2ÂÑÑØ� eee∗(T + 1) Ǒ
eee∗(T + 1) = φφφ(T + 1) − φφφ∗(T + 1) =

P (z−1)rrr(T + 1) − R(z−1)rrr∗(T )+

Q(z−1)yyy(T ) + S(z−1)yyy(T )+

K(z−1)vvv(T − 1) (19)Ú\Xe Diophantine �§
F (z−1)A(z−1) + z−1Ḡ(z−1) = P (z−1) (20)Ù¥, F (z−1) � Ḡ(z−1) ��gǑ nF = 0, nḠ = 2,

Ḡ(z−1) = Ḡ0 + Ḡ1z
−1 + Ḡ2z

−2.d Diophantine �§��, � J �� (Jmin =

‖H(z−1)∆vvv(T )‖
2
) ��k�ï�Ä�Ö���Ú�`��ÆǑ

[

F (z−1)B̄(z−1) + Q(z−1)
]

yyy(T ) =

R(z−1)rrr∗(T ) − Ḡ(z−1)rrr(T )−
[

S(z−1) + F (z−1) ¯̄B(z−1)
]

yyy(T )−
[

F (z−1) + K(z−1)
]

vvv(T − 1) (21)ò��Æ (21) �\��é� (8), ��
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[

P (z−1)B̄(z−1) + Q(z−1)A(z−1)
]

rrr(T + 1) =

B̄(z−1)R(z−1)rrr∗(T )+
[

Q(z−1) ¯̄B(z−1) − B̄(z−1)S(z−1)
]

yyy(T )+
[

Q(z−1) − B̄(z−1)K(z−1)
]

vvv(T − 1)+
[

Q(z−1) + F (z−1)B̄(z−1)
]

∆vvv(T ) (22)Ó���
[

P (z−1)B(z−1) + A(z−1)Q(z−1)+

A(z−1)S(z−1)
]

yyy(T ) =

A(z−1)R(z−1)rrr∗(T )−

[P (z−1) + A(z−1)K(z−1)]vvv(T − 1)−

[P (z−1) + A(z−1)K(z−1)]∆vvv(T ) (23)é'��Æ (21) � (14), Ú\éÆ~êÝ
 Π = diag{Π1,Π2}, Λ = diag{Λ1,Λ2}, Γ =

diag{Γ1,Γ2}, Ó�, ½Â Ḡ(z−1) = Π−1G(z−1),

H̄(z−1) = Π[S(z−1) + F (z−1) ¯̄B(z−1)], K̄(z−1) =

Π[F (z−1) + K(z−1)].ÀJ\�Ý
 Q(z−1), S(z−1), K(z−1) Ǒ
Q(z−1) = Π−1H(z−1) − F (z−1)B̄(z−1)

S(z−1) = Π−1H(z−1)ΛB̄−1(1) ¯̄B(1)−

F (z−1) ¯̄B(z−1)

K(z−1) = Π−1H(z−1)ΓB̄−1(1) − F (z−1) (24)ÏLÀJéÆ~êÝ
 Π = diag{Π1,Π2}, �� |z| > 1 �, eª¤á.

det
{

P (z−1)B(z−1) + A(z−1)Q(z−1) +

A(z−1)S(z−1)
}

6= 0 (25)KXÚ´½�[19], é'ª (21), (23) Ú (24), ��
KP = −Π(Ḡ1 + 2Ḡ2)

KI = Π(Ḡ0 + Ḡ1 + Ḡ2)

KD = ΠḠ2

H̄(z−1) = Π
[

F (z−1) ¯̄B(z−1) + S(z−1)
]

K̄(z−1) = Π
[

F (z−1) + K(z−1)
]

(26)d½Â (24) ��, ��Æ (14) ÷vXe��:

H(1)A(1) + B̄(1)G(1) = B̄(1)G(1)

Q(1) ¯̄B(1) = B̄(1)S(1)

Q(1) = B̄(1)K(1) (27)=¢y
�Ø�Ø�!·�)Í��ï�Ä��Ö�.

3 ��5U©ÛǑ
y²�©JÑ�êâ°Ä�Ú�`�ï�Ä�Ö�� PID )Í���{�±�4�XÚäk½5ÚÂñ5, Ú\Ún 1.Ún 1. ���ì (14) �^u��é� (8) �,��é��Ñ\ÑÑ�§Ǒ
[

P (z−1)B(z−1) + A(z−1)Q(z−1)+

A(z−1)S(z−1)
]

yyy(T ) =

A(z−1)R(z−1)rrr∗(T )−

[P (z−1) + A(z−1)K(z−1)]vvv(T − 1)−

[P (z−1) + A(z−1)K(z−1)]∆vvv(T ) (28)

[

H̃(z−1)A(z−1) + z−1B̃(z−1)G(z−1)
]

rrr(T + 1) =

B̃(z−1)R(z−1)rrr∗(T )−
[

H̃(z−1) − B̃(z−1)K̄(z−1)
]

×

vvv(T − 1) + H̃(z−1)∆vvv(T ) (29)Ù¥, H̃(z−1) � B̃(z−1) Ǒ���Ý
, ÷v
B̃(z−1)[H(z−1) + H̄(z−1)] = H̃(z−1)B(z−1)

det{B(z−1)} = det{B̃(z−1)}�k
det

{

P (z−1)B(z−1) + Q(z−1)A(z−1)+

S(z−1)A(z−1)
}

=

det
{

H̃(z−1)A(z−1) + z−1B̃(z−1)G(z−1)
}

(30)w,, ��é��Ñ\ÑÑ�§ (28) �Ñ\ÑÑ�§ (23) �d, ^ B̃(z−1) ����ì (13), �\��é� (8), 2|^���Ý
, �n���ª
(29), |^©z [20−22] ��{, �±y²ª (30).b� 1. ��ï�Ä� vvv(T ) k., � T → ∞�, vvv(∞) Ǒ~ê.½n 1. 3b�^�e. ��é�dª (8) L«, æ^��Æ (14), 4�XÚ�Ñ\ÑÑ&Ò��k. (Bounded input bounded output, (BIBO) ½), =

‖yyy(T )‖ < ∞, ‖rrr(T )‖ < ∞ (31)¿���é��ÑÑ rrr(T ) �ë�Ñ\ rrr∗(T ) �m��Ø��uýk�½� ε, =
lim

T→∞

‖rrr∗(T ) − rrr(T )‖ ≤ ε (32)y². ÏǑ�ï�Ä� vvv(T ) k., ¤±�ï�Ä��Cz ∆vvv(T ) = vvv(T ) − vvv(T − 1) k



4Ï ñ²�: êâ°Ä�2ÀL§$1�")Í���{ 765.. dª (24) Úª (30) ��, Ñ\ÑÑ4��§ P (z−1)B(z−1) + A(z−1)Q(z−1) + A(z−1) ×

S(z−1), H̃(z−1)A(z−1)+ z−1B̃(z−1)G(z−1) ´½�, rrr∗(T ) � ∆vvv(T ) k.. Kk
‖∆vvv(T )‖ = ‖vvv(T ) − vvv(T − 1)‖ ≤

‖vvv(T )‖ + ‖vvv(T − 1)‖ ≤ 2M (33)d vvv(T ) � rrr∗(T ) �k.5, K�3�~ê d1,

· · · , d4. æ^©z [20−22] aq�{, �±y²
‖yyy(T )‖ ≤ d1 + d2M < ∞ (34)

‖rrr(T )‖ ≤ d3 + d4M < ∞ (35)=÷v4�XÚ�Ñ\ÑÑ&Ò��k. (BIBO½).dª (22), (24)∼ (27) ��, � T → ∞, ¶Ô¬ ��lØ�Ǒ
lim

T→∞

‖rrr(T + 1) − rrr∗(T )‖ =
∥

∥

∥

∥

Q(1) + B̄(1)F (1)

B̄(1)R(1)

∥

∥

∥

∥

× lim
T→∞

|∆vvv(T )| < ∞

(36)� T → ∞ �, vvv(∞) Ǒ~ê, =
lim

T→∞

|∆vvv(∞)| = 0K¶Ô¬ ��lØ�Ǒ
lim

k→∞

‖rrr(T + 1) − rrr∗(T )‖ = 0 < ε (37)

�

4 �ý¢�Ǒ
�y¶Ô¬ êâ°Ä�Ú�`�ï�Ä�Ö�� PID )Í���{�k�5, ?1Xeé'�ý¢�.

4.1 �ý¢�ëêÀJ�é¶Ô¬ L§ (3)∼ (5), ÀJëêXe: ÔÆ�p�ÇXêǑ
k1

p = 17.9 min−1, k2
p = 0.04 min−1

k1
e = 65.6 min−1, k2

e = 316 min−12Àø.¡È�pÝǑ
A = 53.2m2, H = 3.2m�¶¶ó�¬ ©OǑ

ga = 0.0234, g1
cp = 0.417, g2

cp = 0.0034

¶ÔL§�²ï:Ǒ
qT = 9.3m3/min

M1
p = 16.8 t/m3, M2

p = 1123 t/m3

M1
e = 4.56 t/m3, M2

e = 0.2 t/m3

y1(t) = 2.6m, y2(t) = 17m3/minæ�±ÏǑ To = 30 min, ��Xe�.:

A(z−1) =
[

1 − 0.1767z−1 + 0.0038z−2

0

0

1 − 0.1767z−1 + 0.0038z−2

]

(38)

B(z−1) =
[

−1.6436 + 0.1049z−1

−0.5521 + 0.0709z−1

−0.0012 + 0.00003z−1

−0.00004 + 0.000001z−1

]

(39)é'�ý¢�¥��ìëê��Xe:

1) PID )Í���{ëê���Ý
 P (z−1), Q(z−1), R(z−1), K(z−1) ÀJXe, �Ù÷vª (24).

Π = diag{Π1,Π2} = diag{−0.35,−25}

Λ = diag{Λ1,Λ2} = diag{0.1,−5 × 10−5}

Γ = diag{Γ1,Γ2} = diag{0.2, 0.5}

P (z−1) = I2×2

F (z−1) = I2×2

R(z−1) = I2×2

Q(z−1) = Π−1H(z−1) − F (z−1)B̄(z−1) =
[

−1.2136 + 2.7522z−1 0

0 −0.04 + 0.04z−1

]

S(z−1) = Π−1H(z−1)ΛB̄−1(1) ¯̄B(1)−

F (z−1) ¯̄B(z−1) =
[

0 −0.0088 − 0.0107z−1

0.2777 + 0.2032z−1 0

]

K(z−1) = Π−1H(z−1)ΓB̄−1(1) − F (z−1) =



766 g Ä z Æ � 45ò
[

−0.3817 − 0.6183z−1 0

0 −0.4285 − 0.5715z−1

]�) Diophantine �§, ��
Ḡ(z−1) =

[

0.1767 − 0.0038z−1 0

0 0.1767 − 0.0038z−1

]

(40)K��ÆÝ
 G(z−1), H(z−1), H̄(z−1), K̄(z−1) �¤êâ°Ä�Ú�`�ï�Ä�Ö�� PID )Í��ëêǑ
KP = − Π(Ḡ1 + 2Ḡ2) =

[

4.6014 × 10−4 0

0 2.3477

]

(41)

KI = Π(Ḡ0 + Ḡ1 + Ḡ2) =
[

0.0212 0

0 108.1049

]

(42)

KD = ΠḠ2 =

[

0 0

0 0

]

(43)

H(z−1) = diag{1 − z−1, 1 − z−1} (44)

H̄(z−1) = Π
[

F (z−1) ¯̄B(z−1) + S(z−1)
]

=
[

0 −0.0036 + 0.0036z−1

0.0014 − 0.0014z−1 0

]

(45)

K̄(z−1) = Π
[

F (z−1) + K(z−1)
]

=
[

−0.3710 + 0.3710z−1 0

0 28.574 − 28.574z−1

]

(46)

2) �.ýÿ���{¥5U�I
J =

T+Np
∑

i=T+1

(rrr∗ − rrr(i))
T
Q(rrr∗ − rrr(i))

s.t. xxx(i + 1|i) = Adxxx(i|i) + Bdyyy(i|i)

rrr(i|i) = Cxxx(i|i) (47)�{¥ýÿÚ�Ǒ Np = 5 Ú, \�Ý
 QǑü Ý
, �`z¯K�)�^ MATLAB ¥�
quadprog ¼ê.�ý¢�¥�½�8I«mǑ

17 ≤ r1(t) ≤ 17.3 (48)

4.5 ≤ r2(t) ≤ 5 (49)KÀJ�½�Ǒ rrr∗ = [17.15, 0.475]T.

4.2 Äu�5�.��ýé'¢��é©z [15] ¥�5z���¶Ô¬ �5�., �^�©� PID )Í���{��.ýÿ��
(Model predictive control, MPC) �{?1é'�ý¢�, (JXã 3∼ 7 ¤«.l�ý(J�±wÑ, ���é�Ǒ�5�.�, �©¤J�{�©z [15] ¥��.ýÿ���{Ñ�±��UC�¶6þ�� pÝ, �¶Ô¬ �l8I�½�, Ù¥�.ýÿ���{�ǑA�Ý�¯, �´�.ýÿ���6uG��"êâ,¢S�¹e, ¶ÔL§�G�´J±3�ÿþ���, �©��{�I�ÑÑêâ¢y�"��.

ã 3 �5�.e PID )Í���¶Ô¬ �l�
Fig. 3 Ore grade tracking curve with PID decoupling

control under linear model

ã 4 �5�.e PID )Í�����Ñ\
Fig. 4 Control input curve with PID decoupling control

under linear model
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ã 5 �5�.e�.ýÿ�����¶Ô¬ �l�
Fig. 5 Ore grade tracking curve with MPC under

linear model

ã 6 �5�.e�.ýÿ�����Ñ\
Fig. 6 Control input curve with MPC under linear model

ã 7 ëê6Ä�
Fig. 7 Parameter disturbance curve

4.3 Äu��5�.��ýé'¢�Ǒ
�y�©�{�¢S�J, �^©z [15]¥���5é�?1�ý¢�, =2ÀL§��.
(3), �^�©�êâ°Ä�Ú�`�ï�Ä�Ö�� PID )Í���{��.ýÿ�� (Model pre-

dictive control, MPC) �{?1é'�ý¢�, Ó�, �Ä�3�¶¬ ëê ga ��Å�6Ä, ëê6Ä�Xã 8∼ 12 ¤«.Ǒ
µd�©����J, Ú\ýéØ�È© (Integral absolute error, IAE) �Ø�þ��
(Mean square error, MSE)[23−26] 5µd���J,

ã 8 ��5�.eêâ°Ä�Ú�`�ï�Ä�Ö��
PID )Í���¶Ô¬ �l�

Fig. 8 Ore grade tracking curve with data driven one

step optimal unmolded dynamic compensation PID

decoupling control under nonlinear model

ã 9 ��5�.eêâ°Ä�Ú�`�ï�Ä�Ö��
PID )Í�����Ñ\

Fig. 9 Control input curve with data driven one step

optimal unmolded dynamic compensation PID decoupling

control under nonlinear model
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ã 10 �ï�Ä���
Fig. 10 Value of unmolded dynamic

ã 11 ��5�.e�.ýÿ���¶Ô¬ �l�
Fig. 11 Ore grade tracking curve with MPC under

nonlinear model

ã 12 ��5�.e�.ýÿ�����Ñ\
Fig. 12 Control input curve with MPC under

nonlinear model

úªǑ
IAE =

T∗

∑

T=1

|r∗

i − ri(T )|, i = 1, 2 (50)

MSE =

√

√

√

√

1

T ∗

T∗

∑

T=1

|r∗

i − ri(T )|
2
, i = 1, 2 (51)µd�IXL 2 ¤«.L 2 é'¢�µd�I

Table 2 Performance index of comparison experiment

IAE MSE�© r1 0.2078 3.3073 × 10−5�© r2 0.1803 2.396 × 10−5

MPC r1 18.1797 0.0601

MPC r2 37.4461 0.2563l�ý(J�±wÑ, ���é�Ǒ��5�.�, �©¤J�{�±��UC�¶6þ�� pÝ, �¶Ô¬ �l8I�½�. ©z [15] ¥��.ýÿ���{�{�â�"êâN���Ñ\,�¶Ô¬ �l8I�½�. Ó�§��ÑÑ�8I��3�½�{�, �©JÑ�{�µd5U�I`u©z [15] ¥��.ýÿ���{.

5 (Ø�©JÑ�2ÀL§êâ°Ä��Ú�`�ï�Ä�Ö� PID )Í���{, d¶Ô¬ ��ì°Ä�.!PID ��ì!�")Í��ì!�ï�Ä�Ö�ì|¤, ¢y
�Ø�Ø�!·�)Í��ï�Ä��Ö�, ü2ÀøǑé���ý¢�(JL²
T�{�k�5.
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