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Abstract In this paper, we formulate and investigate a
memristive neural networks with time-varying delays and syn-
chronous switching. Conditions are derived which ensure the
existence of an equilibrium point and uniform stability for state
trajectories of the memristive neural network. The analysis in
the paper employs results from the theory of Lyapunov function.
Moreover, the proposed stability conditions are straightforward
and convenient which can reflect the impact of time-varying de-
lays on the stability. The simulation results demonstrate the
effectiveness of the theoretical results.
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1 Introduction

The “memristor”, an abbreviation for memory resistor,
is the fourth basic circuit element along with resistors, ca-
pacitors and inductors which were studied by Chua [1] in
1971. Chua et al. [2] showed that the value of the memris-
tor, called memristance, is the function of electric charge ¢
given as M(q) = ‘;—“g, where ¢ represents the magnetic flux.

On May 1, 2008, the Hewlett-Packard (HP) research team
proudly announced that they had built a prototype of the
memristor with an official publication in Nature [3].

As we know, the memristive neural network is a pre-
requisite in many applications such as signal processing,
pattern recognition, systems control and intelligent circuit
[4]—[11]. Because of the special nonlinear structure and its
important applications, the theoretical analysis of memris-
tive neural network is a very important issue for research.
Memristive switching neural network is one of the study
branches. Switching system is a hybrid system, which con-
sists of several subsystems and a switching rule. Neural
networks with switching behavior are called switching neu-
ral networks. Because of the special nature of memristor,
there are many researchers who have been interested in in-
vestigating memristive switching neural networks [12]—[15].

It is known that time delay affects the dynamic behav-
iors of neural networks enormously, and delay-dependent
stability criteria are of little conservatism, therefore many
important results have been established for time-delay sys-
tem [16]—[18]. According to the feature of memristor and
the current characteristics, we know there exists a fixed
switching time between memristors’ two states, thus, the
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memristor is a switching system itself. Motivated by the
above discussion, the main aim in this paper was to estab-
lish a memristive neural network with time-varying delays
and put some external switching signals which are syn-
chronous with the fixed switching time between memris-
tors’ two states. This memristive system is not only a time-
delay system but also a switching system, we can call the
system memristive neural networks with time-varying de-
lays and synchronous switching. This is a new system that
is never studied before, we will establish stability criteria
for this system in this paper. The method of this paper
can be extended to study some other memristive neural
networks.

According to the feature of memristor and the current
characteristics, in this paper, we apply a simple mathemat-
ical model of the memristance as follows [19]:

M, u(t) >0
M(u(t)) = M", u(t) <0 (1)
Tlintni M(u(r)), 4(t)=0

where u is the voltage applied to the memristor, u(t) is
the derivative of u with respect to time t. M’ < M”, M’
and M" are the memristances when 7 (t) > 0 and u(t) <0
respectively. When 4(t) = 0, lim,_,— M (u(7)) means that
the memristance keeps the current value.

The rest of this paper is organized as follows. In Sec-
tion 2, we put forward a memristive neural network with
time-varying delays and synchronous switching model, then
make a brief description. In Section 3, we analyze the sys-
tem in brief via Lyapunov function. In Section 4, one ex-
ample is given to illustrate our results. Finally, in Section
5 we give the conclusion, in Section 6 we give the acknowl-
edgments.

2 Model Description

We consider the following memristive neural networks
with time-varying delays and synchronous switching model:

Zi(t) = — dicyzi(t) + Z aij(2i = %) f(2 (1))
j=1

) bii(2 = 2o 3525 (E = 735(£)) + Sio(r)
j=1

i=1,2,....n (2

where z;(t) is the state variable of the ith neuron, v = o(t)
is the switching signal which takes value in the finite set X
={1,2,...,N}, diy is the ith neuron’s self-feedback con-
nection weight at the switching signal of v, a;;(z; — 2z;5)~
and b;;(z; — zj), are, respectively, memristive connection
weights and those associated with time delays at the switch-
ing signal of 7, S;, is the external constant inputs at the
switching signal of v, 7;;(¢) is time-varying delays for the
system. n denotes the number of neurons in the indicated
neural networks. f;(-) and g;(-) are the ith activation func-
tions and those associated with time delays, respectively.
System (2) can be rewritten in the following vector form

A(t) = P(2)
== Do()z(t) + A(2) o0 f(2(1))
+ B(2)o)3(2(t = 7(t))) + So1)- (3)

By applying the theories of set-valued maps and differ-
ential inclusions, the memristive neural network (3) has
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the same solution set as the following differential inclusion
equation [19]—[21]:

#(t) € co{P(z)}
= — Doy 2(t) + Aoy F(2(1))

+ BotyG(2(t = 7(t)) + Sory,  i=1,2,...,n (4)

where D., = diag(di~,d2~,...,dny), v € {1,2,...,N}. For
some time ¢, o(t) = v, we say that ith neural network (D

A;, B;) is activated at time ¢t. Assume that the function
o(t) is right-continuous, that is, o(t) = o(t7). The time ¢

is called the switching time if o(t) # o(t~). And
Aoty = (€L, 0y (Bl + (1= €L ()
Bsy = (ifg(t)(t)béj +(1- gzg(t)(t))bgj)nxn

gg’a(t)(t) are arbitrary constants such that 0 < & (1)
< 1 and ’Eio—(t)( ) + -fjg(t)( ) = L f(z( t)) = [ 1(21(t)),
)

Fa(z2(®) -, fa(za (O, §(2(8) = [G1(21(1)), G2(22(1)),
oy Gn(zn()]T. T(t) is the time delay with 7 < 7(¢) < 7
S, is the external input, Sy = (Siy,S2+,---,Snqy). As—

sume P(z) is locally bounded, according to the Lemma 2
n [19], the existence of the solution of (4) is ensured.

The differential inclusion equation (4) means that there
exist sets diag{di,d2~,...,dny}, diag{Siy, Say,...,Sn~}
and {E;-(,(t)(t)} such that

Zi(t) = — dizi(t) + Z €ij (t)al; + (1 = & ()ai)] i (25 (1)

+ Z[&j (t)b:,'j + (1 =& (t))bély)]
j=1
+gi(zt—Ti;(®)+Si, 1=1,2,...,n. (5)
Moreover, we assume that the initial conditions of the
system (4) are of the form
zi(t) = ¢i(t),

te[-7,0], t € [- max ]

1<i,j<n

where ¢;(-) denote real-valued continuous functions defined
on [—7,0].

Suppose that z* = (z},25,...,25)7 is an equilibrium
point of system (2). Let z(t) = z(t) — 2z, then system (4)
can be rewritten as follows

&(t) = =Dowy(t) + Aoy f(2(t)) + Bong(a(t — T(t)))(6)

where

Fa(®) = (fi(z1(t)), fa(@2(8)), ., fulza(1))"

gzt —7(t ))) ( (xl(t —7(1))),
g2(@2(t —7(1))), -, gnl(@a(t — 7(1))))"

g (@n(t = 7(8)) = Gn(@n(t = 7(t) + 2n) = Gn(zn)-

Transform (6) into the following form

+ Y l&5(t)ai; + (1

Jj=1

+ Z[&g Wij + (1 = & ()bij)]g; (wi(t — 735 (1))

&i(t) = — dizi(t) — &ij (1) aip] fi(wa(t))

i=1,2...,n (7

where f;(xi(t)) = fi(z;(t) + 27) — fi(x}) and g;(zi(t)) =
i (x5 (t) + x3) — g (2

The initial condmons of system (4) will be transformed
into the following form
zi(s) = ¢i(s) — 2z = pi(s),

s € [-7,0], t = max {7}

1<i,5<n

The following assumptions and definition are made on
system (2) throughout this paper.

Assumption 1: There exist positive constants F;, G;, ©
=1,2,...,n, and f;(0) = 0, g;(0) = 0 such that, for all
arguments

0< L) = Silw) g ¢ 9 —0i(m)

Ti — Tj

Assumption 2: T : [0,+00) — [0,+00) is continuously
differentiable, and 0 < 75 < 7, 7; < R < 1.

Assumption 2 ensures that ¢ — 7;; has differential inverse
function denoted by ¢i;(t) and infyso{¢};(t)} > 0.

Definition 1 [22]: Let us consider the set-valued map
¢(x) defined as:

= [\ K Bs(x

>0 p(N)=0

DA N]

where K[U] represents the closure of convex hull of set U,
ie,, K[U] = co(U). w[U] denotes the Lebesgue measure
of set U, N is an arbitrary set with measure zero. When
y(t, ) is locally bounded, there exists a set N} C R"™ and
w(N§) = 0, such that ¢(x) = co{v : there exists a set {z;}
that satisfies z; ¢ N§|J N and v = limy(t,z;)} for any ¢t >
0, N C R"™ and u(N) =0.

3 Analysis of Memristive Synchronous
Switching Neural Networks
Theorem 1: Assume that there exist positive constants

Xi (i=1,2,...,n), u, v € [0,1], and positive constants e
such that the following condition holds:

0 = max sup{—2(d; —e)\;

1<i<n >0

A S I s e G b ]

j=1

2(1—
+Z>\][FJ( u)‘aij|max
j=1

2(1—v

+ G5 i el ()]} 23 (1) < 0 ()
then the trivial solution of (7) is exponentially stable, and

we say the system (2) is globally exponentially stable.
Proof: We can choose the following nonnegative Lya-
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functi didate for system (7 - v
punov function candidate for system (7) + Z ‘bij|maxG?(1 )sz-(t)@;j(t)
j=1
=3 Adad (e = 2 G ilman® ™ O i 1)
=1
n 2(1—) ®ij(t) . n oot
+ Z Gj }51] sz + ( §ij (t))blj < Z Aie c { 2 d - E)A
i=1 t i=1
2 2e(s—7;5(s)) n
x x5(s — 7ij(s))e i ds} 9) i
! ! + A Z[Ff”mij lmax + G7”€**7 |bij | max)
j=1
where ¢ > 0, and then compute the upper and right Dini
derivative along the trajectories of system (7) + Z N 2(1 ) | | max
+G“”%mm¢umﬁw
mea —di(w:(t)) ’ ’ .
= 2 2¢et
; < lrgaxn{)\ (di —e)(-2+ )} Z; xi(t)e
Z glj azg gl]( ))alj)fﬂ(‘r’b(t)) n -
j=1 _ 2 2¢et
— 121%)(” 0 Zl zi (t)e™". (10)

Jr

M:

(&5 (803 + (1 — &5 (£))i5)

1

x gj (it — 735 (1)))] €™ + a (t)e™"

+ Z G?(I_U)K&j(t)b;j + (1= &5 (D))

j=1

X x]( )QOU QEt Z Gz(l ¥) 61]( )
j=1

<.
1

+ (1= & )] x @ (t — 7ij (1)) 7T O

n

<Y N =2(di — e)af(t)
+Z | lmax2(F)'Jai (8)]) > (F} " |2;(1)])

T OG i)

n
+ Z ‘bij|max2(e
Jj=1

x (e TG |z (t — 7i5(1))])

JF Z G?(liu>|bz]|maxx]( )Sol]( )
j=1
X — Z G?(l_y) ‘bz]|max$?(t - T'Lj(t))}
j=1

Nie®H{=2(d; — e)x3 (1)

IA
+ .
HM:
=~

‘aij |maxF}2MCI:z2 (t)

S
Il
—

2(1— 2
s |max F70 23 (1)

+
hE

.
Il
-

[bijmaxe® 7 O G i (1)

-
Il
—

+
-

‘bij|max6726nj <t)G =) 2(t — Tij (t))

+
WE

.
Il
-

Therefore, when 6 < 0

V(t) <V(0), t>0. (11)
After a series of calculations according to (9), we can
obtain
V(0) = > Xiai(0) + Z Z XGEETY)
i=1 =1 j=1

n 0
where K' = maxi <i<n SUP_r,,(0)<t<0 2i ff-rij
and £ = s —

Q.

i (0) , .
x/ €55 (000l + (1 — &6 ()05
0]

25(3_7'11j(3)))d8

(12)

x 23 (s — mi5(s)e

1@?<Xn{>‘i}(1 +nK)(1 - R)‘l

IN

x max (G307} l3 (13)

(0) ‘bw |maxd57

Ti5(5) = @35 ().
Based on Lemma 1 in [4], we get Y7 | [ 22 ()eXtdt <
From (8), we obtain

. N 2¢et 2 2 _2et
lrgniléln{)\l}e Zlm, t) < le e < V(). (14)
Combining (10), (11) and (13), we can get
1
n 2
lz()ll2 = <Z x?(ﬂ) < xolldll2e™* (15)
i=1
where
ax (A ¢
=n 7 -1 (1-v)
Xo i (1+nK(1 - R) )1?%)(”{(;]71 }

(16)

Therefore, the equilibrium point z* of the memristive

neural networks system is globally exponentially stable.
Thus, the proof of Theorem 1 is completed. |
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The proposed criteria satisfy not only the case of binary-
value memristor connection weight like previous results but
also the case of the memristor connection weight changing
continuously with the time. Moreover, we can say that the
criteria of the system called memristive neural networks
with time-varying delays and synchronous switching are
firstly established.

Remark 1: In many other papers, the authors only
considered the case of binary-value memristor connection
weight. In the present paper, we relax this limitation and
assume the memristor connection weight is changing con-
tinuously with the time, and the polarity of the voltage is
also applied to the memristor.

4 An Illustrative Example

FEzample 1: The vector form of the memristive system
(2) is as follows
£(t) = = Doy 2(t) + A(2)o (1) f(2(t))
+ B(2)o3(2(t = 7(1))) + Sot)-

Consider the switching system with ¥ € {1,2}, D; =
diag(1,1), Dy = diag(5,5), external input S1 = Sz =
(0,0)7, time delay 7 = 0.2 — 0.05sin?(¢).

_ 04 ail2 _ —02 b12
Alz) = ( a1 0.2 ) B(z) _( by —0.15 )

in which

—1.5, 21> % 0.25, 21 > %
a2 = . . az1 = . .

0.5, 21 < 22 -1, 21 < 22
by — 0.67 21> %o bor — 0.7, 21 > %o
TN 205, si<i 2T =015, £ < o

and f;(z) = gi(x) = (e* —e ) /(e* +e7%),i=1,2,...,n,
which implies that F; = G; = 1/2. We can obtain that

04 1.5 0.2 0.6

[ Almax = ( 1 02 )’ | Blimax = ( 0.7 0.15 )

Choose A1 = A2 =1, € =1, it is easy to verify that those
conditions satisfied Theorem 1, and system (2) is globally
exponentially stable with convergence rate € based on The-
orem 1. Time response curves for memristive neural net-
work with time-varying delays and synchronous switching
are as shown in Fig. 1.

—
-=-50

25

z ()

*0450
t(s)

Fig.1 Time response curves for memristive neural network with
time-varying delays and synchronous switching.

5 Conclusions

In this paper, we have studied the global exponential
stability of memristive neural networks with time-varying
delays and synchronous switching. Simple and easy crite-
ria for exponential stability are obtained. As a result, one
numerical example has been presented to illustrate effec-
tiveness of the proposed theory. The method of this paper
may be extended to study some other memristive neural
networks.
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